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Abstract. The paper presents two software tools (graphical editor and software package).
The editor is designed for the formation of a symbolic description of a mechanical system
using the Lagrange formalism. A system of the absolutely rigid bodies connected by joints
is considered as a mechanical system. The editor is a user interface by which one sets the
structure of the interconnection of bodies (system configuration) as well as the geometric and
kinematic characteristics for each body of the system. The created structure and the entered
data are automatically presented in the form of a text file, which is used as an input file for the
software package for modeling mechanical systems in a symbolic form with a computer. The
use of these software tools is shown in detail in the example of the analysis of the dynamics of
a satellite with a gravitational stabilizer in a circular orbit. For this system, the kinetic energy
and force function of an approximate Newtonian gravitational field were obtained, nonlinear
and linearized equations of motion were constructed, and the question of the stability of the
relative equilibrium position was considered.

1. Introduction

In recent years, the importance of computer algebra systems (CAS) [1, 2] and the methods
of their use [3] for scientific computations in various fields of natural sciences and engineering
knowledge has grown significantly. Many years of experience of the authors [4] show that CASs
turned out to be quite effective at the stages of constructing mathematical models and analyzing
their properties. The combination of methods of analytical mechanics and the theory of stability
of motion with the algorithms of CAS allows one to create quite powerful tools for the study of
mechanical systems.

The characteristic feature of our investigations is that practically all the computations on a
computer are conducted in symbolic (analytical) form. When it is difficult to conduct research
exclusively in symbolic form, one can proceed to “digitizing” some (or all) of the parameters of
the problem under consideration and, thereby, close the question of rounding errors. This allows
the researcher to penetrate into the qualitative nature of the processes as deeply as possible and
move on to a quantitative (numerical) assessment at a later stage.

As can be seen from the publications, more often there is an approach to using the CAS
as a calculator for solving a particular problem. There is another approach when, based on
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Figure 1. The structure of interconnection between the bodies.

the internal programming language of CAS (in our case — “Mathematica’ [5]), a software is
developed to solve a specific class of problems.

Some algorithms for analyzing the dynamics and stability of motion of mechanical systems
using symbolic computations are presented in [6, 7]. The application of computer algebra
methods to the problems of celestial mechanics has rich history and till today attracts academic
attention (see, for example, [8, 9]).

2. Graphic editor for the description of mechanical systems

As a mechanical system, a system of the absolutely rigid bodies B; (i = 1, N), connected by
one-two-three-degree joints is considered. The body B; is a carrier. Its position is determined
relative to the inertial coordinate system (CS) X°. Let us associate the coordinate system !
to the rigid body By . The starting point of that system will be at the point O;. The bodies
are connected so that for each By there is a common point O (O €Byg, O €Bj, j = 1, N,
k=2,N, j <k) (see Figure 1), or joints allow translational displacements By relative to B;.
With the body By, in a point Oy € B;, we will associate a CS ¥*. The angular position of ¥*
relative to 37 is determined by the matrix ®/* | which elements are the functions of the selected
generalized coordinates.

It is assumed that the system is under the influence of forces of potential and non-potential
nature.

In accordance with the configuration of the mechanical system, the number of bodies N in
the system is defined, and for each body By, (k = 1, N) are specified:

e j is the number of body B;, to which body By is connected; or the coordinate system
number Y7 with respect to which the position of the body By is determined (j < k for k > 1
and j =0 for the body By ),

e the numbers of rotation axes and its corresponding identifiers of rotation angles,

° rgk is the radius vector of point Oy, of connection of bodies B; and By, in the axes ¥,

° r’ék is the radius vector of the mass center of the body By in the axes X,

° V‘g)k is the vector of relative linear velocity of point Oy in the projections onto axes 7
(for the body B; is the vector of absolute linear velocity),



e the body mass m; and its tensor of inertia ®o, relative to the point Oy,

e the list of generalized coordinates.

In the integrated development environment Embarcadero Delphi using the programming
language Object Pascal, a graphical editor was created. The software was created within the
classical paradigm of object-oriented programming using an incremental development model.
The editor is intended for the formation of a symbolic description of the studied mechanical
system using the Lagrange formalism. As an example, we will consider the description of a
satellite with a stabilizer in the paragraph 3.

The user interface of the editor allows
1) Calling the dialog box for a general description of the mechanical system and filling in the
form, indicating, for example, the type of potential forces influencing the system,

2) Defining the structure of the interconnection of bodies (system configuration) using editor
tools,

3) Assigning semantic data (geometric and kinematic characteristics) to the bodies. In order
to set the semantic data, the context menu is used. These characteristics include, for example,
the radius vectors of connection points of the bodies and the vector of relative linear velocities
of these points; the radius vectors of the centers of mass; the numbers of the rotation axes and
their corresponding rotation angle identifiers; and a list of generalized coordinates,

4) Generating automatically a symbolic description of the investigated mechanical system.

