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Summary 

A s t a t e v a r i a b l e f o r m u l a t i o n o f t h e remote 
m a n i p u l a t i o n p rob lem i s p r e s e n t e d , a p p l i c a b l e t o 
human s u p e r v i s e d or autonomous c o m p u t e r - m a n i p u l a ­
t o r s . A d i s c r e t e s t a t e v e c t o r , c o n t a i n i n g p o s i ­
t i o n v a r i a b l e s f o r t h e m a n i p u l a t o r and r e l e v a n t 
o b j e c t s , spans a q u a n t i z e d s t a t e space c o m p r i s i n g 
many s t a t i c c o n f i g u r a t i o n s o f o b j e c t s and h a n d . 
A m a n i p u l a t i o n t a s k i s a d e s i r e d new s t a t e . S t a t e 
t r a n s i t i o n s a r e a s s i g n e d c o s t s and a re accom­
p l i s h e d b y commands: hand m o t i o n s p l u s g r a s p , r e ­
l e a s e , p u s h , t w i s t , e t c . I n c o n t r o l t h e o r y terms 
t h e p r o b l e m i s t o f i n d t h e cheapest c o n t r o l h i s ­
t o r y ( i f any) f rom p r e s e n t t o d e s i r e d s t a t e . I n 
theorem p r o v i n g te rms i t i s t o combine p r e d i c a t e s 
and ax ioms t o p rove ( o r d i s p r o v e ) t he p r o p o s i t i o n 
"The t a s k . . . i s p o s s i b l e . " Each co r responds 
t o f i n d i n g t h e s h o r t e s t p a t h t o t h e d e s i r e d s t a t e . 
A method s i m i l a r to Dynamic Programming i s used 
t o d e t e r m i n e t h e o p t i m a l h i s t o r y . 

The sys tem i s capab le o f o b s t a c l e a v o i d a n c e , 
g rasp r e n d e z v o u s , i n c o r p o r a t i o n o f new sensor 
d a t a , remember ing r e s u l t s o f p r e v i o u s t a s k s , and 
so o n . 
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I n t r o d u c t i o n and Prob lem S ta temen t 

Remote m a n i p u l a t i o n i n v o l v e s a human o p e r a ­
t o r and a machine t o g e t h e r p e r f o r m i n g a t a s k 
w h i c h c o u l d b e p e r f o r m e d more e a s i l y and e f f i ­
c i e n t l y b y t h e man a l o n e , were t h e t a s k o r I t s e n ­
v i r o n m e n t n o t t o o l a r g e , s m a l l , d i s t a n t , p o n d e r ­
o u s , d e l i c a t e , o b s c u r e , dangerous o r some comb in ­
a t i o n o f t h e s e . M a n i p u l a t o r s a r e used I n q u i t e 
complex h o t l a b e x p e r i m e n t s , 1 7 f o r unde rwa te r r e ­
t r i e v a l , f o r comp le te o p e r a t i o n and ma in tenance 
o f l a r g e r a d i o a c t i v e r e s e a r c h i n s t a l l a t i o n s f o r 
e x t e n d e d p e r i o d s o f t i m e , 8 and i n r o b o t r e s e a r c h , 1 1 

to name a few e x a m p l e s . 

To overcome t h e hand icaps o f t i m e , s c a l e o r 
d i s t a n c e b a r r i e r s , two l i n e s o f r e s e a r c h have d e ­
v e l o p e d w h i c h i n v o l v e comb in i ng a m a n i p u l a t o r and 
a c o m p u t e r . One is t h e Human S u p e r v i s e d Remote 
C o m p u t e r - M a n i p u l a t o r , 1 4 d e p i c t e d i n F i g u r e 1 . 
H e r e , a human o p e r a t o r i s a i d e d by t h e computers 
i n p l a n n i n g and e x e c u t i n g t h e t a s k . The o t h e r 
app roach i s t h e autonomous r o b o t , w h i c h i s i n t e n d -

*Work s u p p o r t e d by NASA Gran t NsG 107-61 

ed t o maneuver and m a n i p u l a t e una ided i n a d i s ­
t a n t e n v i r o n m e n t . 1 1 * 1 

Major p rob lems i n t h e d e s i g n o f human s u p e r ­
v i s e d o r autonomous c o m p u t e r - m a n i p u l a t o r s a r e 

1 ) Mode l and r e a l w o r l d o f h a n d s , o b j e c t s 
and o b s t a c l e s . 

