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SUMMARY 

A program was w r i t t e n to s o l v e c a l c u l u s word 
p r o b l e m s . The p r o g r a m , CARPS (CA lcu lus Rate 
Prob lem S o l v e r ) , i s r e s t r i c t e d t o r a t e p r o b l e m s . 
The o v e r a l l p l a n o f t h e program i s s i m i l a r t o 
Bobrow 's STUDENT, t h e p r i m a r y d i f f e r e n c e b e i n g 
t h e i n t r o d u c t i o n o f " s t r u c t u r e s " a s t h e i n t e r n a l 
model i n CARPS. S t r u c t u r e s a r e s t o r e d i n t e r n a l l y 
a s t r e e s , each s t r u c t u r e h o l d i n g t he i n f o r m a t i o n 
g a t h e r e d abou t one o b j e c t . 

I t was found t h a t t h e use o f s t r u c t u r e s made 
CARPS more p o w e r f u l t han STUDENT in s e v e r a l 
r e s p e c t s . 

1 ) CARPS i s b e t t e r a b l e to r e c o g n i z e t h a t 
two phrases d e s c r i b e t he same o b j e c t . ( e . g . , 
CONICAL PILE and PILE OF SAND) 

2 ) I n f o r m a t i o n abou t an o b j e c t can be 
g a t h e r e d i n p i e c e m e a l f a s h i o n . I n c a l c u l u s word 
prob lems i t i s n o t uncommon t o have two o r t h r e e 
sen tences p r o v i d i n g i n f o r m a t i o n f o r one e q u a t i o n . 

3) CARPS to a l i m i t e d degree is a b l e to use 
i t s knowledge t o parse i t s i n p u t s e n t e n c e s . For 
examp le , in a p rob lem about a f i l t e r , ALTITUDE 
was i n t e r p r e t e d as ALTITUDE OF THE FILTER because 
CARPS knew t h a t s i n c e t h e f i l t e r was a cone and 
cones have a l t i t u d e s t h e f i l t e r had a n a l t i t u d e . 

The program has s o l v e d 14 c a l c u l u s p r o b l e m s , 
most t aken (sometimes w i t h s l i g h t m o d i f i c a t i o n s ) 
f r om s t a n d a r d c a l c u l u s t e x t s . 

I . INTRODUCTION 

The r e s e a r c h d e s c r i b e d in t h i s paper had as 
i t s g o a l t he c r e a t i o n o f a program wh ich s o l v e s 
f reshman c a l c u l u s word p r o b l e m s . The p rog ram, 
CARPS (CA lcu lus Rate Prob lem S o l v e r ) , i s r e ­
s t r i c t e d t o r a t e p r o b l e m s . I t i s d e s c r i b e d i n 
g r e a t e r d e t a i l in MAC-TR-51 ( T h e s i s ) 3 CARPS was 
p r i m a r i l y m o t i v a t e d by Bobrow's work on STUDENT2 a 
p rogram w h i c h s o l v e s h i g h s c h o o l a l g e b r a word 
p r o b l e m s . An u n d e r s t a n d i n g o f STUDENT i s s u f f i ­
c i e n t l y i m p o r t a n t t o o u r work t h a t w e s h a l l ana­
l y z e Bobrow 's p rogram i n t h e second s e c t i o n o f t h e 
p a p e r . 

* T h i s paper i s based upon a t h e s i s s u b m i t t e d i n 
p a r t i a l f u l f i l l m e n t f o r t h e degree o f Mas te r o f 
Sc ience a t t h e Massachuse t t s I n s t i t u t e o f Techno­
l o g y , Depar tment o f E l e c t r i c a l E n g i n e e r i n g . The 
work was s u p p o r t e d in p a r t by P r o j e c t MAC, an MIT 
r e s e a r c h program sponsored by t h e Advanced Re­
s e a r c h P r o j e c t s Agency , Depar tment o f D e f e n s e , 
under O f f i c e o f Nava l R e s e a r c h , c o n t r a c t Number 
N o n r - 4 1 0 2 ( 0 1 ) , and i n p a r t b y t he N a t i o n a l Sc ience 
F o u n d a t i o n . 

C h a r n i a k 

: i t u t e o f Techno logy 
Massachuse t ts 

CARPS is w r i t t e n in two l anguages . The b u l k 
o f t h e c o d i n g i s i n L ISP. There a r e , however , 
l a r g e s e c t i o n s w h i c h r e q u i r e a g r e a t d e a l o f p a t ­
t e r n m a t c h i n g , someth ing i n wh i ch LISP i s n o t p a r ­
t i c u l a r l y p o w e r f u l . These s e c t i o n s were w r i t t e n 
in CONVERT45 a language e s p e c i a l l y des i gned f o r 
p a t t e r n m a t c h i n g . S i nc e CONVERT is embedded in 
LISP i t was an e s p e c i a l l y c o n v e n i e n t c h o i c e be­
cause we c o u l d e a s i l y s w i t c h back and f o r t h be ­
tween the two languages . Both o f t hese languages 
were a v a i l a b l e on t h e P r o j e c t MAC PDP-6 t i m e 
s h a r i n g system w h i c h was used i n t h i s r e s e a r c h . 
A l s o a v a i l a b l e were J . Moses' a l g e b r a i c s i m p l i f i ­
c a t i o n and d i f f e r e n t i a t i o n r o u t i n e s w h i c h a re d e s ­
c r i b e d i n 7 . The PDP-6 sys tem w h i c h has a q u a r t e r 
m i l l i o n words o f c o r e s t o r a g e , gave us a d e c i d e d 
advantage ove r Bobrow, whose program had to f i t 
i n t o a 32K 7 094 LISP s y s t e m , whereas ours w a l l o w s 
i n t h e c o m p a r a t i v e l u x u r y o f 45K o f memory. 

Though CARPS is a f a i r l y complex p r o g r a m , i t s 
bas i c o r g a n i z a t i o n i s r e l a t i v e l y s t r a i g h t f o r w a r d . 
To demons t ra te t h e u n d e r l y i n g p r i n c i p l e s l e t us 
show how i t wou ld s o l v e t h e f o l l o w i n g p a r t i c u l a r l y 
s i m p l e p r o b l e m . The pa ren theses and s l ashes a r e 
r e q u i r e d by the PDP-6 LISP sys tem. 

(A SHIP IS 3 0 . 0 MILES SOUTH OF POINT 0 
AND TRAVELING WEST AT 2 5 .0 MILES PER 
HOUR /. HOW FAST IS THE DISTANCE FROM 
THE SHIP TO 0 INCREASING ?) 

The d iag ram o f t h i s p rob lem i s f o r the b e n e f i t o f 
t h e r e a d e r . CARPS does n o t use d i a g r a m s . 