The final description is saved as a text file and served as an input file for another software
package for modeling and qualitative analysis of mechanical systems in a symbolic form.

3. Description of a satellite with a gravitational stabilizer
The mass center (point O7) of the system moves along the circular Keplerian orbit of radius
R with constant angular velocity. The stabilizer is a rigid rod with point mass at its free end.
The rod is connected to the satellite at point O3 with a 2-degree-of-freedom suspension (see
Figure 2). Here [ > 0 is the rod length; r > 0 is the distance from the system mass center to
the point of attachment of the rod. The system is influenced by a gravitation moment.

So, for the system under scrutiny (Figure 2), input data assigning the geometric and kinematic
characteristics have the following form:

The number of bodies is 4.

Body 1 (orbital coordinate system O1x1y;21) is connected to the body numbered as 0 (inertial
coordinate system X° or Ozgyozo ). The mass and the inertia tensor are zero.
The numbers of the axes of rotation are {3,0,0} and angles of rotations {—x,0,0}, i.e.
the orientation of the orbital coordinate system with respect to the inertial coordinate system
is determined by one rotation at the angle —y about the third axis Ozy. Zeros among the
numbers of the rotation axes indicate that there are no rotations about other axes.
The radius vector of the point O in the coordinate system 30 is r%l = (Rsiny, Rcosyx,0).
The radius vector of the body mass center is r};l = (0,0,0). The vector of relative linear
velocity of point O; is V%l = (Rwgcosx , —Rwpsiny , 0), where wyg = x = const is the
module of orbital angular velocity.

Body 2 (satellite) is described with respect to Body 1. The body mass is My .
The numbers of rotation axes are { 2,3, 1} and the respective angles of rotations are {1, 6, ¢ },
i.e. the orientation of the satellite with respect to the orbital coordinate system is determined
by the sequence of three rotations: about the second axis O1y; at an angle ¢ ; about the third
axis O1z1 at the angle 8; about the first axis Ojx; at the angle . The radius vector of the
point O9 with respect to the orbital coordinate system is r%)Q =(0,0,0), i.e. points O1 and Oo
coincide. The radius vector of the mass center of satellite is ra =(0,0,0), i.e. the satellite
mass center is at point Op . The vector of relative linear velocity of point Oy is V102 =(0,0,0).



Figure 2. The satellite with a stabilizer.

J. 0 0
The body’s tensor of inertia at point O is written as o, =| 0 J, 0 |, ée. Jp, Jy, Jo
0 0 J,

are satellite principal inertia moments.

Body 3 (rod) is connected to Body 2. The numbers of rotation axes are {3,1,0} and the
angles of rotations are {J, 0,0}, i.e. orientation of the body with respect to the coordinate
system Ojxay22o associated with the satellite is determined by the sequence of two rotations:
about the third axis at an angle § and about the first axis at an angle o .

The radius vector of the point O3 of the connection of the bodies is r%)3 = (0,7,0). The
radius vector of the mass center is r?éa =(0,1/2,0). The vector of relative linear velocity of
the point Os is V23 =(0,0,0).

ml?/3 0 0
The body inertia tensor at point O3 is written as @p, = 0 0 0 , where m is
0 0 mi?/3

the mass of rod.

Body 4 (the point of the mass mg on rod) is connected to Body 3. The point inertia tensor
is zero. The radius vector of the point Oy of the joint of the bodies, its relative linear velocity,
and the radius vector of the center of mass, respectively, have the following form:

g, =(0,1,0); V), =1,=(0,0,0).

Thus, the described conservative mechanical system has five degrees of freedom (aircraft angles
Y, 0, ¢ as well as rod rotation angles 0, o). It is located in the Newtonian field of gravitation
to the center of the circle O.

We have to emphasize that the description of the mechanical system is formed in interactive
mode, when the user inputs the above mentioned data into corresponding windows of the editor
(see, for example, Figure 3). This important process is conducted just once. Later, it is always
possible to correct input data stored in a file (see Figure 4).
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4. Construction of a symbolical model for a satellite with a stabilizer

While constructing the mathematical model for complex mechanical objects, searching for its
solutions and conducting the qualitative analysis of their properties, it is necessary to operate
with bulky analytical expressions. Thus, it is relevant to apply computer algebra systems and
develop specialized software on the basis of these systems. Another software tool used in this
paper is designed to model the systems of interconnected absolutely rigid bodies, and also to
examine the questions of stability and stabilization of solutions of linearized models on the basis
of classical theorems of motion stability. The software package is a set of interactive programs
executed in the interpretation mode in the CAS “Mathematica” environment.

