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General Classification of
Social Choice Situations

Ralf E. Becker

Magdeburg (Germany) *

An exhaustive and disjoint decomposition of social choice situations is derived in a

general set theoretical framework using the new tools of the Lifted Pareto relation on the

power set of social states representing a pre-choice comparison of choice option sets. The

main result is the classification of social choice situations which include three types of

social choice problems. First, we usually observe the common incompleteness of the

Pareto relation. Second, a kind of non-compactness problem of a choice set of social

states can be generated. Finally, both can be combined. The first problem root can be

regarded as natural everyday dilemma of  social choice theory whereas the second may

probably be much more due to modeling technique implications. The distinction is

enabled at a very general set theoretical level. Hence, the derived classification of social

choice situations is applicable on almost every relevant economic model.

                                                     

* JEL-class: D71. I thank for support implied by the remarks in Arrow (1953). 
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1 Introduction

We want to classify social choice situations in a general framework of sets of social states. For our

purpose there are two sources of trouble for social choice. First, the major problem in social choice

theory is the incompleteness of the Pareto relation, i.e., the potential existence of winners and losers.

This incompleteness problem is interesting especially on the Pareto-efficient border of the set of social

states. That is what can be associated with the utility possibility frontier. But there is a second root of

choice difficulty: The frontier or border itself in part may not be complete due to a potential for

openness of intervals or decision fields and unlimited resources. For example, if all individuals prefer

higher numbers and we regard an open or proper endless interval then in both cases a Pareto efficient

social state does not exist. Hence, a rather fundamental help for social choice considerations is to

classify social choice situations according to the character of the root of the choice problem on a

general set theoretical ground. This is the task of this contribution. Below an exhaustive

decomposition of social choice situations is derived. 

As a tool we introduce what we call the Lifted Pareto relation on the power set of social states. It can

be interpreted as a pre-choice comparison of sets of social states: The intuitive idea is that one set of

social states as choice option is “at least as good as” another set if and only if for every state in the

other set there is at least one corresponding state in the first set that is Pareto indifferent or Pareto

superior to this state. Hence, the society can be sure to loose nothing if it neglects the other set of

social states and limits his choice to the first choice option set. This relation is used for the definition

of an compact economy of a (sub)set of social states which essentially means that the border is

sufficient to maximizes all Pareto-inferior social states.† Afterwards we derive a list of criteria for this

property which opens the floor for the general classification of social choice situation.

                                                     

† “Maximized” means, that for a social state (which actually must be a Pareto-inferior element) we can find a suitable

maximal (i.e., Pareto efficient) element that is Pareto-superior to this Pareto-inefficient social state.
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2 Tools 

2.1 Lifted Pareto relation

Let X be any set (interpreted as set of social states considered) and i ∈ IN the index of one of the

countable (finite or denumerable) number of individuals, then we define the Pareto relation (Pareto

preference or indifference) in dependence of the individual preorders Ri as 

RPa  :=    {(x, y) ∈ X × X ⏐ x Ri y  ∀ i } (interpreted as f or ~)    “Pareto relation” (RPa)   [1]

Both properties of the individual preorders (eventually incomplete orderings) transmit to the Pareto

relation and the vector of individual preorders R := (R1, R2,…) can be used to abbreviate the

elementary dependence of the Pareto relation on the individual preorders:‡ 

[R] ∀ Ri  ⇒  [R] for RPa (2)

[T] ∀ Ri  ⇔  [T] for RPa (3)

RPa  =  RPa( R )             (with R as (R1, R2, …)) (4)

If we apply the I-definition (x IPa y ⇔ x RPa y ∧ y RPa x), P-definition (x PPa y ⇔ x RPa y  ∧ ¬ y RPa x),

and N-definition (x NPa y ⇔ ¬ x RPa y  ∧ ¬ y RPa x) on [1] we immediately have the following

translations: 

IPa =   {(x, y) ∈ X × X ⏐∀ i :   x Ii y } “Pareto indifference” (IPa)  (5)

PPa =   {(x, y) ∈ X × X ⏐∀ i :   x Ri y  ∧ ∃ j : ¬ y Rj x} “Pareto preference” (PPa)  (6)

NPa =   {(x, y) ∈ X × X ⏐∃ i :¬ y Rj x  ∧ ∃ j : ¬ x Rj y} “Pareto incompleteness” (NPa)  (7)

Now we will define a relation that compares any pair of sets of social states. The intuitive idea is that

one set X´ (⊂ X) is “at least as good as” another set Y iff (if and only if) for every state in Y there is at

least one corresponding state in X´ that is Pareto indifferent or Pareto superior to this state. Hence,

corresponding to our simple example in the introduction of this section, the society can be sure to

                                                     

‡‡ [R] and [T] are shorthands for refexivity and transitivity.
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loose nothing if it neglects Y and concentrates on X´. The considered sets can arbitrarily be chosen.