The p rogram i s d i v i d e d i n t o f i v e s e c t i o n s . 
The p r i m a r y g o a l o f the f i r s t s e c t i o n i s t o t a g 
words w i t h t h e i r p a r t o f speech . A t the same t ime 
t h e p rogram accomp l i shes s e v e r a l o t h e r t asks such 
a s c h e c k i n g f o r words i n d i c a t i n g t he t ype o f p r o b ­
lem i t has been handed. J u s t b e f o r e i t t u r n s t h e 
t r a n s f o r m e d p rob lem ove r t o t he nex t s e c t i o n I t 
w i l l p r i n t o u t 

(THE PR0BLH4 WITH TAGS ON IS ) 
( ( ( A SHIP ( IS VERB) 3 0 . 0 (MILE UNIT) 
(SOUTH PN0UN)P0INT 0 AND (TRAVELING 
VERB) (WEST PNOUN) (AT PREP) 2 5 . 0 
(MILE UNIT) PER (HOUR UNIT) ) ( 1 . ) ) 
(((HOW QWORD) (FAST RWORD) ( IS VERB) THE 
DISTANCE (FROM PREP) THE SHIP TO 0 
(INCREASING VERB)) ( 2 . ) ) ) 



(THE PROBLEM TYPE I S ) 
DISTANCE 

A t t h e moment t h e program i s f a m i l i a r w i t h 
two t ypes of p r o b l e m s , DISTANCE and VOLUME. The 
second s e c t i o n o f t h e p rogram takes the o u t p u t o f 
t h e f i r s t s e c t i o n and b reaks t h e sen tences i n t o 
s i m p l e s e n t e n c e s . A f t e r i t has done s o i t w i l l 
p r i n t : 

(THE SIMPLIFIED SENTENCES ARE) 
( ( ( A SHIP ( IS VERB) 3 0 . 0 MILE UNIT) 
(SOUTH PNOUN) POINT 0) ( 1 . ) ) 
( (A SHIP (TRAVELING VERB) (WEST PNOUN) ( 1 . ) ) 
( (A SHIP (TRAVELING VERB) (AT PREP) 2 5 . 0 
(MILE UNIT) PER (HOUR UNIT ) ) ( 1 . ) ) 
(((HOW QWORD) (FAST RWORD) ( IS VERB) THE 
DISTANCE (FROM PREP) THE SHIP TO 0 
(INCREASING VERB)) ( 2 . ) ) ) 

Note t h a t t h e f i r s t sen tence has been b r o k e n i n t o 
t h r e e , w h i l e t h e second has been l e f t unchanged. 

The t h i r d s e c t i o n i s r e s p o n s i b l e f o r t a k i n g 
these s i m p l e sen tences and t r a n s f o r m i n g them i n t o 
t h e model o f t h e p r o b l e m w h i c h t h e computer must 
h a v e . The mode l used i n t h e p rog ram i s composed 
o f e q u a t i o n s and " s t r u c t u r e s " . A " s t r u c t u r e " i s 
b a s i c a l l y a t r e e w h i c h has as i t s head t h e name o f 
some o b j e c t , and a t v a r i o u s l e v e l s benea th t h e 
head a l l t h e i n f o r m a t i o n t h e p rogram was a b l e t o 
a b s t r a c t f r om t h e p r o b l e m . (The second l e v e l c o r ­
responds t o t h e p r o p e r t y l i s t o f t h e head a tom. 
The t h i r d l e v e l c o r r e s p o n d s t o t h e p r o p e r t y l i s t s 
o f t h e atoms o n t h e second l e v e l . ) I n o u r p r o b ­
lem t h e r e i s o n l y one s t r u c t u r e . I t i s most 
e a s i l y v i s u a l i z e d i n t h e f o l l o w i n g f o r m : 

POSITION:G0007 

WRTO:T50008 

VELOCITY:G0009 

VALU: (TIMES 3 0 . 0 M I L E ) / D I R E C T I O N : 
(TIMES l . - J ) 

DIRECTION:(TIMES l . L ) VALU:<QU0TIENT(TIMES 2 5 . 0 
MILE)H0UR)) 

The e x p r e s s i o n s G0007, G0008, e t c . a r e symbols 
g e n e r a t e d by t h e LISP s y s t e m . They a r e commonly 
c a l l e d GENSYMS, and a r e used a s f i l l e r s i n t h e 
s t r u c t u r e s . 

L o o k i n g a t t h e r i g h t hand node o f t h e s t r u c ­
t u r e w e see t h a t t h e v e l o c i t y o f t h e s h i p i s 2 5 
m i l e s pe r h o u r , and t h i s v e l o c i t y i s i n t h e - J 
d i r e c t i o n . (The p rogram assumes a r i g h t - h a n d e d 
c o - o r d i n a t e sys tem s o - J wou ld b e wes t a s i t 
s h o u l d b e . ) 

The f o u r t h s e c t i o n w i l l g e n e r a t e t h e equa­
t i o n s w h i c h t h e f i n a l s e c t i o n w i l l s o l v e . I n t h i s 
p r o b l e m i t must change t h e e x p r e s s i o n (DISTANCE 
(SHIP)(GO008)) t o a n a c t u a l d i s t a n c e e q u a t i o n . 

A f t e r i t has done s o t h e p rog ram p r i n t s o u t 

(THE EQUATION SET I S ) 
((EQUAL (GOO 12) (EXPT (PLUS 

(TIMES 899.99998 (EXPT MILE 2 . ) ) 
(TIMES 624.99998 (EXPT TIM 2 . ) (EXPT MILE 2 . ) 
(EXPT HOUR - 2 . ) ) ) 0 . 5 ) ) ) 

N o t i n g t h a t T IM i s t h e symbo l f o r t i m e w e see t h a t 
t h i s i s j u s t t h e e q u a t i o n w r i t t e n i n more u s u a l 
n o t a t i o n i s 

X - \ / 9 0 0 MILES 2 + 625 T MILES / HOUR 2 

The f i n a l s e c t i o n o f t h e p rog ram w i l l d i f f e r e n ­
t i a t e , s i m p l i f y , and f i n a l l y p r i n t o u t 

(THE ANSWER I S ) 
0 . 

T h i s , o f c o u r s e , w i t h e i t h e r a l i t t l e t h o u g h t , o r 
a l i t t l e a l g e b r a can be shown to be t h e c o r r e c t 
answer . As a p o i n t o f i n t e r e s t CARPS t o o k 41 
seconds o f machine t i m e t o s o l v e t h i s p r o b l e m . 

I I . STUDENT 

As we men t i oned e a r l i e r Bobrow 's p r o g r a m , 
STUDENT, s o l v e s a l g e b r a word p r o b l e m s . To r e a l l y 
u n d e r s t a n d how STUDENT works we s h o u l d go t h r o u g h 
a p rob lem and see how t h e p rogram s o l v e s i t . A 
t y p i c a l p r o b l e m w h i c h STUDENT c o u l d s o l v e i s : 

(THE GAS CONSUMPTION OF MY CAR IS 15 
MILES PER GALLON. IF THE DISTANCE 
BETWEEN BOSTON AND NEW YORK IS 250 
MILES, WHAT IS THE NUMBER OF GALLONS 
OF GAS USED ON A TRIP BETWEEN NEW YORK 
AND BOSTON Q.) 