2 ) D e f i n e t he n o t i o n o f m a n i p u l a t i o n t a s k . 
3 ) Deve lop methods w h i c h g e n e r a t e p l a n s o f 

m a n i p u l a t i v e a c t i o n w h i c h a re r e l e v a n t 
t o t h e t a s k env i r onmen t (as m o d e l l e d i n 
1 ) ) and w h i c h a re capab le o f a c h i e v i n g 
t h e s t a t e d g o a l (as exp ressed I n 2 ) ) . 

To s o l v e these p r o b l e m s , we s h a l l c o n s i d e r 
t h e m a n i p u l a t o r ' s hand and t h e t a s k s i t e as a s y s ­
tem t o b e c o n t r o l l e d b y a n o p e r a t o r o r o t h e r i n ­
t e l l i g e n c e . T h i s approach d i f f e r s f rom p r e v i o u s 
w o r k 1 " * 1 5 i n w h i c h o n l y t h e hand i s i n c l u d e d i n 
t h e system m o d e l . A s t a t e v e c t o r i s d e f i n e d , 
c o n t a i n i n g n o t o n l y v a r i a b l e s w h i c h d e s c r i b e t he 
m a n i p u l a t i v e d e v i c e , b u t a l s o v i t a l pa ramete rs o f 
t a s k s i t e , p o s s i b l e i n c l u d i n g l o c a t i o n s o f r e l e ­
v a n t o b j e c t s and o b s t a c l e s . T h i s v e c t o r , s u i t a b l y 
q u a n t i z e d , spans a d i s c r e t e s t a t e space w h i c h c o n ­
t a i n s many d i f f e r e n t s t a t i c c o n f i g u r a t i o n s o f t he 
m a n i p u l a t o r and t h e o b j e c t s to be m a n i p u l a t e d . A 
m a n i p u l a t i o n t a s k i s t h e n d e f i n e d as a new s t a t e 
w h i c h t h e " o p e r a t o r " (human o r computer ) w i shes 
t h e m a n i p u l a t o r - o b j e c t s - o b s t a c l e s system t o oc cupy . 
S t a t e t r a n s i t i o n s a r e accomp l i shed by commands: 
q u a n t i z e d b a s i c m o t i o n s o f t h e m a n i p u l a t o r ' s jaws 
p l u s g r a s p , r e l e a s e , p u s h , t w i s t , and s o o n . 

One may I n t e r p r e t t h e r e s u l t i n g p rob lem i n 
Modern C o n t r o l t h e o r y terms a s f o l l o w s : g i v e n 
t h a t each s t a t e t r a n s i t i o n c o s t s a known amount , 
f i n d t h e cheapes t ( s h o r t e s t ) p a t h f rom t h e p r e ­
s e n t s t a t e t o t h e d e s i r e d s t a t e . T h i s p a t h r e ­
p r e s e n t s t h e o p t i m a l c o n t r o l p o l i c y f o r accom­
p l i s h i n g t h e g i v e n t a s k . 

A l t e r n a t i v e l y , one may v i e w t h e s t a t e space 
i n te rms o f p rob lem s o l v i n g o r theorem p r o v i n g : 
each s t a t e t r a n s i t i o n r e p r e s e n t s a n i n s t a n c e o f 
a p r e d i c a t e or an axiom such as " I f t h e j aws move 
one i n c h t o t h e r i g h t , t h e n t h e new s t a t e i s r e ­
l a t e d t o t h e o l d s t a t e b y . . . , " o r " I f t h e jaws 
a r e g r a s p i n g o b j e c t A and t h e jaws move one i n c h 
t o t h e r i g h t , t h e n o b j e c t A moves t h e same d i s ­
tance and t h e new s t a t e i s r e l a t e d t o t h e o l d 
s t a t e b y . . • " Each i n s t a n c e i s s p e c i f i e d b y a r ­
guments I n c l u d i n g t h e c u r r e n t s t a t e , t he name o f 
a r e l e v a n t o b j e c t , and so o n . S ince t h e p rob lem 
i s p u r e l y g e o m e t r i c , t h e r e s u l t o f a p p l y i n g any 
ax iom o r p r e d i c a t e i s unamb iguous ly r e l a t e d t o 
t h e g o a l . The r e s u l t i n g p a t h may t h e n be t h o u g h t 
o f a s t h e s o l u t i o n t o t h e p rob lem ( o r t h e p r o o f 
o f t h e theorem) "Can t h e s p e c i f i e d t a s k be accom-
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pUshed?" 

