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REMARKS ON THE WORK OF AXEL THUE
ON SEQUENCES

G. A. HEDLUND

In a series of papers which appeared during the period 1906-1914,
Axel Thue attacked and solved difficult combinatorial problems which
arise in the study of sequences of finite or infinite length, where the
elements are chosen from a finite class S of symbols.

An unending sequence

T = ... 0_ Xt Tg. -

is a function defined on the set of all integers with values in 8. The
sequence x is periodic provided there exists a positive integer w such
that 2;.,=%;, =0, bl 52,00 NOF example, if S={a,b} and we
define xy; =@, To;41=b, W€ obtain the periodic sequence

...abababab. .. .

A block is a finite sequence of symbols from S. A block B appears
in @ provided there exists an integer ¢ such that 2;,,.. .%y,n=DB. Thue
defines a sequence & as irreducible provided no block of the form BB
appears in x. In a sense, irreducibility is the antithesis of periodicity.
Tt is not at all obvious that there exist unending sequences which are
irreducible.

In the paper [5], Thue constructed unending irreducible sequences,
first on four symbols {a,b,c,d} and then with the aid of these, he con-
structed such sequences on three symbols {a,b,c}.

It is easy to show that in the case of two symbols {a,b} there cannot
exist unending irreducible sequences. But Thue could show that in
this case there exist unending sequences in which no block of the form
BBB appears.

In a lengthy paper [6], Thue gave a much more detailed analysis
of the jrreducibility problem in the cases where the number of symbols
is 2 or 3. He defined a sequence on two symbols to be jreeducible provided -
lize blocks which appear in it never overlap. Then he pasentially deter-
mined all irreducible seqiences on two symbols and, in particular,
constructed the following irreducible unending gequence:

P14
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(1) a(=1), a(0), 2(1), @2, N7

where 2(0) =@, (1) =b, x(2)x(3) = ba; x(2"), 2(2"+1),. . ., x(27+1—1) is ob-
tained from z(0), (1), ..., &(2~—1) by interchanging a and b; and finally,
x(—i)=a(i—1) for i=1,2,3,....

In this same paper, Thue constructed large classes of irreducible
sequences on three symbols, as well as sequences on n symbols (n 2z 4)
which have the strong property that like blocks which appear in them
are separated by at least n—2 symbols.

Probably due to its publication in a journal with restricted availability,
this fundamental work of Thue on sequences has not come to the atten-
tion of others who have worked in this area or encountercd problems
in this connection, and consequently some of his results have been
independently rediscovered again and again. '

In analyzing the geodesic flow on certain surfaces of negative curvature,
Marston Morse [2] showed that a class of unending geodesics on these
surfaces could be characterized by unending sequences of symbols,
with the geometric properties of a geodesic reflected in the combinatorial
properties of the corresponding sequence. In order to show the existence
on the surface of an almost periodic (recurrent in the sense of G.D.
‘Birkhoff) geodesic which is not periodie, Morse showed that it was
sufficient to construct an unending sequence on two symbols @ and b,
with the property that it is not periodic and yet almost periodic in the
sense that any block appearing in the sequence appears infinitely often
to right and left with bounded gap between its appearances. He in-
dependently constructed the sequence (1) and showed that it had the
desired properties. Although Thue was not concerned with the property
of almost periodicity and ncver defined it, it is interesting to note that
in his thorough analysis of irreducible sequences on two symbdls, he
proved a theorem which has as a consequence the almost periodicity
of (1). :

Some twenty years later, the problem of showing the possibility
of an unending game of chess subject to certain rules as to a forced
drax led to the problem of the construction of a sequence on two symbols
in which there appears no block of the form BBb, where b is the first
element of B, thus precisely the problem which Thue had considered
many years previously. Morse, again without knowledge of Thue's work,
showed that the unending sequence (1) has the desived property.
(See M. Morse and G. A. Hedlund [3].) At the same time the question
«was raised as to the existence of unending secuences on three symbols
in which there appears no block of the form BB (back to Thue again!)
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and in the paper cited, such a sequence was constructed. It was one of
the many which Thue constructed.

The existence of the highly nonperiodic sequences constructed by
Thue have also been found useful in attacks on the unrestricted Burnside
problem. The Burnside group B(nm,7) is the group with n generators
and with relations g»=1 for cvery g e B(n,r). The problem is that of
determining which of the groups B(n,r) are finite. P. S. Novikoff [4]
has announced a proof that if n=72 and r2 2, then B(n,r) is infinite.
Significant use is made of the existence of infinite sequences on three
symbols which do not contain blocks of the form CC and infinite
sequences on two symbols which do not contain blocks of the form CCC.
Novikoff cites a paper of S. Aron [1], who, apparently, independently
rediscovered some of Thue’s results.