I n t h i s p rob lem w e d o n ' t have any mandato ry t r a n s ­
f o r m a t i o n s , however many o f t h e words w i l l b e 
t a g g e d . ( A t y p i c a l manda to ry t r a n s f o r m a t i o n 
wou ld b e " t w i c e " changed t o " 2 t i m e s " . ) A f t e r t h e 
words a r e tagged t h e p r o b l e m wou ld t h e n l ook l i k e : 

(THE GAS CONSUMPTION (OF/OP)(MY/PRON) 
CAR (IS/VERB) 15 MILES PER GALLON 
(PERIOD/DIW) IF THE DISTANCE BETWEEN 
BOSTON AND NEW YORK (IS/VERB) 250 
MILES, (WHAT/QWORD) ( IS/VERB) THE NUMBER 
(OF/OP) GALLONS (OF/OP) GAS USED ON A 
TRIP BETWEEN NEW YORK AND BOSTON (Q/DIM)) 

The n e x t s e c t i o n o f t he p rog ram b reaks t h e 
sen tences i n t o what Bobrow c a l l s k e r n e l s e n t e n c e s . 
I n t h i s p r o b l e m t h e f i r s t sen tence w i l l n o t b e 
changed , however t h e second w i l l . I t w i l l become 
( f o r t h e sake o f conven ience w e w i l l d rop t h e 
t a g s ) : 

(THE DISTANCE BETWEEN BOSTON AND NEW 
YORK IS 250 MILES. WHAT IS THE NUMBER 
OF GALLONS OF GAS USED ON A TRIP BETWEEN 
NEW YORK AND BOSTON Q.) 

I t accomp l i shes t h i s b y n o t i n g t h e " I F . . . 
(-/QWORD) . . . " c o n s t r u c t i o n and b r e a k i n g t h e 
sen tence i n t o t h e two s m a l l e r ones above . 

STUDENT n e x t t r a n s f o r m s t h e s i m p l e sen tences 
i n t o e q u a t i o n s . The g e n e r a l r u l e used h e r e i s 
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t h a t t h e word " i s " i s changed t o a n e q u a l s i g n , 
and words l i k e " t i m e s " , " d i v i d e " a r e changed t o 
t h e i r a l g e b r a i c e q u i v a l e n t s . The e q u a t i o n formed 
by a q u e s t i o n is an e q u a l i t y between a newly c r e ­
a t e d atom and t h e q u a n t i t y t o wh i ch t h e q u e s t i o n 
r e f e r s . Our p r o b l e m w i l l c r e a t e t he f o l l o w i n g 
e q u a t i o n s : 

(EQUAL X00001 (NUMBER OF GALLONS OF 
GAS USED ON TRIP BETWEEN NEW YORK 
AND BOSTON)) 

(EQUAL (DISTANCE BETWEEN BOSTON AND 
NEW YORK) (TIMES 250 (MILES) ) ) 

(EQUAL (GAS CONSUMPTION OF MY CAR) 
(QUOTIENT(TIMES 15(MILES)) (TIMES 
l (GALLON) ) ) ) 

W i t h t h e e x c e p t i o n o f X00001 ( t h e newly c r e a t e d 
v a r i a b l e ) ou r v a r i a b l e s come d i r e c t l y f rom the 
words o f t h e p r o b l e m , i g n o r i n g any occu r rences 
o f " a " and " t h e " . 

STUDENT then t r i e s t o s o l v e t h i s s e t o f equa­
t i o n s and f i n d s t h a t i t can n o t . I t t hen p r i n t s 
o u t 

(USING THE FOLLOWING KNOWN RE IAT IONS HIPS) 
((EQUAL (DISTANCE) (TIMES (SPEED) (TIME) )) 
(EQUAL (DISTANCE((TIMES (GAS CONSUMPTION) 
(NUMBER OF GALLONS OF GAS USED))) ) 

(ASSUMING THAT) 
((DISTANCE) IS EQUAL TO (DISTANCE BETWEEN 
BOSTON AND NEW YORK)) 

(ASSUMING THAT) 
((NUMBER OF GALLONS OF GAS USED) IS EQUAL 
TO (NUMBER OF GALLONS OF GAS USED ON TRIP 
BETWEEN NEW YORK AND BOSTON)) 

(ASSUMING THAT) 
((GAS CONSUMPTION) IS EQUAL TO (GAS 
CONSUMPTION OF MY CAR)) 

The e q u a t i o n s a re s t o r e d in a g l o s s a r y under a key 
w o r d . The f i r s t word o f each v a r i a b l e i s looked 
u p i n t h e g l o s s a r y and t h e c o r r e s p o n d i n g e q u a t i o n s 
p u l l e d o u t . STUDENT then matches up t h e v a r i a b l e s 
i n t h e new e q u a t i o n s w i t h t h e v a r i a b l e s a l r e a d y i n 
t h e p r o b l e m . A f t e r h a v i n g made these o b s e r v a t i o n s 
STUDENT a g a i n t r i e s t o s o l v e t he e q u a t i o n s , s u c ­
c e e d s , and p r i n t s o u t 

e q u a t i o n s . 

The second p r o p e r t y i s in my e s t i m a t i o n even 
more s e r i o u s . W i t h one e x c e p t i o n , each k e r n e l 
sen tence i s t r a n s l a t e d i n t o e x a c t l y one comp le te 
e q u a t i o n , and s i n c e STUDENT can c o u n t on i t s i n p u t 
a lways f o r m i n g e q u a t i o n s , t h e r e i s n o p r o v i s i o n 
f o r any o t h e r fo rm o f i n f o r m a t i o n s t o r a g e . How­
e v e r , i n a t y p i c a l c a l c u l u s word p r o b l e m we m i g h t 
have a sen tence l i k e " A s h i p i s t r a v e l i n g e a s t . " , 
o r ' t y a t e r i s f l o w i n g i n t o a c o n i c a l f u n n e l . " I n 
each case t h e r e i s i n f o r m a t i o n wh i ch s h o u l d be 
s t o r e d , b u t c l e a r l y t he e q u a t i o n f o rm wou ld n o t b e 
the a p p r o p r i a t e s t o r a g e medium. 

Both o f these c r i t i c i s m s s tem d i r e c t l y f rom 
t h e t ype o f p rob lem Bobrow s e t s o u t t o s o l v e . 
There a r e o t h e r d i f f i c u l t i e s w i t h STUDENT w h i c h 
were p r o b a b l y l e f t unso l ved because t h e y were n o t 
c r i t i c a l t o t h e o p e r a t i o n o f t h e program and t h e 
s i z e o f t h e program had a l r e a d y reached the s i z e 
o f the a v a i l a b l e memory. These a r e 1) a v e r y 
l i m i t e d subse t o f E n g l i s h grammar. STUDENT cannot 
hand le someth ing as b a s i c to E n g l i s h as a depen­
d e n t c l a u s e . I n g e n e r a l one must be v e r y c a r e f u l 
i n o n e ' s c h o i c e o f sen tences when a d d r e s s i n g 
STUDENT. 2 ) a l a c k o f s o p h i s t i c a t e d h e u r i s t i c s to 
d e t e r m i n e t h e e q u a l i t y o f v a r i a b l e s p r e v i o u s l y 
c o n s i d e r e d i n d e p e n d e n t . 3 ) a s m a l l knowledge o f 
t he " r e a l w o r l d " and a r a t h e r i n f l e x i b l e manner o f 
u s i n g t h a t knowledge. 