The comparison represents a pre-choice evaluation. 

Let us introduce this more formally. The power set P(X) of X is simply the set of all subsets of X

inclusive the empty set ∅ and X itself. It is defined by

P(X) := {X´ set⏐ X´ ⊂ X}                (∅, X ∈ P(X); for any set X)  [8]

Let X ⊂ P(X) be any set of subsets of X, Ri individual relations on X with [R,T,E2.1] and RPa the Pareto

relation (depending on the Ri’s). then we define a new relation RLPa(X) on X (RLPa(X) ⊂  X × X ⊂ P(X) ×

P(X)) by

RLPa(X)  := {(X´,Y) ∈ X × X⏐∀ y ∈ Y ∃ x ∈ X´: x RPa y}, for any X ⊂ P(X)
                                “Lifted Pareto relation (on X)” (RLPa(X)) § [9]

We call any element X´ ∈ X a choice option set because in contrast to the choice set and the maximal

set which are normally interpretated as after-choice sets these elements play the rule of pre-choice

sets. Because we presume individual preorders the Lifted Pareto relation is also a preorder:

[R] for Ri ∀ i  ⇒  [R] for RLPa (10)

[T] for Ri ∀ i  ⇒  [T] for RLPa (11)

We use 

¬ X´ RLPa(X) Y   ⇔  ∃  y ∈ Y  :  (y PPa x´ ∨  y NPa x´)  ∀ x´ ∈ X´ (12)

to calculate the corresponding element tests for the IPN-relations:

X´ ILPa(X) Y ⇔   [∀ y ∈ Y  ∃ x ∈ X´ : x RPa y] ∧   [∀ x∈ X´  ∃  y ∈ Y : y RPa x ] (13)

X´ PLPa(X) Y ⇔   [∀ y ∈ Y  ∃ x ∈ X´: x RPa y] ∧   [∃ x∈ X´: (xPPa y ∨  x NPa y)  ∀ y ∈Y] (14)

X´ NLPa(X) Y ⇔   [∃y∈Y : (yPPax ∨ y NPa x)  ∀x ∈ X´] ∧ [∃x∈ X´: (x PPa y ∨  x NPa y)  ∀y∈Y] (15)

Naturally, any set is pre-choice equivalent to itself, simply because we presume that every social state

is self-equivalent for all individuals (Y ~LPa Y ∀ Y ⊂ X):

Y ILPa Y        ∀ Y ∈ P(X)      for [R] for Ri ∀ i   (incl. Y = ∅) (16)

                                                     

§ We abbreviate RLPa := RLPa(P(X)) (i.e., X = P(X)) and naturally can use RLPa whenever we do not want to specify X.
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But the immediate results 

∅ ILPa ∅     (17)

Y PLPa ∅      ∀ Y ⊂ X with Y ≠ ∅ (18)

raise the question how we have to interpret the empty set as choice option set? ** A choice option set

with only one element can be interpreted as option set with actually no choice option, i.e., as some

kind of special case (degenerated) options set, or as trivial choice-option set. But what is the meaning

of ∅? The first reaction could be to restrict the domain of the lifted Pareto relation (or lifted relations

in general) to the comparisons of non-empty sets in its definition (i.e., to require that X ⊂ P(X)\{∅} in

[9]). But despite the following remark this is nevertheless superfluous:

REMARK 1: (omnipresent must-choice). Choice option sets (pre-choice sets) are not empty.