Tasks and Commands 

At the outset ve should d i s t i n g u i s h two types 
of tasks, those which can be planned ahead and 
those which cannot• An exce l len t example of the 
l a t t e r i s the task "Find the p e n c i l . " Execution 
cannot be planned open loop , along the l i n e s o f : 
Move jaws to l o c a t i o n X, p i ck up p e n c i l . Rather, 
execut ion cons is ts o f con t inua l i n t e r a c t i o n be­
tween the manipulator-computer and i t s env i ron ­
ment* The type of p lan needed closes a loop 
through the man ipu la to r ' s sensors, and has many 
of the features of a numerical a lgor i thm r i c h in 
" I f " statements. Such problems have been studied 
by Ernst4 and Barber1 . Larson and Keck le r 2 1 have 
used Dynamic Programming to f i n d search and motion 
s t r a teg ies f o r a robot in an unexplored env i ron ­
ment* 

Aside from searches and other tasks whose 
h i s t o r y and outcome are almost unknown £ p r i o r i , 
most manipu la t ion tasks can be planned out In ad­
vance* The l i k e l i h o o d of the p l an ' s success de­
pends g rea t l y on the accuracy of a p r i o r i i n f o r ­
mation concerning l o c a t i o n of named places and 
o b j e c t s , and a lso on p l a i n luck. Less than ce r ­
t a i n success is not , however, any reason f o r not 
p lanning. I t i s the a b i l i t y t o formulate and a t ­
tempt execut ion of plans tha t makes an automatic 
or semi-automatic manipulator d i f f e r e n t from and 
super ior to a manually c o n t r o l l e d manipu la tor . 
Furthermore, lack o f c e r t a i n t y i n the a p r i o r i 
i n fo rmat ion can be compensated f o r by execut ion 
rou t ines which combine obedience to the p lan w i t h 
minor-range searches. Greater s o p h i s t i c a t i o n in 
the execut ion rou t ines w i l l a l low more unce r t a i n ­
ty in the £ p r i o r i i n fo rmat ion w i thout degrading 
the c e r t a i n t y o f o v e r a l l task complet ion.. 

Of a l l tasks which can be planned out in ad­
vance, we s h a l l consider what f o r o rd inary mani­
p u l a t i o n c o n s t i t u t e the great b u l k , namely those 
in which the pos i t i ons or o r i en ta t i ons o f ob jec ts 
and e f f e c t o r s ( jaws, t o o l s , e t c * ) are changed. 
Thus ve s p e c i f i c a l l y exclude such a c t i v i t i e s as 
bouncing a b a l l or balancing a s t i c k on end. By 
ignor ing v e l o c i t i e s and acce le ra t i ons , we may con­
cen t ra te on the geometric cons t ra in ts fundamental 
to man ipu la t i on : obstac le avoidance, rendezvous 
of a jaw-borne ob jec t and i t s des t i na t i on f o r 
pushing, r e l e a s i n g , pou r ing , i n s e r t i n g , and so on . 
(Granted a jaw-borne ob jec t has a v e l o c i t y : nev­
er the less what is important about car ry ing Is 
tha t jaws and ob jec t main ta in a f i x e d geometric 
r e l a t i o n to each o ther throughout . ) Then one may 
s ta te the p lanning problem as t ha t of f i n d i n g a 
sequence of in te rmedia te con f igu ra t ions f o r the 
task s i t e to occupy on the way, so to speak, from 
the i n i t i a l c o n f i g u r a t i o n to the desi red one. 