I I I . WORD TAGGING AND SENTENCE DECOMPOSITION 

I f w e a r e t o r e a l l y u n d e r s t a n d the w o r k i n g s 
of CARPS we s h o u l d go t h r o u g h a p rob lem in g r e a t 
d e t a i l . Cons ide r the f o l l o w i n g p r o b l e m : 

(WATER IS FLOWING INTO A CONICAL FILTER 
AT THE RATE OF 15.0 CUBIC INCHES PER 
SECOND /. IF THE RADIUS OF THE BASE OF 
THE FILTER IS 5 .0 INCHES AND THE ALTITUDE 
IS 10 .0 INCHES /, FIND THE RATE AT WHICH 
THE WATER LEVEL IS RISING WHEN THE VOLUME 
IS 100.0 CUBIC INCHES / . ) 

(THE NUMBER OF GALLONS OF GAS USED ON A 
TRIP BETWEEN NEW YORK AND BOSTON IS 
16.66 GALLONS) 

A c l o s e e x a m i n a t i o n o f STUDENT shows t h a t i t 
has some p r o p e r t i e s wh i ch make i t l ess g e n e r a l 
t h a n one wou ld l i k e . The f i r s t o f t hese i s t h a t 
once we have t r a n s l a t e d ou r sentences i n t o equa­
t i o n s , a l l a l g e b r a word prob lems a r e a l i k e , t h a t 
i s , t h e y a r e a l l s e t s o f l i n e a r e q u a t i o n s w i t h a s 
many e q u a t i o n s as unknowns. Hence, once t h e 
p rob lem has been reduced to e q u a t i o n f o r m , 
STUDENT does n o t need any h e u r i s t i c s to s o l v e t h e 

I n the f i r s t s e c t i o n o f t he program each 
word i s checked t o see i f i t has a p r o p e r t y o n i t s 
p r o p e r t y l i s t under the i n d i c a t o r GRAMMAR. I f i t 
d o e s , t h e v a l u e o f t h i s p r o p e r t y w i l l b e a f unc ­
t i o n w h i c h w i l l t hen b e e v a l u a t e d . The n e t r e s u l t 
o f t h e e v a l u a t i o n w i l l b e one o f t h e f o l l o w i n g : 

1 ) The c u r r e n t word ( i . e . , t he word whose 
p r o p e r t y l i s t w e J u s t checked) w i l l b e tagged 
w i t h i t s p a r t o f speech . 2 ) The words o f the 
q u e s t i o n sen tence w i l l moreover be checked t o see 
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i f t h e y g i v e any c l u e a s t o t h e t y p e o f p r o b l e m 
w e a r e d e a i l i n g w i t h . I n o u r p r o b l e m t h e word 
LEVEL, i s t h e c l u e t h a t t h e p r o b l e m i s one w h i c h 
d e a l s w i t h vo lumes . 3 ) A c u r r e n t word may be 
n o t e d as a key word (meaning i t has e q u a t i o n s a s ­
s o c i a t e d w i t h i t i n memory) . The o n l y key word 
o c c u r r i n g i n our p r o b l e m i s CONICAL. 4 ) Common 
ph rases w i l l be changed t o a s t a n d a r d f o r m . For 
example t h e phrases AT THE RATE OF and AT THE 
RATE a r e changed to AT RATE, 5) Words e n d i n g in 
ING w i l l be l a b e l e d as v e r b s . 

A f t e r t h i s s e c t i o n i s t h r o u g h , ou r p r o b l e m 
w i l l l ook l i k e t h i s : 

(((WATER (FLOWING VERB) {INTO PREP) A 
(CONICAL ADJ) FILTER (AT PREP) (RATE 
RWORD) 15 .0 ( IN3 UNIT) PER (SEC UNIT ) ) 
( 1 ) ) ( ( I F THE RADIUS OF THE BASE OF THE 
FILTER ( IS VERB) 5 . 0 ( I N UNIT) AND THE 
ALTITUDE ( IS VERB) 10 .0 ( IN UNIT ) , 
(FIND QWORD) (RATE RWORD) AT WHICH THE 

WATER LEVEL (RISING VERB) WHEN THE VOLUME 
( IS VERB) 100 .0 ( IN3 UNIT ) ) ( 2 ) ) ) 

The n e x t s e c t i o n o f t h e p rog ram b reaks t h e 
sen tences i n t o s i m p l e s e n t e n c e s . S i n c e w e t r e a t 
t h i s a s a p r o b l e m o f p a t t e r n m a t c h i n g , i t i s 
w r i t t e n i n CONVERT. A t t h e p r e s e n t moment we 
have s i x t e e n r u l e s i n t h i s p a r t o f t h e p r o g r a m . 
They c o v e r a l a r g e p o r t i o n o f compound and com­
p l e x s e n t e n c e s . They a r e l i s t e d w i t h examples o f 
t h e i r use i n A p p e n d i x B . 

L e t u s s t a r t w i t h t h e second s e n t e n c e , s i n c e 
i t i s somewhat e a s i e r t o e x p l a i n t h a n t h e f i r s t . 
The p a t t e r n w h i c h w i l l match t h i s i s 

T h i s r u l e i s f a i r l y s t r a i g h t f o r w a r d i n t h e sense 
t h a t i t s p l i t s o f f t h e dependent c l a u s e i n t r o ­
duced by WHEN and makes i t i n t o a s e p a r a t e s e n ­
t e n c e . However , i n t h e p rocess t h e WHEN i s r e ­
moved f rom t h e s e n t e n c e . The word WHEN in c a l c u ­
l u s prob lems i s a l m o s t a lways used t o i n d i c a t e t h e 
boundary c o n d i t i o n . T h a t i s , i t p recedes a v a l u e 
w h i c h s h o u l d o n l y b e s u b s t i t u t e d i n t o t h e equa­
t i o n s a f t e r t h e d i f f e r e n t i a t i o n i s a c c o m p l i s h e d . 
I n o r d e r t o save t h i s i n f o r m a t i o n t h e word WHEN i s 
added t o t h e t a g o f t h e second sen tence c r e a t e d b y 
t h i s r u l e . 

I n t h e same way t h e r e s t o f t h e p r o b l e m i s 
b r o k e n i n t o s i m p l e s e n t e n c e s . Our p rob lem now 
looks l i k e ( w i t h t h e word tagged j u s t t o rem ind 
t h e r e a d e r t h a t t h e t a g s a r e s t i l l t h e r e ) 

(((WATER (FLOWING VERB) (INTO PREP) A 
(CONICAL ADJ) FILTER) ( 1 ) ) ((WATER 
(FLOWING VERB) (AT PREP) (RATE RWORD) 
15 .0 (IN3 UNIT) PER (SEC UNIT ) ) ( 1 ) ) 
((THE RADIUS OF THE BASE OF THE FILTER 
( IS VERB) 5 . 0 ( IN UNIT)) ( 2 ) ) ((THE 

ALTITUDE ( IS VERB) 10 .0 ( I N UNIT ) ) ( 2 ) ) 
( ( ( F I N D QWORD) (RATE RWORD) ATWHICH THE 
WATER LEVEL (RISING VERB)) ( 2 ) ) ((THE 
VOLUME ( IS VERB) 100.0 ( IN3 UNIT) ) 
(2 WHEN))) 

The r i g h t s i d e o f t h e r u l e s p e c i f i e s t h a t w e 
b e g i n t h e p rog ram o v e r , b u t b reak the sen tences 
i n t w o . I n o u r case t h e two sen tences a r e THE 
RADIUS OF THE BASE OF THE FILTER IS 5 IN AND THE 
ALTITUDE IS 10 .0 IN and FIND RATE ATWHICH THE 
WATER LEVEL RISING WHEN THE VOLUME IS 100 I N . 