Proof:  Axiom: Something happens.     { 19}

Hence, ∅ cannot represent a choice option set. Therefore, (18) expresses that generally any non-empty

choice option set is formally enforced to be pre-choice preferred (here applied to Pareto) to the empty

set which cannot be regarded as choice option set. The proper interpretation for the empty set is

surprisingly simple. The preference (18) is the natural logical outcome of the must-choice

interpretation of non-empty pre-choice set for pre-choice set comparisons. I.e., ∅ is simply impossible

and if you can choose between (hypothetically) non-empty choice-option sets Y and non-existing other

choice-option set then you actually must choose Y. (17) is just a formally useful completion: the

choice set ∅ representing that nothing happens (which is excluded to be valid) is self-equivalent.††

Finally, it should be clear that the author was tempted to alternatively use the adjective Generalized
for the Lifted Pareto relation. The reason is simply

{x}RLPa{y}   ⇔  x RPa y          ∀ x, y ∈ X (20)

which so far gives us the mathematical equivalence of the relations, because up to pure formalism

which is easily avoidable both are identical:‡‡ 

                                                     

** This is an example that even convincing definitions may generate unexpected work for interpretational coherence.

†† Another equivalent reinterpretation of ∅ for Y or Z in Y RLPaZ-considerations is to think about the empty set as a

symbol of a non-empty choice set with a single element that represents an outside option which is presumed to be inferior to

all elements of X, and in addition is self-equivalent. But this would be a very uncommon, formally dangerous and avoidable

interpretation of ∅.  

‡‡ One can even avoid this formal difference by a definition of the Pareto relation which refers to {x} instead of x.
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RLPa(X1)   ≅   RPa              for   X1 := {{x}⊂ P(X)⏐x ∈ X} (21)

Hence, the Pareto relation RPa can be regarded as a special case of RLPa if the Lifted Pareto relation is

applied to singletons. In addition, the concept of lifted relations can be generalized by itself on any

binary relation and is interpretable as tool of a general pre-choice comparison of subsets of the original

set on which the reference relation works. 

2.2 Compact Economy

Naturally, in theory, there is the potential of economies which generate no Pareto-optimal social states

at all. But the central problem is that even if the whole maximal set (the set of Pareto-efficient social

states) is not empty there are regularly still empty maximal sets of certain samples of social states.

There are two major intuitions for the potential of empty maximal sets of the Pareto relation within the

set of social states or respective subsets: the openness problem and an imagination of endless

resources. For example, if all individuals prefer higher numbers and Y is the open or endless

interval (0,1) or (0,+∞) then in both cases the maximal set for the Pareto relation is empty, i.e.,

M(Y, RPa) =def {x ∈ Y ⎜¬  z PPa x ∀ z ∈ Y}= ∅. Therefore, at a first glance one could be tempted to

generally exclude empty maximal sets of any non-empty subset of social states (naturally, with the test

for maximal property, i.e., Pareto-efficiency, always restricted to the respective subset) from further

considerations. But this would both be a too strong (any) and a too weak (require “maximizing”

maximal sets; see below) assumption:

Half closed welfare circle (too weak): For example, if for a circle including only half of its closure a

greater distance from the origin is preferred but points on different radial lines are generally regarded

as incomparable then circle-inner points on lines which include the intersections with the circle’s

closure are “maximized” by the point of intersection and all points on non-closed lines are not but

simultaneously the maximal set of this half-closed circle is not empty. So what we actually want to

ensure is that if Y is any subset then all (Y-) inefficient social states can be “maximized”, i.e., for any

Pareto-inferior element we can find a suitable maximal (Pareto efficient) element that is Pareto-

superior to this Pareto-inefficient social state. The guarantee of the exclusion of our problems with

endless resources and openness or half-openness for a certain subset is what we describe by the

following notion:

DEFINITION 1: (compact; maximized): Let X be a set, Y ⊂ X, R ∈ (ℜR,T )n vector of individual

preorders on X and RPa = RPa( R ) the corresponding Pareto relation. Then we define Y to be compact:

Y ⊂ X compact  :⇔  ∀ x ∈ Y \ M(Y, RPa) ∃ y ∈ M(Y, RPa) : y PPa x     (∀ Y ⊂ X)   [1]
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We call x ∈ Y (not Y \ M(Y, RPa) for purist definition) maximized in Y iff (if and only if) ∃ y ∈

M(Y, RPa) : y PPa x.       ♦

Using the following shortcuts    

M(Y, RPa)  =  {x ∈ Y ⎜¬  z PPa x ∀ z ∈ Y}           

M°(Y, RPa) := {x ∈ Y ⎜∃ z ∈ M(Y, RPa) : z PPa x}   (“maximized elements”) [2a]