To enable the computer to solve such prob­
lems, we must equip it w i t h a model of manipula­
t i o n tasks so t ha t i t can determine what c o n f i g ­
u ra t ions may f o l l o w from a g iven c o n f i g u r a t i o n , 
or equ i va len t l y what changes can be made to a 

g iven c o n f i g u r a t i o n . This requ i res a way of ex­
pressing geometric cons t ra in ts or equ lva len t l y 
manipulat ive predicates and how they are a l t e red 
by changes in the task s i t e . More genera l l y , we 
must recognize tha t some conf igura t ions are "near 
neighbors" wh i le others are no t , but ra ther are 
separated by one or more in te rven ing con f igu ra ­
t i o n s , some of which are near neighbors. Near 
nelghbor l lne88 of two con f igura t ions may be de­
f i ned as a (usua l l y b i l a t e r a l ) a t t r i b u t e imply­
ing tha t one s ing le simple motion of the mani­
pu la tor jaws, probably o f l i m i t e d ex ten t , w i l l 
car ry the task s i t e from one con f igu ra t i on to the 
o ther . Working w i t h a sma l l , w e l l chosen set of 
such subnot ions, we can plan a wide v a r i e t y of 
tasks . To be p rec i se , c a l l the submotlons atomic 
commands. For example: 

Move jaws l e f t one Inch 
Move jaws r i g h t one inch ( . 
Open jaws 
Close jaws 

In what fo l lows we s h a l l descr ibe a method by 
which a task s i t e may be model led, the "opera tor " 
may request a task , and the computer can devise 
a sequence of atomic commands which, to the de­
gree of p rec i s i on of the task model, can accom­
p l i s h the task . 

The State Space Model 

The problem we have posed is to f i n d a se­
quence of f i n i t e elements which has a p a r t i c u l a r 
p roper ty . We may dispense w i t h enumeration of 
the p o s s i b i l i t i e s , s ince there are f a r too many, 
and f a r too few of them are worth cons ider ing . 

Let x be a vector conta in ing the p o s i t i o n 
of the manipulator jaws, the pos i t i ons of r e l e ­
vant ob jects and any other va r i ab les of I n t e r e s t , 
such as ob jec t o r i e n t a t i o n s . Then the manipula­
t o r - t a s k system is governed by the equation 

(2) 

where t j (k) is a vector of admissible con t ro ls 
such as equat ion ( 1 ) , and A is a s ta te dependent 
mat r i x which expresses the geometric task con­
s t r a i n t s mentioned in the previous s e c t i o n . These 
cons t ra in ts are more eas i l y v i sua l i zed on a f i n i t e 
graph-5 in which each node represents a s ta te x. 
and each branch leading out to another s ta te i n ­
d icates an al lowed command at s ta te x_. States 
connected by a s i ng le branch are thus near ne igh­
bo rs . The t o t a l i t y of nodes, some connected by 
branches, cons t i t u tes the s ta te space. I t s nodes 
represent a l l the con f igura t ions which the task 
s i t e can assume as a r e s u l t of the execut ion of 
a r b i t r a r y s t r i n g s of atomic commands. A l t e r n a ­
t i v e l y , the s t a t e space represents the l i m i t e d 
set of Instances of the manipu la t ive predicates 
being considered, the instances d i f f e r i n g in the 
arguments associated w i t h each, and the set 
bounded by the l i m i t s on each s ta te v a r i a b l e . We 
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may then say tha t paths through the space repre­
sent s t r i ngs of atomic commands (cont ro ls or proof 
steps) which make coherent (though not necessar i ly 
purposeful or e f f i c i e n t ) changes in the task s i t e . 
For example, consider the task s i t e in Figure 2. 
The Jaws may move from po in t to po in t along the 
l i n e , open and c lose , but may not move the b lock . 
(This l a s t c a p a b i l i t y is added below.) Given the 
atomic command set ( 1 ) , the s ta te space corres-
ponding to Figure 2 is shown in Figure 3. The 
coordinates on the axes are xT, jaw p o s i t i o n , and 
H, Jaw s t a t u s . Xj and H are the s ta te v a r i a b l e s . 
The con f igu ra t ion of Figure 2 (jaws in l oca t ion 
4, closed) is represented by the f l a g at s ta te 
[4 ,1 ] in Figure 3 . The v e r t i c a l l i nes ind ica te 
that the Jaws may open or close at any x, whi le 
the h o r i z o n t a l l i nes ind ica te allowed jaw move­
ment. Movement d i r e c t l y i n t o [2 ,1 ] from [3 ,1 ] or 
[1 ,1 ] i s forbidden since t h i s would involve c o l ­
l i s i o n between jaws and ob jec t . Thus [3 ,1 ] and 
[2 ,1 ] are not neighbors in the sense def ined above. 