The second sen tence of t hese two (FIND THE 
RATE ATWHICH. . . ) w i l l be b r o k e n by t h e r u l e 

QUESTION WORD - ANYTHING - WHEN - ANYTHING 

I V . TRANSFORMATION OF SIMPLE SENTENCES 
INTO THE INTERNAL MODEL 

Once t h e sen tences a r e s i m p l i f i e d t h e p r o ­
gram goes to t h e t h i r d and p r o b a b l y most impo r ­
t a n t s t a g e . I t i s h e r e t h a t w e t r a n s l a t e o u r 
s i m p l e sen tences i n t o the i n t e r n a l r e p r e s e n t a t i o n 
o f t h e p r o b l e m ( i . e . i n t o s t r u c t u r e s and equa­
t i o n s ) . T h i s t akes p l a c e i n two p h a s e s . L e t u s 
c a l l them A and B . The f i r s t phase i d e n t i f i e s 
t h e b a s i c f o rm o f a s e n t e n c e . A l i s t o f t h e s e 
forms can be found in Append i x C. The second 
phase f u r t h e r a n a l y z e s t h e sen tence components 
r e c o g n i z e d b y phase A , e s p e c i a l l y noun p h r a s e s . 
A l i s t o f t h e p rocesses a p p l i e d t o noun ph rases 
can be found in Append i x D. Phase B a l s o r e l a t e s 
t h e sen tences t o t h e e n t i r e p rob lem o f w h i c h i t i s 
a p a r t . Phase B conc ludes by f i l l i n g o u t t h e 
s t r u c t u r e s . The e n t i r e p r o c e d u r e I s a p p l i e d t o 
each s e n t e n c e . 

Upon e n t e r i n g phase A w i t h t h e f i r s t s e n ­
t e n c e w e check i f t h e sen tence i s a q u e s t i o n . I n 
t h i s case the sen tence i s r o u t e d t o a s p e c i a l s e c ­
t i o n w h i c h d e a l s o n l y w i t h q u e s t i o n s . The f i r s t 
sen tence w i l l n o t match any p a t t e r n and w i l l b e 
p l a c e d o n t h e s p e c i a l l i s t f o r unmatched s e n ­
t e n c e s . The second sen tence w i l l match t h e 
p a t t e r n 
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T h i s f o r m a t i n d i c a t e s t h a t t h e o b j e c t men­
t i o n e d by t h e noun ph rase i s chang ing a t a g i v e n 
r a t e . The r a t e i s r e s t r i c t e d t o t ime s i m p l y be ­
cause a l l o u r prob lems have o n l y t ime r a t e s . 

We now e n t e r phase B. I t n o t i c e s t h a t IN3 
i s a u n i t o f vo l ume , so we g e t t h e s t r u c t u r e : 

The p rogram now r e a l i z e s t h a t t h i s sen tence 
i n d i c a t e s volume change. By t h e p r e v i o u s l y u n ­
used sen tence i t dec ides t h a t WATER i s t h e c o n ­
t e n t s o f t h e CONICAL FILTER. I t t h e n no tes t h a t 
CONICAL is an a d j e c t i v e d e s c r i b i n g SHAPE. Then 
t h i s i n f o r m a t i o n , a s w e l l a s t h e c o n t e n t s o f t h e 
f i l t e r , i s p u t i n t o s t r u c t u r e fo rm and w e g e t : 

(TIMES TIM (EXPT 

The f a c t t h a t atoms a r e un ique i n LISP comes i n 
v e r y h a n d i l y h e r e . When we p u t WATER on t h e p r o ­
p e r t y l i s t o f FILTER w e a r e gua ran teed t h a t a l l 
t h e p r o p e r t i e s a s s o c i a t e d w i t h WATER (VOLUME in 
t h i s case) w i l l t a g a l o n g . 

The t h i r d sen tence (THE RADIUS OF THE BASE 
OF THE FILTER IS 5 . 0 IN) w i l l match 

.THE RADIUS OF THE BASE OF THE FILTER 
v • 

NOUN PHRASE 

T h i s i n d i c a t e s a v a l u e a s s i g n m e n t . THE RADIUS OF 
THE BASE OF THE FILTER is changed i n t o s t r u c t u r e 
f o r m , and t h e n t h e v a l u e , 5 I N , i s t a c k e d o n . 
T h i s g i v e s us 

VALU-.5 IN 

To u n d e r s t a n d t h e f o u r t h s e n t e n c e (THE A L T I ­
TUDE IS 10 .0 IN ) is h a n d l e d we must b a c k t r a c k 
somewhat. When we encoun te red t h e ph rase CONICAL 
FILTER w e p u t c o n i c a l o n t h e p r o p e r t y l i s t o f 
f i l t e r . The program knows t h a t c o n i c a l o b j e c t s 
have many p r o p e r t i e s in common. For example t h e y 
a l l have a l t i t u d e s and b a s e s , and bases have r a d i i . 
S o these f a c t s a r e p u t o n t h e s t r u c t u r e o f t h e 
f i l t e r . Hence much o f t h e s t r u c t u r e we have 
shown b e i n g c r e a t e d had a l r e a d y been p l a c e d i n t h e 
s t r u c t u r e as a common p r o p e r t y of c o n e s . Never 
t h e lees a t each s t e p t h e sys tem a c t u a l l y d i d c r e -
a t e t he s u b s t r u c t u r e f i n d i n g , however , t h a t t h e 
i n f o r m a t i o n was a l r e a d y o n t h e p r o p e r t y l i s t s . 

There i s one o t h e r o p e r a t i o n we have so f a r 
n e g l e c t e d . Every t i m e a p r o p e r t y X i s p u t on t h e 
atom Y, a p r o p e r t y MARKERON is p l a c e d on t h e atom 
X , and t h i s has the v a l u e Y . T h i s g i v e s us b a c k ­
wards p o i n t e r s so t h a t g i v e n a p r o p e r t y we can 
f i n d o u t wh i ch atoms have t h a t p r o p e r t y . The 
p o i n t i s t h a t when t h e program checked t o see i f 
ALTITUDE was a marker on any a t o m , i t d i s c o v e r e d 
t h a t i t was on FILTER. The program t h e n assumed 
t h a t ALTITUDE r e f e r r e d t o t he a l t i t u d e o f t h e 
f i l t e r , and c r e a t e d the sub s t r u c t u r e (A) 

A B 

The n e x t sen tence is t h e q u e s t i o n (FIND RATE 
ATWHICH THE WATER LEVEL RISING) . The phrase 
WATER LEVEL becomes ( B ) . Note t h a t CARPS r e c o g ­
n i z e s t h a t i n t h i s c o n t e x t LEVEL means ALTITUDE. 
For a p a r t i a l l i s t o f t h e knowledge CARPS has 
abou t w o r d s , see Append ix E. Once a g a i n WATER is 
o n l y on t h e p r o p e r t y l i s t o f FILTER, so we can 
t r a c e back and f i n d t h a t what w e a r e i n t e r e s t e d i n 
is (G0019 WATER FILTER) . T h i s is t he e q u a t i o n 
v a r i a b l e f o r m a t . T h i s v a r i a b l e r e p r e s e n t s , i n 
E n g l i s h , t h e a l t i t u d e o f t he c o n t e n t s o f the 
f i l t e r . So we c r e a t e t h e e q u a t i o n 