M°°(Y, RPa) := {x ∈ Y \ M°(Y, RPa) ⎜∃ z ∈ Y : z PPa x} (“non-maximized non-maximal  el.”)  [2b]

and

M(Y, RPa)C := Y  \ M(Y, RPa) (“non-border elements”)   [2c]

M°1 (Y, RPa) := {x ∈ M°(Y, RPa) ⎜∀ z ∈ M°°(Y, RPa) : ¬ z PPa x}   [2d]

M°2 (Y, RPa) := {x ∈ M°(Y, RPa) ⎜∃ z ∈ M°°(Y, RPa)  :    z PPa x} [2e]

we decompose any set Y in its disjoint subsets of elements which are maximal, maximized, or neither

maximized nor maximal:

      Y  = M(Y, RPa)  ∪&    M°(Y, RPa)  ∪&     M°°(Y, RPa) (3)

M(Y, RPa)C = M°(Y, RPa) ∪&    M°°(Y, RPa) (4)

M°(Y, RPa) = M°1(Y, RPa) ∪&    M°2(Y, RPa) (5)

M(Y, RPa)  = ∅ ⇔     M°°(Y, RPa) = Y    ⇔     M°(Y, RPa) = ∅   ∧    M°°(Y, RPa) = Y

⇔     (∀ w ∈ S(x) ∃ z ∈ S(x) : z PPa w)  ∀ w ∈ Y (6)

M°°(Y, RPa) = {x ∈ Y  ⎜∃ z ∈ Y : z PPa x ∧ ¬ z PPa x ∀ z ∈ M(Y, RPa)}

= {x ∈ Y  ⎜∃ z ∈ Y : z PPa x ∧ ¬ x′ PPa x ∀ x′ ∈ X : ¬ w PPa x′ ∀ w ∈ Y} (7)

A set Y is compact (relative to itself) if and only if any non-maximal element is maximized:

Y compact    ⇔   (x ∉ M(Y,RPa) ⇒ x ∈ M°(Y,RPa))   ∀ x ∈ Y (8)

The criterion (8) is simply a rewriting of definition [1]. This definition of an compact set (or economy)
looks very similar to the definition of the lifted Pareto relation RLPa applied on maximal sets and
respective complements and indeed we could equivalently have used RLPa in this definition:  

∀ x ∈ Y \ M(Y,RPa) ∃ y ∈ M(Y,RPa) : y PPa x    ⇔    M(Y,RPa) RLPa Y \ M(Y,RPa)              §§ (9)

                                                     

§§ Appendix A1 contains the short proof of (9).
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But non-purist versions like the r.h.s. of [1] are directly more informative.*** A set is not compact iff it

contains a non-maximized inefficient element. The intention is similar to the concept of compactness

defined for metric spaces. Obvious conclusions are: 

Y ⊂ X compact  ⇒   M(Y, RPa) ≠ ∅  ∨ Y = ∅     (10)

∅ compact (11)

x ∈ Y maximized  ⇒   x ∉ M(Y, RPa)                 (12)

Y compact, Y ⊃ Z, M(Z, R) ⊃ M(Y, R) ⇒   Z compact     (13)

The last statement means that for smaller subsets the test by definition of compact sets simultaneously
becomes less as well as more restrictive because even if the number of tested inefficient elements may
decrease also the number of candidates which can maximize them does. But if you only drop
inefficient elements then nothing can destroy the property. 

The following lemma shows that for every non-compact set there must even exist a whole endless
preference chain of non-maximized (i.e., no preferred maximal element exists) inefficient elements.
Because the other direction of implication is trivial the exclusion of such chains is another potential
alternative for our definition. 

LEMMA 1:  (non-maximized inefficient preference chain): If for any transitive relation there exists

an inefficient (non-maximal) element that is not inferior to any maximal element then (and only then)

there even exists a whole preference chain of non-maximized inefficient elements (non-maximized

inefficient preference chain), or formally:

Let X be a set, [T] for R ⊂ Y × Y. Then: 

∃ x0 ∈ Y \ M(Y, R) : ∀ y ∈ M(Y, R) : ¬ y P x0              (Y not compact) †††     

⇔    ∃ x0, x1, x2, …∈ Y \ M(Y, R) (“inefficient”)

 with … x3 P x2 P x1 P x0 (“preference chain”)

      ∧  ¬ y P xi  ∀ y ∈ M(Y, R), i = 0, 1, 2, … ‡‡‡ (“non-maximized”) (14)

Proof:  see appendix A2.