If we wish the jaws to move to l oca t i on x - 1 , 
jaws c losed, we ask the computer to f i n d a s a t i s ­
fac tory path from s ta te [4 ,1 ] to s ta te [ 1 , 1 ] . * 
(Na tu ra l l y we want the computer to der ive by it-
se l f the fac t tha t the jaws must s t radd le the ob­
j e c t on the way.) Such a pa th , i f i t e x i s t s , can 
be t rans la ted immediately i n t o a s t r i n g of atomic 
commands su i t ab le fo r accomplishing the task , 
since the path t e l l s the sequence of neighboring 
intermediate conf igura t ions through which the task 
s i t e should pass on the way to the desired con­
f i g u r a t i o n . There are countless possible paths, 
most of which go nowhere purposive. But a sho r t ­
est path cannot go nowhere and in p a r t i c u l a r can­
not loop. So l e t us f i n d shortest paths. 

Many algor i thms are ava i lab le fo r f i nd ing 
shor tes t paths in networks, among them Dynamic 
Programming,2 Ford's a lgor i thm,6 and the Har t -
Nilsson-Raphael a lgor i t lun . ** Of more i n t e res t 
to us is the general i n t e r p r e t a t i o n we can give 
to " s h o r t e s t " : A path may be short in t ime, f u e l , 
r i s k , lack of i n fo rma t i on , or some (normalized) 
combination of these, f o r example. A s ta te space 
may w e l l be cos t l y in f u e l a l l over, but cos t l y 
in r i s k only in ce r t a i n areas. Sometimes a given 
command, l i k e c a r r y i n g , is cos t l y everywhere, whi le 
at other times the cost of a command may depend 
on the s ta te at which i t is being executed ( fo r 
example, car ry ing through a crowded region of phy­
s i c a l apace). By spec i fy ing the dimension, mag­
n i tude and d i s t r i b u t i o n of t he ' l eng ths " of l i nes 
between po in ts in the s ta te space, the operator 

♦Sui tab le computer rout ines can generate the 
value of the desi red s ta te from a less fo rmal ­
ized input command, such as "Go to the l e f t of 
the ob jec t " 

**For tasks at the complexity l e v e l considered 
here , t h i s a n a l y t i c approach seems super io r , in 
terms of computer time and l i k e l i h o o d of success, 
to s i m i l a r work employing Heur i s t i c Programming 
t o e l i c i t s t ra teg ies .16 

can to some degree a f f e c t the nature or " s t y l e " 
of the r e s u l t i n g s o l u t i o n . The arrangement of 
lengths shown in Figure 4 resu l t s in the path i n ­
dicated by the arrows. (This schedule of lengths 
suppresses unnecessary motions of the open jaws.) 
The corresponding work plan i s : 

Move l e f t one inch 
Open 
Move l e f t one inch 
Move l e f t one inch 
Close 

A path which al lows the jaws to grasp the 
object is shown in Figure 5. The corresponding 
path fo r the case where the object is in loca­
t i o n x - 1 is shown in a new s ta te space in Figure 
6. By making the o b j e c t ' s l oca t ion a new s ta te 
v a r i a b l e , y0, we may represent carry ing and push­
ing in a larger s ta te space, Figure 7. This 
f i gu re is made by combining Figures 5, 6, and 
others l i k e them, each corresponding to a p a r t i ­
cu lar value of y0. Note that pushing is not ex­
pressed 88 a t r a n s i t i o n analogous to that from 
[3 ,1 ] to [2 ,1 ] in Figures 3, 4, and 5, fo r ex­
ample. This type o f s ta te t r a n s i t i o n is s t i l l 
forbidden since i t t e l l s nothing about what hap­
pens to the pushed ob jec t . Pushing is proper ly 
expressed in Figure 7 as a v a r i a t i o n of ca r r y i ng . 

Physical Demonstration 

The ideas of the previous sect ion were im­
plemented on a three degree of freedom manipu­
l a t o r converted from a p l o t t i n g t a b l e . Square 
objects could be grasped and moved about in a r e ­
gion 15 inches on a side. The manipulator jaws 
were equipped w i th g r i p sensors ins ide and con­
tac t sensors ou ts ide . No jaw ro ta t i ons were pos­
s i b l e . A D i g i t a l Equipment Corp. PDP-8 computer 
contained a 2000 word program and a 500 word s ta te 
space.* The s ta te vector consisted of ( X j , Y j , 
H) , whi le objects and obstacles were kept t rack 
of in a separate l i s t . The 2000 word program con­
tained a l l I /O, a path f i nd i ng a lgo r i thm, touch 
sensor eva luat ion rou t i nes , stepping motor c o n t r o l , 
plus i n t e r p r e t a t i o n of commands such as 

If a new object was discovered by the touch sen­
sors wh i le a path was being executed, the system 
estimated i t s l o c a t i o n , asked the operator f o r a 
name and then computed a new path to the o r i g i n a l 
goa l , incorpora t ing knowledge of the new ob jec t . 
This ob ject could be re fe r red to l a t e r by name, 
picked up, c a r r i e d , and so on. A more complete 
desc r ip t i on appears in . 