By the construction of a symbolical model, one implies the obtaining of nonlinear and
linearized differential equations of motion of mechanical systems in symbolic form in computer
memory.

Let us present a list of problems solved using the software package for the mechanical system
described in paragraph 3.

Problem 1. The rotation axis numbers and the corresponding rotation angle identifiers for
each body B are used for automatic construction of the

> Matrix of directional cosines /% which determines the angular position of CS ©* relative
to X7,

> Vector of the relative angular velocity wj, of the k-th body in CS ¥J and vector of the
absolute angular velocity wy = w; + wj, of the body,

> Absolute linear velocity vector Vo, = Vo, + [wy, X r?)k |+ Vjok of point Oy, .

For example, we write out the matrix of directional cosines that determines the angular
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Figure 4. The final symbolic description of a satellite with a stabilizer.

position of the coordinate system Ojxoy222 with respect to the coordinate system Oix1y121 :

cos 0 cos ) sin @ —cosfsiny
R12 = | singsiny —cospcostsingd cosfcose  cossing + cos psin fsin
cosysinfsing + cospsiny —cosfsing coscosy — sin @ sin psiny

and the projections of the vector of satellite absolute angular velocity ws (of the second body)
onto the axes O1x21y229 connected to the body

wy = Y+ 1 sin 0 + w cos 0 sin
Wy = 0'sin ¢ + 1 cos 0 cos p — wo(sin @ cos 1 + sin 6 cos psin )
w, = 0 cosp — 1 cos O sin ¢ + wo(sin @ sin psin ) — cos @ cos 1)) .
Before executing Problem 1, the generalized coordinates are replaced with the corresponding
Greek letters, as well as other necessary substitutions are made.

Problem 2. The kinetic energy for the system of bodies as a quadratic form with respect
to generalized velocities

5

T(q,q) = 522‘4’7((1) Gid; + > Ai(q) di + Aolq) (1)

=1 ]:1 =1

—_



and the force function U(q) of the approximate Newtonian field of gravitation have been
obtained. Here ¢ = (¢,0,¢,d,0) is the vector of generalized coordinates. It is established
that the rotation angle y is a cyclic generalized coordinate, i.e. the system’s Lagrangian
L=1T(q,4)+U(q) does not depend on this coordinate. The formulas used in solving Problems
2 and 3 are in [4].

Problem 3. Five nonlinear equations of motion in Lagrange form of the 2" kind have
been constructed. Each of equations takes up several screens of the monitor. Therefore, it is
impossible to present them in the paper. As a confirmation, let’s demonstrate, for example, the
terms with respect to the accelerations (the notation ¢”, see Figure 5) in the nonlinear equation
with respect to the 6 coordinate.

olr
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Figure 5. Part of the equation of motion with respect to the 6 coordinate.

Problem 4. Let us assign unperturbed motion in the form
Yv=0,60=0,0p=0,06=0,0=0,¢v=0,0=0,$p=0,6=0, 6=0. (2)

When moving unperturbed, the system principal central axes of inertia coincide with the
axes of orbital coordinate system, and rod is oriented along the radius of the orbit. This is the
equilibrium position of a satellite with a stabilizer in regard to orbital coordinate system.

The given unperturbed motion is automatically substituted into nonlinear equations of
motion. If motion (2) is the solution, then each equation of motion turns into an identity.
Otherwise, the program issues the conditions of existence of a motion, which are to be taken
into account by the user in any further computations or which fulfillment has to be ensured.

Problem 5. Constructed are equations of perturbed motion in the first approximation.
Linearized in the vicinity of the equilibrium position (2), equations of motion for a satellite with



a stabilizer are decomposed into two subsystems. Respectively, a “pitch” subsystem () and a
“yaw-and-roll” subsystem (v, ¢) are
Mig +Kiq=0 3)
Msga + Ggo + Kaqa = 0,

where all derivatives are calculated on dimensionless time 7= wqt ;

(h:(g); %I(Zi); M1=<Jcc f); K1=3<b}a §>7 M2:(§ ch 2),

g

c—b 0 0 0 c—b—a O
Ko = 0 4(c —a) 4f : G=| a+b—-c 0 0 1.
0 4f 3f +d 0

Here, we introduce the following notations:
1
a=Jy; b= J.+mr(l+7r)+ gml2+ mo(l+1)%; c=b+J, — Jp;

d= (7;+m0>l2; f= (n;—l—mo>rl +d; c—b—a=J.—J,—Jy.