                                                     

*** E. g., take puristic transitivity (x R y ∧ y R z ⇒ x R z ∀ x, y, z ∈ X  with x ≠ y ∧ y ≠ z) =:  [pT] ⇔ [T].

††† We can express the l.h.s. of this equivalence als by M(Y \ M(Y,R), M(Y,R), R) ≠ ∅.

‡‡‡ We can express this second condition by xi ∈ M°°(Y, R).
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 (Too strong). Naturally the requirement to be compact cannot be applied to any subset of the whole
economy. In our example, (.25, .75) is not compact and, hence, this requirement for all subsets of
[0, 1] produces a contradiction but any [a, b] ⊂ [0, 1] does not. But normally resources are presumed
to be finite and the openness problem is more or less a formal mathematical phenomenon because it
guarantees an unlimited power of approximation and, therefore, has limited economic relevance.
Hence, this could be the motivation for a focus on systems of compact sets of social states, i.e., on
compact subsystems as subset of the power set of the set of social states with exclusively compact
elements. This would be no restriction on X itself but on the subset system X. At a first glance one
could be mislead to presume the compactness property for example before starting the investigation of
the social choice situations. But opponents could reject even this very elementary presumption and,
i.e., we would not recommend to exclude non-compact redistribution sets at once. We will see that
such a potential presumption is superfluous and would be a redundant weakening of our position. The
character of maximal sets gives us the following strict translation of compactness and we use this
together with (16) to illustrate the “pre-choice surprise”, which is an important general element of
understanding the pre-choice comparison of sets by lifted relations.

LEMMA 1:  (lifted Pareto-relation and compactness): To be compact for non-empty sets is equivalent

with lifted Pareto preference of the maximal set over his relative complement:

X set, Y ⊂ X, [T] for R ⊂ Y × Y:

Y compact ∧ Y ≠ ∅    ⇔      M(Y, RPa) PLPa Y \ M(Y, RPa)             ∀ Y ⊂ X (15)

Proof:  see appendix A3.  

There is little surprise here except that one should keep in mind that even if we can always find Pareto
preferred elements to any other elements of another set then this does not definitely imply a pre-choice
preference. For a fitted preference case, (0,1) ~ LPa (0,1) is an example. Hence, keep in mind:

∀ y ∈ Y ∃ y ∈ X′ : x fPa y   ⇒/   X′ fLPa Y  (only …⇒ X′ ~
f LPa Y )  (“pre-choice surprise”) (16)

Note, that we also have almost by negation:

COROLLAY 1: (not compact) We have for X set, Y ⊂ X, [T] for RPa ⊂ Y × Y:

Y not compact    ⇔   Y ≠ ∅  ∧  ¬ M(Y, RPa) PLPa Y \ M(Y, RPa)             ∀ Y ⊂ X (17)

Proof:  see appendix A4. 

We summarize the different options to express the compactness of sets in the following proposition

also already including the usage of a weak form of the lifted Pareto relation not introduced here:
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PROPOSITION  2:  (compactness criteria): Let X be a set, Y ⊂ X, R ∈ (ℜR,T )n vector of individual

preoders on X and RPa = RPa( R ) the corresponding Pareto relation: Then the following statements

are equivalent:§§§ 

i) Y compact     (name)

ii) ∀ x ∈ Y \ M(Y, RPa) ∃ y ∈ M(Y, RPa) : y PPa x (definition)

iii) x ∉ M(Y, RPa) ⇒ x ∈ M°(Y, RPa) ∀ x ∈ Y (rewriting of definition)

iv) M°°(Y, RPa) = ∅  (“state-absence rewriting”)

v) M(Y, RPa) RwLPa Y \ M(Y, RPa)  (RwLPa-rewriting)

vi) Y = ∅ ∨  M(Y, RPa) PLPa Y \ M(Y, RPa)  (PLPa-criterion)

vii) Y = ∅ ∨  M(Y, RPa) PwLPa Y \ M(Y, RPa)  (PwLPa-criterion)

viii) M(Y, RPa) RLPa Y \ M(Y, RPa)  (RLPa-criterion)

ix) ¬(∃ x0, x1, x2, …∈ M°°(Y, RPa) : …x3 PPa x2 PPa x1 PPa x0) (“chain criterion”)

Proof:  ix) ⇔ LEMMA 1  iv) ⇔ [2b] (3) iii) ⇔(8) i) ⇔ [1]  ii) ⇔ (easy to show) v) and i) ⇔ (17)-negation vi)

and ii) ⇔ (9) viii). Easy to show: vii) ⇔ vi) (dropped here).     