(EQUAL G002 0 (DERIV(G0019 WATER F ILTER) ) ) 

The i n t e r p r e t a t i o n o f t h e l a s t s i m p l e s e n ­
tence (THE VOLUME IS 100.0 IN3) depends on t h e 
same s o r t o f a n a l y s i s . The word volume o n l y a p ­
pears as a marker on w a t e r , so t he program a s ­
sumes t h e sen tence i s r e f e r r i n g t o t h i s vo lume. 
However s i n c e t h e sen tence t a g f o r t h i s sen tence 
has t h e word WHEN, t h e s t r u c t u r e c r e a t e d i s m o d i ­
f i e d a s seen below i n t h e comple ted s t r u c t u r e . 
The WHEN on t h e p r o p e r t y l i s t of WATER i n d i c a t e s 
t h a t wha t f o l l o w s benea th i t i s a boundary 
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c o n d i t i o n . 

A t t h i s p o i n t a l l the necessary i n f o r m a t i o n 
has been e x t r a c t e d from the sentences , and t h i s 
stage o f the s o l u t i o n i s over . The f i n a l s t r u c ­
t u r e is on the next page. 

V. THE FORMATION OF THE EQUATIONS 
AND THEIR SOLUTION 

The f o u r t h s e c t i o n is concerned w i t h e s t a b ­
l i s h i n g the equat ions which the f i f t h s e c t i o n 
w i l l manipulate t o so lve the problem. 

There w i l l be two equat ions (o ther than the 
one a l ready c r e a t e d by the ques t ion s e n t e n c e ) . 
One r e l a t e s the volume of the contents of a cone 
to the a l t i t u d e and r a d i u s , and the o t h e r r e l a t e s 
the h e i g h t and rad ius of our cone to the h e i g h t 
and radius of the contents of the cone. To see 
how the s to red equat ions a r e manipulated consider 
t h i s equat ion used in the problem. 

(EQUAL (TIMES (RADIUS BASE CONTENTS OBJ) 
(ALTITUDE OBJ)) 

(TIMES (ALTITUDE CONTENTS OBJ) 
(RADIUS BASE OBJ) ) ) 

This i s the r e l a t i o n s h i p , a s seen 
in the diagram on page 3 . 

Before the parameters a re rep laced an e x t r a 
copy is s e t as ide to be used l a t e r when we so lve 
fo r the boundary c o n d i t i o n . The program w i l l 
then go through the l i s t s t r u c t u r e no t ing t h a t 
EQUAL and TIMES a r e a l g e b r a i c symbols. I t w i l l 
then come to (RADIUS ) and note t h a t t h i s is 
not an a l g e b r a i c symbol, imply ing t h a t the l i s t 
of which RADIUS is the f i r s t element is a v a r i a b l e 
name. Processing the v a r i a b l e in reverse o r d e r , 
i t f i r s t f inds t h a t the va lue o f OBJ i s FILTER. 
I t then looks for the contents o f FILTER, which is 
w a t e r , and then f o r the BASE of the WATER, which 
i t does not f i n d . Hence i t leaves t h i s v a r i a b l e 
w i t h only the l a s t two elements rep laced ( e . g . , 
(RADIUS BASE WATER F ILTER) ) . I t w i l l f i n d the 
a l t i t u d e o f the f i l t e r however, and note t h a t i t 
has the p r o p e r t y VALU whose va lue w i l l then r e ­
p lace t h i s e n t i r e expression i n the e q u a t i o n . I n 
t h i s same manner the r e s t of the equat ion s e t 
w i l l b e f i l l e d , and the computer p r i n t s o u t . 

(THE EQUATION SET I S ) 
1 ((EQUAL (G0005) (DERIV (G0004 WATER 
F ILTER) ) ) 
2 (EQUAL (QUOTIENT (TIMES 17 .0 (TIMES 
(EXPT IN 3) T I M ) ) SEC) 

(TIMES (G0004 WATER FILTER) 0.33333300 PI 
(EXPT (RADIUS BASE WATER F I L T E R ) 2 ) ) ) 

3 (EQUAL (TIMES (RADIUS BASE WATER FILTER) 
(TIMES 12.0 I N ) ) 

(TIMES (G0004 WATER FILTER) 
(TIMES 5 . 0 I N ) ) ) ) 

I n usua l n o t a t i o n t h i s i s 



At t h i s po in t sect ion four of CARPS is com­
p l e t e d , and we go on to f i v e . 

In sect ion f i v e we f i r s t get our desired var­
iab le ( i n our case the a l t i t u d e of water) com­
p l e t e l y in terms of t ime, and then d i f f e r e n t i a t e 
to f i nd the ra te as a funct ion of t ime. Then the 
boundary cond i t ion is used to solve for time and 
th i s value is subs t i tu ted in to the rage equation 
to get our f i n a l answer. 

(THE ANSWER IS) 

In convent ional no ta t ion t h i s would be 

V I . CONCLUSIONS 

In sect ion 2 we noted several aspects of 
STUDENT which we f e l t needed fu r the r work. Let us 
compare CARPS and STUDENT in these areas. 
1) By s to r i ng in format ion in terms of s t ruc tu res , 
CARPS is be t te r able to recognize that two 
phrases describe the same ob jec t . 
2) Again because of the use of s t ructures CARPS 
can gather in format ion about an object in p iece­
meal fash ion. STUDENT was essen t i a l l y required 
to generate one equation for each sentence in the 
problem desc r i p t i on . In calculus word problems 
it is not uncommon to have two or three sentences 
prov id ing in format ion for one equat ion. 
3) CARPS to a l im i ted degree is able to use i t s 
knowledge to parse i t s input sentences. For ex­
ample we saw how ALTITUDE was in te rpre ted as 
ALTITUDE OF THE FILTER because CARPS knew that 
since the f i l t e r was a cone and cones have a l t i ­
tudes, the f i l t e r had an a l t i t u d e . 
4) Whereas STUDENT has only one so lu t i on method 
( i . e . , so lu t i on of l inear equat ions) , CARPS has 
several and can decide which is appropr iate fo r a 
given problem. CARPS machinery for so lv ing i t s 
equations ( e . g . , d i f f e r e n t i a t i o n , s i m p l i f i c a t i o n ) 
is also more complex than STUDENT'S. 
5) CARPS u t i l i z e s a more sophis t icated grammati­
ca l analysis of the sentences than STUDENT. This 
is used both in breaking up sentences and in gen­
e ra t ing the i n t e r n a l s t ruc tu res . Up to now 14 
problems have been solved by CARPS. Most were 
taken from standard t e x t s , sometimes w i t h s l i g h t 
mod i f i ca t ions . (Var iat ions in the statements of 
problems would, of course, increase the number of 
problems solvable by CARPS.) The other problems 
solved by CARPS are in Appendix A. 

Many of the improvements that we c la im fo r 
CARPS were necessi tated by the increased 

c o m p l e x i t y o f t h e prob lems t h a t w e expec ted i t t o 
s o l v e . However many weaknesses of STUDENT a r e 
s t i l l p r e s e n t i n some fo rm i n ou r d e s i g n . 