We can also derive linear equations of motion from the Lagrangian of the system which is
expanded in a Taylor series in the vicinity of the solution up to the 2nd order of smallness with
respect to deviations of coordinates Ag = g — ¢° from their values in the unperturbed motion.
Namely, taking into account the Lagrangian structure (1), the following coefficients are expanded
in a series and calculated in the vicinity of equilibrium (2): those with the second degrees of
generalized velocities A;j(g) are up to a constant; those with the first degrees of velocities
Ai(q) are up to linear values with respect to deviations; those with zero degrees of velocities
Ao(q) + U(q) are up to quadratic components with respect to deviations. This procedure has
been called “quadratization” of the Lagrangian.

In the process of simplification of the expression of “quadratized” Lagrangian we have taken
into account the condition of circular orbit v/R3 = wy?, where, we have to recall, R is the orbit’s
radius, wg is a constant value of orbital angular velocity and v is the gravitation constant.

5. Necessary conditions of stability of equilibrium position
Equations (3) may be interpreted as equations of oscillations of a mechanical system influenced
by potential (with the matrices K1 , K2) and gyroscopic (with the matrix G) forces. These forces
are determined by gravitation forces as well as by orbital motion. The matrices My, Mo play
the role of diagonal blocks of a positive definite matrix of kinetic energy.

We introduce the following four dimensionless parameters:

c—b J,—J b—a d

o= = ’ = ; :—’
0 Ty v c p1 7

Pzzé- (4)

The physically obtainable values of the parameters are located within the intervals:
—1l<a<l, 0<vy<l, 0<p1 <1, O<p2<1.

It is obvious that the characteristic equation of system (3) is factorized as A(\)=AMDARZ) = 0.
After performing elementary transformations with the characteristic matrices (multiplying their



rows by positive factors), we obtain the characteristic determinants in notation (4), respectively,
in the “pitch” subsystem and in the “yaw-and-roll” subsystem

=\ (p— 3M% (1 —2 9(y—p2);
A24+3 A2 43 (1 = p2) +3A7 (L +3p1 = 2p2) + 9 (7 — p2)

N+« Ma—1) 0
AD = | Na=-D(y=1) X1 +vya)+4a+v) A+Dpa(a+1) | =
0 A +4 Ap1+ (3+p)
= A8 + ot + A2 + 0 where vg=det My = (14+~va)p1 — (a+ 1)p2;

vg=3(1+ay)+ (a+1) (pr(a+37+2) = (a+8)p2);
vp=(1+3y+a(a+2y+3)B+p)+ 4api(y+a) — 8pa(a+1)(a+2);
vo=det Ko =4a((a+7v)3+p1) —4(a+1)p2).

The characteristic equation of system (3) contains A only in even degrees. The stability of a
trivial solution takes place when all roots with respect to A%, being simple, will be real negative
numbers. The algebraic conditions providing specified properties of roots (necessary conditions
of stability), represent the system of inequalities

{ pr—p2 >0, 14+79p1—2p2 >0, v—p2 >0, )

piv? + (4pe(1—p1) —2p1)y + (1—4py (1 —p1)) > 0;

(6)

ve >0, v4>0, wvy>0, v9>0,
Dis = v3v3 — 4v3vs — 4vivg + 18 vgvavovg — 27 V302 > 0.

It is worth noting that the first conditions in (5), (6) is always satisfied by virtue of the positive
definiteness of the kinetic energy matrix. The latter inequality in (6) has also been obtained in
analytical form and represented in the form of an explicit dependence on the parameters (4).
This polynomial is not presented due to being immense.

Emphasize that the calculation of the coefficients v; (i = 0,3) and the discriminant Dis from
(6) was also performed using the software package.

A parametric analysis of the stability conditions (5), (6) has been conducted in [10]. This
article also considers the possibility of gyroscopic stabilization of an unstable equilibrium
position. In contrast to the presented passive stabilization system, the possibility of active
control of a gravitational stabilizer is investigated in [11]. Assuming an instability of a potential
system, this article considers the problem of stabilization of the system up to asymptotic
Lyapunov stability.

6. Conclusion

The software allows to automatize, and, consequently, essentially speed up the processes of
modeling and dynamic analysis of complicated systems and to avoid errors at all stages of
research. The effectiveness of the presented software tools is confirmed, in particular, by their
use in the study in symbolic form of (i) the dynamics of a satellite with gyrodines, (ii) the
stability of the relative equilibriums of the gyrostat in a circular orbit, (iii) obtaining invariant
manifolds and analyzing their stability in the Clebsch-Tisseran-Brun problem [12].
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