It is also easily proven that:

[T] for RPa ⇒ (x0 ∈ M°°(Y, RPa) ⇔ ∃ x1, x2, …∈ M°°(Y, RPa) : …x3 PPax2 PPax1 PPax0) (18)

[T] for RPa ⇒  (x ∈ M°°(Y, RPa) ⇔  ¬ z PPa x  ∀ z ∈ M(Y, RPa) ∪&  M°(Y, RPa))   (19)

Now we are ready to apply the concepts of compactness and of the Lifted Pareto relation:

                                                     

§§§ Practical hint: if you implicitly want to express with compactness that a certain set Y is not empty note simply

M(Y, RPa) PLPa Y \ M(Y, RPa) which automatically excludes Y = ∅. If you want allow empty sets then take iv).
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3 Social Choice Situations
DEFINITION 1: (Pareto relation Cases) Let X be a set, R ∈ (ℜR,T )n vector of individual preorders and

RPa = RPa(R)  the resulting Pareto relation [1]. We define the follow. Pareto rel. or RPa-Cases:

     Pareto incompleteness  (P1 – P4)  (“Incomplete Pareto relations”) redistribution existence**** 

                          Incomplete Pareto relations, hence potential social choice problem

P1: PPa ≠ ∅ ∧ NPa ≠ ∅ ∧ IPa\M ≠ ∅ “Busy Pareto relation”

P2: PPa ≠ ∅ ∧ NPa ≠ ∅ ∧ IPa\M = ∅ “Exclusively Strong Pareto relation”

P3: PPa = ∅ ∧ NPa ≠ ∅ ∧ IPa\M ≠ ∅ “Exclusively Symmetric Pareto relation”

P4: PPa = ∅ ∧ NPa ≠ ∅ ∧ IPa\M = ∅ “Omnipresent redistribution Pareto relation” 

    Pareto completeness  (P5 – P8)     (“Complete Pareto relations”) redistribution nonexistence  

                         Complete Pareto relations, hence    no incompleteness social choice problem †††† 

P5: PPa ≠ ∅ ∧ NPa = ∅ ∧ IPa\M ≠ ∅ “Exclusively Complete Pareto relation” (card(X) ≥ 3)

P6: PPa ≠ ∅ ∧ NPa = ∅ ∧ IPa\M = ∅ “Chain Pareto relation” (card(X) ≥ 2)

P7: PPa = ∅ ∧ NPa = ∅ ∧ IPa\M ≠ ∅ “Universal Indiff. Pareto rel.” IPa=X×X, card(X)≥2
‡‡‡‡

P8: PPa = ∅ ∧ NPa = ∅ ∧ IPa\M = ∅ “Trivial Pareto relation” card(X) ≤ 1               

                               (P3, P4 & P7, P8:    “Symmetric Pareto relations”)                                  ♦     

We define types of social choice situations: 

DEFINITION 2: (Social Choice Situation Types) Let X be a set, R ∈ (ℜR,T )n vector of individual

preorders and RPa the resulting Pareto relation. Then we define the types of social choice situations

(SCS) within table 1.   ♦

                                                     

**** The translation “redistribution” for NPa presumes NPa = NPa(S) witch is only guaranteed for [C] for Ri ∀ i.

†††† To be precise we mean no social choice problems caused by social or individual Pareto incompleteness. There can

still be a social choice problem due to an non-compactness (def. 1, p. 7) of the economy (cf. SCP2 in tab. 1, p. 13) possible

for P5 or P6 which implies the existence of an endless non-maximized inefficient preference chain (… x3PPax2PPax1PPax0)

according to LEMMA 1 (p. 9). We only presume welfarism (cf., e.g., Boadway and Bruce 1984, p. 5), if we presume individual

welfarism represented by the Ri’s. Cf. Sen (1982, p. …) for different interpretations of the Ri’s.