*Twelve b i t s per word. 
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A More Complex Example 

Suppose we wish to move a long t h i n spar 
through a crowded two-dimensional environment. 
(P ic tu re car ry ing a sofa from the l i v i n g room to 
the porch.) Here the i n t e r a c t i o n s between the en­
vironment and the spar ' s p o s i t i o n and o r i e n t a t i o n 
are of the most i n t e r e s t . To map motions of the 
spar once i t is grasped by a r o t a t i n g pa i r of jaws, 
we choose s ta te va r i ab les 

The al lowed commands are 

Thus both p o s i t i o n and o r i e n t a t i o n of the spar are 
quant ized. 

The phys ica l space is shown in Figure ft. 
Walls are shown as open rectangles, wh i le the two 
poss ib le o r i en ta t i ons of the spar are shown by 
cross l i n e s at each poss ib le p o s i t i o n . The c h a l ­
lenge is provided by the doorways, which a l low the 
spar to pass a x l a l l y but not a thwar t . This con­
s t r a i n t and the presence of wa l l s are shown in the 
s ta te space by de le t i ng the l i nes corresponding 
to the forb idden t r a n s i t i o n s . 

The s ta te space appears in Figure 9. We as­
sume f o r i l l u s t r a t i o n tha t each "move" is of 
length 2, each " r o t a t e " of length 3. Let the spar 
be i n i t i a l l y a t l oca t i on (2,2) in the phys ica l 
space, o r ien ted p a r a l l e l to the y a x i s , and say 
we want it moved to ( 3 , 3 ) , ending up or ien ted 
p a r a l l e l to the x a x i s . Then the i n i t i a l s ta te 
i s [ 2 , 2 , 1 ] and the f i n a l s t a te i s [ 3 , 3 , 0 ] . These 
are marked S t a r t and End, r e s p e c t i v e l y , on Figure 
9. 

There are two equal length s o l u t i o n paths , 
shown In Figure 10 and v i s u a l i z e d on a sketch of 
the task s i t e in Figure 1 1 . These paths do not 
" l ook l i k e " the most d i r e c t r o u t e . Closer exam­
i n a t i o n , however, reveals tha t these paths, by 
i n i t i a l l y moving the ob ject away from the f i n a l 
s t a t e , are able to save two ro ta t i ons by spending 
a l i t t l e more d i s t ance . Again , i f we read a s o l u ­
t i o n p a t h , we get a l i s t of the requ i red moves 
and ro ta tes in the co r rec t o rder . A more general 
s o l u t i o n to t h i s problem which inc ludes grasping 
and re leas ing the spar in a r b i t r a r y (quant ized) 
pos i t i ons and o r i e n t a t i o n s , may be found in Chap­
te r V of Reference 1

8. 

Discussion of the State Space Model 
and i t s Imp l i ca t i ons 

The main fea tu re of the State Space Models 
above is t h e i r q u a n t i z a t i o n . This Is a d i r e c t 

consequence of the k ind of atomic commands we a l ­
low and of our I n t e r e s t In the main motion f ea ­
tures of tasks f o r planning purposes. The atomic 
commands may be thought of as task d i f f e r e n t i a l s , 
but u l t r a f l n e quan t i za t ion I s ne i ther p r a c t i c a l 
nor necessary, espec ia l l y if good sensors are 
a v a i l a b l e . In f a c t , s ince more complex tasks r e ­
q u i r e , I n p r i n c i p l e , s ta te spaces o f higher d i ­
mension, quan t i za t ion poses stagger ing computer 
storage problems. (6 s ta te v a r i a b l e s , 10 po in ts 
per ax is - 106 p o i n t s . ) Three fac to rs m i t i ga te 
such d i f f i c u l t i e s : 

1) Only a handful of these po in ts need be 
in l i v e (core memory) storage at any one t ime. 
In f a c t , the problem of f i n d i n g shor test paths i s , 
by d e f a u l t , one of State Increment Dynamic Pro­
gramming, 9 which l a t t e r may be g rea t l y speeded 
by algor i thms such as tha t of Har t , Ni lsson and 
Raphael, which pursue only the cu r ren t l y most 
promising pa th . 

