Notations

(a) p, denotes the n-th prime number.

(b) S(n, k) =T(n, k) - T(n, k + 1), forall n, ke N with 1 <k <row(n).

Observations

c) 0(2xpp)=1+2+pp+2xp, =3x(pp +1).
d) Every prime p > 3 satisfies p =6xk £ 1, forsome ke N.
e) T(n,1)=T(n-1,1)+1,foranyn = 1.
f) For any prime number p > 3:
T(2xp, 1) =2xp & T(2xp-1,1)=2xp -1
T(2xp,2)=T(2xp-1,2)=p -1
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(9) Each leg in half of the n-th boundary path for the symmetric representation

of og(n) has length S(n, k), 1 <k < row(n)

(h) I S(n,1)-S(n-1,1)=1,8(n,2)-S(n-1,2)=0,S(n,3)-S(n-1,3)=-1&

S(n, 4) > 0, then the three pairs of legs (S(n, i), S(n-1,1i)),i=
with the y-axis and the 4-th leg S(n, 4) of the upper boundary define a closed,

connected region of width one.

Claims
(1) For any prime number p > 3:
2*"3’5 ifp=6k+1
(@)  T(@xp,3)= { rns }=T@xp-1,
TP ifp=6k-1
(b)  T(2xp,4)="= & T(2xp-1,4)= 22

() S(Exp, 4)-T(2><|0, 4)-T(2xp,5)>0

3)

1, 2, 3, together

(2) For any prime number p > 3, S(2xp, 1) - S(2xp -1, 1) =1, S(2xp, 2) - S(2xp - 1, 2)

S(2xp, 3)-S(2xp-1,3) =-1 & S(2xp, 4) > 0.

(3) For any prime number p >3 such that p =-1 mod 6, S@ep

(4) The area of the region described in Observation (h) equals

S(2xp,1) -
S2p2) 3 an

(5) The sequence 2xp,.», N 21, is a sub-sequence of A239929.

Proof of (1.a), (1.b) & (I.c)

The corresponding proofs for 2xp - 1 proceed similarly.

T(2xp, 3) = |—2x;;+1'|_2 = [M]—2=4xk+ |'i23+1'|_2={

3

T(2xp, 4) = [ZE=2] -2 = [2HEN-T]. 9 = 3ak + [ 22

4 2
S(2+p, 4) = T(2xp, 4) - T(2xp, 5) = [ 2222] -3 [2 ‘;11 3=[2*Z

d

S(pr, 2) —

S(2x

p,3)

=0,

>*(Prez + 1) = 5%0(2xpni2)

6k +1

6k -1
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Proof of (2)
From the Observations and Claim (1) we get:
S(2xp, 1) =T(2xp, 1) - T(2xp, 2) =2xp-(p-1) =p+1
S@2xp-1,1) =T@xp-1,1)-T@xp-1,2) =@xp-1)-(p-1) =p
p+2 .
ifp=6k+1 .
S(2xp,2) = T(2xp,2)-T(2xp,3) = { ° } =225 1=5@2xp-1,2)
p; ifp=6k-1
p-1 .
— ifp=6k +1
S(2xp,3)  =T(2xp, 3)-T(2xp, 4) ={.°, =23
~* ifp=6k-1
B2 ifp=6k+1, 1
S(2xp-1,3) =T@xp-1,3)-T(2xp-1,4) :{pf7 }=g+1¢ :

ifp=6k-1

(=)}

Proof of (3)

Straightforward computations using the values from Claim (2) when p =-1 mod 6 prove the assertion.

Proof of (4)

Claims (1) & (2) show that the area of the region described in Observation (h)
can be computed just by the length of either its upper or its lower boundary. We get
S(2xPnsz, 1) + S(2xPns2, 2) + S(2%Pps2, 3) = T(2xPpsz, 1) - T(2xPnsz, 4)

ne2 =3 3xPp2 +3
=2xPpyp - pzT = pTZ = %"U(z"me)-
Proof of (5)

Claim (4) shows that the area of the symmetric representation of o(2xp,.2) is 3x(p,.2 + 1). Since the
boundary path of the symmetric representation has length 4xp,,», there are exactly two regions.