‡‡‡‡ P7 represents unimportant social choice and P8 absent social choice.
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    Table 1:  Types of social choice situations
Social choice situations 

Social choice problems (SCP)
Potential
Pareto cases

border-incompleteness problem  (exclusive)SCP1

NPa ∩ M(X, RPa)2  ≠ ∅ ∧ M(X, RPa) PLPa X \ M(X, RPa)
P1 – P4

non-compactness problem  (exclusive)SCP2

NPa ∩ M(X, RPa)2  = ∅ ∧ ¬ M(X, RPa) PLPa X \ M(X, RPa) ∧ X ≠ ∅
P1, P2, P5, P6

combined problem  (border-incomplete and not compact)SCP3

NPa ∩ M(X, RPa)2  ≠ ∅ ∧ ¬ M(X, RPa) PLPa X \ M(X, RPa)
P1, P2

Pareto-bests existence (SCB)         (no SCP) (cf. def. 1)

Pareto-best social state(s) existence §§§§SCB

NPa ∩ M(X, RPa)2  = ∅ ∧ M(X, RPa) PLPa X \ M(X, RPa)
P1 – P8 (all)

Remarks

1. [T] for RPa   ⇒    (SCB  ⇔ (25)    C(X, RPa) ≠ ∅) 

2. [C] for Ri ∀ i ⇒ NPa = NPa(Social), then you can interpret “border-incompleteness problem” as
“border-redistribution problem” within SCP1–3-definitions

3. The non-compactness problem is defined as
               X not compact (cf. [1]) ⇔ (17) ¬ M(X, RPa) PLPa X \ M(X, RPa) ∧ X ≠ ∅   

4. M(X, RPa)2 := M(X, RPa) × M(X, RPa)

The notion “non-compactness problem” can be motivated by the negation of the economic restriction

[20] that the whole set of social states is compact with respect to a given Pareto relation RPa:

Restriction FX :⇔   X compact (“compact economy”) [20]

We can translate in our main result:

COROLLARY 2: (SCS-descriptions) (to PROPOSITION  2). Let X be a set, R ∈ (ℜR,T )n vector of

individual preoders on X and RPa = RPa(R) the corresponding Pareto relation:

FX ⇔     SCB    ∨   SCP1  ∨   X = ∅           ⇔     M°°(X, RPa)  = ∅   *****  (21)

¬FX ⇔     SCP2  ∨   SCP3  ⇔     M°°(X, RPa) ≠ ∅ (22) 

SCB ⇔     C(X, RPa) ≠ ∅ (23) 

                                                     

§§§§ This verbal translation of the following logical condition presumes [T] for RPa according to (25). The axiom of choice

from set theory may be used if we have more than one Pareto-best (i.e., “at least as good”) social state (i.e.,

card(C(X, RPa)) ≥ 1) to ensure that this unessential choice can actually be made.

***** Hence, FX  ⇔ M(X, RPa) PLPa X\ M(X, RPa) ∨ X = ∅ (cf. PROPOSITION  2).



14

In order to note this also explicitly: 

SCB  ∨  SCP1    ⇔  M(X, RPa) PLPa X \ M(X, RPa)      (⇔  M°°(X, RPa) = ∅ ∧ X ≠ ∅) †††††  (24) 

Proof: see appendix A5.

If and only if there exists an element in X that is neither maximal nor maximized (cf. (22): M°°(X, RPa)

≠ ∅) then we have also (SCP3) or exclusively (SCP2) an non-compactness problem of the economy.

This is equivalent with the case where we already have a whole chain of such elements according to

LEMMA 1 (or PROPOSITION  2). If not (cf. (21)) then the economy is compact, either trivially (X = ∅)

or not (SCB ∨ SCP1). The natural translation of the absence of a social choice problem is the existence

of one of many (Pareto-indifferent) social states for X ≠ ∅ (SCB).

                                                     

††††† Here, M(X, RPa) PLPa X \ M(X, RPa) implies X ≠∅.
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4 Appendix

A1 Proof of compact-criteria with RLPa (9) 

∀ x ∈ Y \ M(Y,RPa) ∃ y ∈ M(Y,RPa) : y PPa x    ⇔    M(Y,RPa) RLPa Y \ M(Y,RPa) “(9)”

Proof of (9): to “⇒”: obvious: to “⇐”: Presume: M(Y,RPa) RLPa Y \ M(Y,RPa) def ⇔ ∀ y ∈ Y \ M(Y,RPa)

∃ x ∈ M(Y,RPa) : x RPa y (*). Ass.: ∃ y0 ∈ Y \ M(Y,RPa) : ¬ x PPa y0 ∀ x ∈ M(Y,RPa) (**). By  *) ⇒ ∃ x0

∈ M(Y,RPa) : x0 RPa y0 **) ⇒ x0 IPa y0 ⇒ y0 ∈ M(Y,RPa)  ⇒ 7 to y0 ∈ Y \ M(Y,RPa). ⇒ ∀ y ∈ Y\M(Y,RPa)

∃ x ∈ M(Y,RPa) x PPay.    