2) The s ta te space need not be b u i l t and 
he ld whole and i n t a c t in s torage, but ra ther only 
those sect ions needed as a p a r t i c u l a r path is 
pursued. The s ta te space is j u s t a l o g i c a l con­
sequence of a l i s t of ob ject and jaw l o c a t i o n s , 
sizes and o r i e n t a t i o n s , plus extremely l o c a l "know­
ledge" of what circumstances p r o h i b i t a given com­
mand. The needed por t ions of the s ta te space may 
be b u i l t to order , using the in fo rmat ion in the 
l i s t . Then, merely by concentrat ing on one s ta te 
and i t s immediate neighbors at a t ime, the com­
puter can plan tasks which invo lve hundreds (or 
any number) of s t a t e s . In most a lgo r i thms, more­
over , progress is monotone so tha t a s t a t e , once 
considered, is never considered again . These no­
t ions suggest tha t the s ta te space ie_ a l i s t and 
tha t l i s t - p r o c e s s i n g computer languages may be 
use fu l i n deal ing w i th i t . 

3) A s ta te space descr ib ing a complex task 
is of h igh dimension only because the space stores 
the r e l a t i o n s f o r a l l tasks which could be per­
formed by manipulat ing the ob jects and Jaws in 
quest ion . No command, however, asks fo r a l l tasks , 
and because rearrangement tasks cons is t of r e ­
peated sequences such as "Move empty Jaws to l o ­
ca t i on X, grasp, carry ob jec t to l oca t i on Y, r e ­
l ease , " i t should be c lear tha t only the s ta te 
va r iab les a c t u a l l y involved in one such sequence 
need be considered v a r i a b l e at one t ime. This is 
obviously equiva lent to consider ing only a l i m i t e d 
and much lower dimension cross sec t ion of the o r i ­
g i n a l space. Great savings in computer time and 
storage may be e f fec ted by t r e a t i n g sequences of 
such cross sec t i ons , Indeed consider ing them as 
atomic act ions on a much higher l e v e l than the 
atomic commands which under l i e them. We are thus 
af forded two leve l s of p lann ing , an upper l e v e l 
in which gross motion goals are se lec ted , and a 
lower l e v e l in which d e t a i l e d s t r a teg ies f o r such 
motions are evolved and t h e i r costs eva luated. 
Thus we can consider more complex tasks w i thout 
recourse to unmanageable s ta te spaces. In t h i s 
way, competing gross plans may be judged f o r cos t -
e f fec t iveness and the best one ( f o r the given cost 
s t ruc tu re ) se lec ted . I t i s worth speculat ing tha t 
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methods of Heu r i s t i c Programming5 would be use fu l 
at the higher l e v e l , but some comparisons19 show 
that f o r ac tua l l y f i nd ing de ta i l ed paths, even the 
r e l a t i v e l y i n e f f i c i e n t Ford a lgor i thm is g rea t l y 
fas te r than Trav is '16 h e u r i s t i c path f i nd ing 
methods. 

Extending the Power of the State Space Method 

Now we have reduced some basic manipulat ion 
tasks to shor test path problems. In t h i s sect ion 
we show how to make use of the basic p ick-up-and-
carry c a p a b i l i t y demonstrated in Figure 7 to p ro ­
gram more complex tasks wi thout recourse to enor-
mous s ta te spaces, preserving the "ope ra to r ' s " 
a b i l i t y to shape the general features of the r e ­
s u l t w i thout having to speci fy d e t a i l s . 

We th ink of commands as funct ions whose a r ­
guments ( spec i f i ed by the operator) may be place 
or ob ject names, and whose values are paths in 
one or more re la ted s ta te spaces. The basic func­
t i o n "Take" is evaluated by a s ta te space such as 
Figure 7. Formal ly: 

To exchange objects A and B, we may use "Take" to 
def ine "Sw i t ch " , using an appropriate i n t e r p r e t i v e 
computer language: 
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