1 ) An i m p o r t a n t weakness in t h e p rog ram is due to 
i t s dependence o n key words t o s i g n i f y t h e t y p e o f 
p rob lem ( i . e . , d i s t a n c e o r vo lume) and t h e method 
o f s o l u t i o n t o b e used . What one w o u l d l i k e t o 
have in a c a l c u l u s p r o b l e m s o l v e r i s a p rogram 
w h i c h wou ld use t h e i n f o r m a t i o n p r e s e n t e d i n t h e 
p rob lem t o f i g u r e o u t r e l a t i o n s h i p s among t h e e l e ­
ments ( e . g . , s i m i l a r t r i a n g l e s ) and a c t u a l l y p r o ­
pose the method o f s o l u t i o n . The answers w h i c h 
c o u l d be p r o v i d e d by such a p rogram a r e c u r r e n t l y 
b u i l t i n t o CARPS' d a t a base f o r s e v e r a l c a s e s , 
bu t t h i s scheme s e v e r e l y l i m i t s t h e power o f t h e 
p r o g r a m . 
2 ) Ano the r weakness o f CARPS i s i t s l i m i t e d 
knowledge o f E n g l i s h s y n t a x . I t wou ld n o t b e t o o 
d i f f i c u l t f o r CARPS t o l e a r n new s y n t a c t i c r u l e s 
by a d d i n g these r u l e s to i t s CONVERT s u b r o u t i n e s . 
A c t u a l l y what wou ld be more s a t i s f y i n g wou ld be a 
d i f f e r e n t method o f p a r s i n g t h e sen tences i n t o 
components o f s t r u c t u r e s . C u r r e n t l y t he CONVERT 
r u l e s a r e a t t e m p t e d one a t a t ime u n t i l one 
matches t h e s e n t e n c e . A b e t t e r approach wou ld be 
a n i n c r e m e n t a l l e f t t o r i g h t pa rse w h i c h , when 
f i n i s h e d w i t h t h e s e n t e n c e , wou ld h a v e . t r a n s l a t e d 
i t i n t o t h e i n t e r n a l m ode l . 
3 ) A v e r y p o w e r f u l c a l c u l u s word p rob lem s o l v e r 
w i l l r e q u i r e a good d e a l o f "common sense " k n o w l ­
edge. Cons ide r t h i s p rob lem wh ich we gave to 
CARPS 

(A LADDER 2 0 . 0 FT LONG LEANS AGAINST A 
HOUSE /. FIND THE RATE AT WHICH THE TOP 
OF THE LADDER IS MOVING DOWNWARD IF ITS 
FOOT IS 12 .0 FT FROM THE HOUSE AND MOVING 
AT THE RATE 2 . 0 FT PER SEC / . ) 

Much to ou r s u r p r i s e CARPS was n o t a b l e to s o l v e 
i t . A c l o s e r l ook a t the p rob lem shows why. The 
l a s t ph rase men t ions t h a t t h e l a d d e r i s moving a t 
t h e r a t e 2 f t pe r second . CARPS h a s , as an i n ­
t e r n a l c h e c k , t h e r e q u i r e m e n t t h a t a s s o c i a t e d w i t h 
each v e l o c i t y must b e the d i r e c t i o n o f t h e v e l o ­
c i t y . The p o i n t i s t h a t t h e p rob lem never gave 
t h i s d i r e c t i o n . Most p e o p l e , however , wou ld a s ­
sume t h a t i t was moving h o r i z o n t a l l y away f rom 
t h e house . The reason o f c o u r s e , i s t h a t a f a m i l ­
i a r i t y w i t h l a d d e r s o r t h e law o f g r a v i t y t e l l s u s 
t h a t t h i s i s t h e most l i k e l y way f o r i t t o b e 
m o v i n g . 

T h i s i s n o t a n i s o l a t e d i n c i d e n t . Cons ide r 
t h e p r o b l e m 

(A BARGE WHOSE DECK IS 10 FT BELOW THE 
LEVEL OF A DOCK IS BEING DRAWN IN BY 
MEANS OF A CABLE ATTACHED TO THE DECK 
AND PASSING THROUGH A RING ON THE DOCK. 
WHEN THE BARGE IS 24 FT FROM AND 
APPROACHING THE DOCK AT 3 /4 FT / SEC, 
HOW FAST IS THE CABLE BEING PULLED IN ?) 

The s h i p i s mov ing h o r i z o n t a l l y towards the dock . 
The p rob lem does n o t m e n t i o n t h i s . 

- 3 0 9 -



Nor i s t h e need f o r a body o f " r e a l w o r l d " 
I n f o r m a t i o n u n i q u e t o c a l c u l u s p r o b l e m s . C o n s i d e r 
an example t a k e n f rom a c h i l d r e n ' s s t o r y . " M i k e ' s 
costume had b i g r u f f l e s . H e r e f u s e d t o wear i t . " 
The q u e s t i o n i s "Why?" . A p rogram w h i c h w i l l a n ­
swer c o r r e c t l y must know t h a t boys u s u a l l y w i l l 
n o t wear g i r l ' s c l o t h e s , and a n y t h i n g w i t h r u f ­
f l e s o n i t must b e f o r g i r l s . 

I t i s ou r b e l i e f t h a t a p rogram w h i c h i s t o 
unde rs tand second g rade s t o r i e s must have a t i t s 
d i s p o s a l a body o f f a c t s comparab le t o t h a t o f a n 
average seven year o l d . More g e n e r a l l y , computer 
u n d e r s t a n d i n g o f any body o f l i t e r a t u r e w i l l r e ­
q u i r e a d a t a base s i m i l a r to t h a t o f a human r e a d ­
e r . The ma jo r p rob lems f a c i n g computer u n d e r ­
s t a n d i n g o f n a t u r a l language a r e , i n our o p i n i o n , 
c o l l e c t i n g , s t o r i n g , and u t i l i z i n g such l a r g e 
bod ies o f i n f o r m a t i o n . 

APPENDIX A 

1 (A MAN 6 .0 FT TALL WALKS AT THE RATE 5 . 0 PER 
SECOND TOWARD A STREET LIGHT WHICH IS 16.0 FT 
ABOVE THE GROUND /. AT WHAT RATE IS THE TIP OF 
HIS SHADOW MOVING ?) 

8 
Taken f r o m Thomas, page 100. The p rob lem 

o r i g i n a l l y asked two q u e s t i o n s , o n l y t h e f i r s t i s 
i n our p r o b l e m . 

2 (SHIP P IS 15.0 MILES EAST OF 0 AND MOVING 
WEST AT 2 0 . 0 MILES PER HOUR ; SHIP B /, 6 0 . 0 
MILES SOUTH OF 0 /, IS MOVING NORTH AT 15 .0 MILES 
PER HOUR /. AT WHAT RATE ARE THEY APPROACHING OR 
SEPARATING AFTER 1.0 HOUR / . ) 

P rob lem t a k e n f rom A y r e s , page 5 9 . Three 
changes were made. SHIP P was o r i g i n a l l y SHIP A, 
t h e q u e s t i o n o r i g i n a l l y r ead " A r e t h e y a p p r o a c h ­
i n g o r s e p a r a t i n g a f t e r 1 h r and a t what r a t e ? " , 
and t h e r e were t h r e e q u e s t i o n s . 