These are but two instances of the rediscovery of Thue’s important
developments in the structure of sequences. There are numerous others,
sometimes where the developments were made for their own interest
and others where they were needed in the solution of problems in other
areas.
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Mathematics Research Center
Bell Telephone Laboratories

Hurray Hill, N.J, 0797y
USA

Sir:

You may be interested in the fact that Sequence No. 71 of
your Handbook wich you mention without any reference, is
in fact well-known. It ia frequently called the "Morse
sequence". I can give you the following references

57/3-83 W.H. Gottschalk and G.A. Hedlund:
Topological Dynamics (AMS Colloquium Publications,
% vol. 36, 1955, p. 105-113.
L S. Arshon (ArZon) Démonstration de l'existence des
Suites asymétriques infinies

Mat\ematiceskij sbornik vol. 2 (4n), p.779 (1938).

According to a recent paper by Hedlund (Nordisk ﬂatematisk‘f
cQ Tidsskrift 15, p.14B-15p (1967), this Sequence was even
_—fa discussed by Axel Thue, as long ago as 1912 1 At any rate,
(}ﬂ)g this particular Sequence merits a reference: T should prefer
ﬁ, Gottschalk—Hedlund, for wealth of mathematical information,
V]Q’ while Hedlundk paper of 1967 (to which I have no access

Yours Sincerely,

Axel Thue m\rﬁ/%w
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THE OHIO STATE UNIVERSITY
March 20, 197hL

Dr. N.,J.A, Sloane

Bell Laboratories
600Mountain Avenue
Murray Hill, New Jersey

Dear Dr. Sloane:

T wish to take advantage of your open invitation to submit
sequences., Our earlier corresoondence (and the fact that I was
able to see your book) put me in the frare of mind in which I was
able to recall old friends. One of these is the following:

1’ 25 3! /l) 3’ 21 3’ ’l’ 3’ 3’ 2,1’ 3’ }l.’ 2)1 ’3’ 23 3) ll) 2,
3} 2) ﬁl’ 2’ :)-): 1) 2’ 13 3’ 2) 3, 13 3) 2’ /l’ 3, /]’ 23 3’ 2) Il’ soe o

It is a self-generating sequence with the »nronerty that no % con-
secutive blocks are identical, i.e., for no vpositivé inteseds p
and g can we have (ap, Bl s vres ap+q_q) = (ap+q’ B hqhl? o
ap+2q_1) . I know of two ways to generate this sequence.

One way is found in S.E. Ard3on, Matematileskii Sbornik, vol.
2 (), pp. 769-779 (1937), and redescribed in A.M. Yaglom and I.
M. Yaglom, Challenging mathematical problems with elementary solutions,
vol. 2, progigi\Tégb, stated on p. 12, given a nhint for on p. 20,
and solved on pp. 9-98 (Holden-Day, 1967 )(published as Neflementarnye
zadadi v elementarnom izloZenii, Moscow, 195l). Set s, =123

(written without cormas). If s, has been defined, let s ., be

the sequence oBtained from Sy by replacing each occurrence of 1

in an odd place by 123, each occurrence of 1 1in an even place by
321, each occurrence of 2 in an odd nlace by 231, each occurrsence
of 2 in an even place by 122, each occurrence of 3 in an odd place
by 312, and each occurrence of 3 in an even place by 213. It is
easy to see that s, 1s an initial subsequence of Sy ir j<k .

When I first heard of the nroblem of finding an infinite se-
guence with terms chosen from EE {1, 2, 3} but without eny consscu-
tive repetitions (long after the nroblem had been solved), I came up
with th® same seauence, but was not able to prove that it had the
required nroperty of non-repetition. Set 8o = 17 , eand set =X
Sy = skskwsk"w , where the star indicates the operation of reversing
the order of the terms of the sequence and increasing each by 1
(modulo 3). Thus, s, B = 123, s,= 123 132 312 5 eee o

A bibliogravhy of seauences related to this one ¢an be found in:
o , S -~ - -
Fran?oise De jean, Sur un theorems de Thue., Journal of Combinatorial

Department of Mathematics / 231 West 18th Avenue | Columbus, Ohio 43210 ;/ Phone (614)422-4975
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Theory, vol. 13, section A, pp. 90-99 (1972).

I was amused by your list of sequences not to be ilncluded
in your‘ﬁ'ist. One wa'ls similar to one I had heard as a child in o
Brooklyn: 1, 18, 23, 28, 3, «.. « Your specification of \iikese
was incomplete, since these are the mumbers of the streets af'ter
whichhtgg stations of the West Side IRE subway are named; the sta-
tions, ##¢ differ-nt on the East side. This sequence can be quib-
bled with. The station you considered to represent 3L really has
merely a big sign PENNSYLVANIA on it (not even the more correct
Pennsylvania Station), and was formerly thought of &s representing
33k St. It is probably that certain other stations use numbers only
secondarily (L2, 59, 110, 116)? A station closed down in the pass
20 years or so is 91 St. The stations north %%i%imes Square were
part of the original subway line in New York 801y much later than
Sloane Sauare and South Kensington Stations Qf Gilbert and Sullivan
fame ).

41784 -

May yowr collection of sequences increase!

No renly is needed.

Cordially,

Leroy F, lleyers
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