3 (LADDER 2 0 . 0 FEET LONG LEANS AGAINST A HOUSE /. 
FIND THE RATE AT WHICH THE TOP OF THE LADDER IS 
MOVING IF ITS FOOT IS 12 .0 FEET FROM THE HOUSE 
AND MOVING AWAY FROM THE HOUSE AT THE RATE 2 . 0 
FEET PER SECOND / . ) 

Taken f r o m Ayres page 5 9 . The p r o b l e m o r i ­
g i n a l l y asked two q u e s t i o n s . 

4 (A TRAIN STARTING AT 11.0 AM /, TRAVELS EAST AT 
4 5 . 0 MILES PER HOUR WHILE ANOTHER /, STARTING AT 
NOON FROM THE SAME POINT /, TRAVELS SOUTH AT 6 0 . 0 
MILES PER HOUR /. HOW FAST ARE THEY SEPARATING 
AT 3 . 0 PM ?) 

Taken f r om Ayres page 5 9 , no changes . 

5 (GAS IS ESCAPING FROM A SPHERICAL BALLOON AT 
THE RATE OF 2 . 0 CUBIC FEET PER MINUTE /. HOW 
FAST IS THE SURFACE AREA SHRINKING WHEN THE 
RADIUS IS 12 .0 FEET ?) 

Taken f r om Ayres page 5 7 , no changes . 

6 (A BALL IS RISING VERTICALLY OVER A POINT B AT 
THE RATE 15.0 FEET PER SECOND /. A POINT C IS 
LEVEL WITH B AND IS 3 0 . 0 FEET FROM B /. WHEN THE 
BALLOON IS 4 0 . 0 FEET FROM B /, AT WHAT RATE IS ITS 
DISTANCE FROM C CHANGING ?) 

7 (UPON BEING HEATED /, A METAL DISC EXPANDS /. 
THE RADIUS OF THE DISK LENGTHENS AT THE RATE OF 
. 0 1 PER SEC /. CALCUIATE THE RATE AT WHICH THE 
AREA OF THE DISK IS INCREASING WHEN THE RADIUS IS 
3 . 0 IN / . ) 

Taken f r om L i g h t s t o n e 5 page 145. The p rob lem 
o r i g i n a l l y had two q u e s t i o n s and t h e f i r s t two 
sen tences above were connec ted by t h e ph rase " i n 
such a manner t h a t " . 

8 (SAND FALLS INTO A CONICAL PILE AT THE RATE OF 
10 .0 FT3 PER MIN /. THE RADIUS OF THE BASE OF 
THE PILE IS ALWAYS EQUAL TO ONE HALF OF ITS A L T I ­
TUDE /. HOW FAST IS THE ALTITUDE OF THE PILE I N ­
CREASING WHEN IT IS 5 FT DEEP ?) 

Taken f rom Thomas page 106, no changes . 

9 (A RECTANGUIAR TROUGH IS 8 . 0 FT LONG /, 2 .0 FT 
WIDE /, AND 4 . 0 FT DEEP /. IF WATER FLOWS INTO 
THE TROUGH AT THE RATE OF 2 . 0 FT3 PER MIN /, HOW 
FAST IS THE SURFACE OF THE WATER RISING WHEN THE 
WATER IS 1.0 FT DEEP ?) 

Taken f rom Ay res page 59 . Ra the r t h a n WIDE 
t h e p r o b l e m had " a c r o s s t h e t o p " , i n s t e a d o f INTO 
THE TROUGH t h e p r o b l e m had " i n " , and i n s t e a d o f 
SURFACE OF THE WATER t h e p r o b l e m had j u s t 
" s u r f a c e " . 

10 (A MAN WALKS AWAY FROM A STREET LIGHT AT 4 . 0 
FT PER SEC /. HOW FAST IS THE POSITION OF THE TIP 
OF HIS SHADOW CHANGING IF HE IS 5 .0 FEET TALL /, 
WHILE IT IS 2 0 . 0 FEET TALL / . ) 

11 (JOE RUNS FROM A STREET LIGHT WHOSE HEIGHT IS 
3 0 . 0 FEET /. IF JOE IS 6 . 0 FEET TALL /, AND TRA­
VELING AT 10.0 MILES PER HOUR /, FIND THE RATE AT 
WHICH HIS SHADOW IS LENGTHENING ?) 

12 (THE AREA OF A SPHERE IS INCREASING AT THE 
RATE OF 4 . 0 SQUARE INCHES PER SECOND /. AT WHAT 
RATE IS THE DIAMETER CHANGING AFTER 10 .0 SECONDS 7) 
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APPENDIX E: CONTINUED 

s p h e r i c a l has a r e a , vo lume , d i a m e t e r , and 
r a d i u s 

t r o u g h has a l t i t u d e , w i d t h , and l e n g t h 

KEY WORDS FOR DETERMINING PROBLEM TYPE 

DISTANCE KEYS 

a p p r o a c h i n g , d i s t a n c e , s e p a r a t i n g ; l a d d e r , p o l e , 
r a i l ; shadow 

VOLUME KEYS 

a l t i t u d e , a r e a , d i a m e t e r , r a d i u s , s u r f a c e , vo lume 

ADJECTIVE TYPES 

c o n i c a l - shape c y l i n d r i c a l - shape 
green - c o l o r r e c t a n g u l a r - shape r e d - c o l o r 

s p h e r i c a l - shape 

DIRECTION WORDS 

above +K e a s t + f l h o r i z o n t a l l y +1 
l e v e l 4+1 n o r t h -J ove r +K s o u t h +J 
v e r t i c a l l y + K wes t - I 
OTHER KNOWLEDGE 

a l t i t u d e i m p l i e d b y t h e words deep , d e p t h , 
h e i g h t , h i g h , r i s i n g , and t a l l some­
t imes b y s u r f a c e and l e v e l 

A M i m p l i e s t h e number p r e c e d i n g i t i n 
hou rs 

b a l l o o n s p h e r i c a l , i t and i t s c o n t e n t s have 
t h e same v o l u m e , r a d i u s , e t c . 

s u r f a c e i f f o l l o w e d b y AREA i m p l i e s a r e a , i f 
f o l l o w e d by a v e r b w h i c h i n d i c a t e s 
a l t i t u d e (such a s r i s i n g ) i m p l i e s a l t i ­
t u d e , e l s e i m p l i e s a r e a 

v e r t i c a l i s i m p l i e d b y f e n c e , h o u s e , o r w a l l 
s u r f a c e 
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heap i t and i t s c o n t e n t s have t h e same 

vo lume , e t c . 

Joe is a p e r s o n 

l e n g t h i s i m p l i e d by t h e words l ong and 

l e n g t h e n i n g 

l e v e l i n a noun ph rase i m p l i e s a l t i t u d e 

Mary is a p e r s o n 

m i d n i g h t z e r o hou rs 

mov ing i m p l i e s p o s i t i o n 

noon 12 hou rs p i l e i t and i t s c o n t e n t s have t h e same 
v o l u m e , e t c . 

PM adds 12 hours to t h e number p r e c e d i n g 
I t 
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