A2 Proof of not-compact criteria (14) of LEMMA 1 (chain-criteria)

Proof of (14): “⇐”: obvious inclusion. “⇒”  (a)  [T] for R ⇒ [T] for P. Presume [∃ x0 ∈ Y \ M(Y,R) (*)

: ∀ y∈ M(Y,R) : ¬ y P x0] (**). Complete Induction: i = 1 (x1 exists): to show: [∃ x1∈ Y \ M(Y,R) :

x1Px0  ∧ ¬ y P x1 ∀ y ∈ M(Y,R)]. Accord. to *) x0 ∉ M(Y,R) ⇒ ∃ w ∈ Y : w P x0. Ass.: w ∈ M(Y,R):

def⇒ ¬ x P w ∀ x ∈ Y ⇒ ¬ x0 P w ⇒ 7 to **). ⇒ w ∈ Y \ M(Y,R): Then define x1 := w ⇒ x1 P x0 ∧ x1∈

Y\M(Y,R). Ass.: ∃ y ∈ M(Y,R) with  y P x1 ⇒ y P x1 ∧ x1 P x0  (a)⇒ y P x0 7⇒  to  **) ⇒ ∃  x1∈ Y \

M(Y,R) with x1 P x0 ∧  ¬ y P x1 ∀ y ∈ M(Y,R) i ⇒ i + 1 (if xi exists then also xi+1 ∀ i ≥ 1): Presume: [∃

x1, x2,…, xi ∈ Y \ M(Y,R) : x1Px0, x2Px1, …, xiPxi–1 ∧ ¬ y P xi  ∀ y ∈ M(Y,R) for i = 1, 2, …, i]  (***). to

show [∃ xi+1∈ Y \ M(Y,R) : xi+1P xi ∧ ¬ y P xi+1  ∀ y ∈ M(Y,R)]. Accord. to ***) xi ∉ M(Y,R)  ⇒ ∃ w ∈

Y : w P xi (****) Ass.: w ∈ M(Y,R):  def⇒ ¬ xi P w ∀ w ∈ Y ⇒ ¬ xi P w ⇒ 7 to  ***) ⇒ w ∈ Y \

M(Y,R). Then define xi+1 := w  ****) ⇒ xi+1P xi ∧ xi+1∈Y \ M(Y,R). Ass.: ∃ y ∈ M(Y,R) with  y P xi+1 ⇒ y

P xi+1 ∧ xi+1P xi  (a)⇒ y P xi ⇒ 7  to  ***) ⇒ ∃  xi+ 1∈ Y \ M(Y,R) with xi+1 P xi  ∧ ¬ y P x1 ∀ y ∈

M(Y,R).       

A3 Proof of compact-criteria (15) with PLPa in LEMMA 1

Proof of (15):  (a)  [T] for R ⇒ [PI, PP]. We locally abbrev. M := M(Y, RPa):  

“⇒”: Presume: Y compact ∧ Y ≠ ∅  (*). [to show: M PLPa Y \ M   

(14)⇔  [∀ x ∈ Y \ M  ∃ y ∈ M: y RPa x] (°) ∧ [∃ y ∈ M : ∀ x ∈Y \ M : (y PPa x ∨  y NPa x)  ] (°°)]

to (°): Y ⊂ X compact  ⇔def  ∀  x ∈ Y \ M  ∃ y ∈ M : y PPa x (**) ⇒P-def (°)

to (°°): Ass (¬°°).: ∀ y ∈ M  ∃ x ∈ Y \ M : ¬ (y PPa x ∨  y NPa x) ⇔   ∀ y ∈ M  ∃ x ∈ Y \ M : x RPa y

(***). Accord. to *) Y compact ∧ Y ≠ ∅ (10) ⇒ M ≠ ∅ ⇒M-def ∃ y0 ∈ M    ***) ⇒ ∃ x0 ∈ Y \ M : x0 RPa

y0  (****) ⇒M-def   ∃ z0 ∈ Y  : z0 PPa x0  ****) ⇒ z0 PPa x0 ∧ x0 RPa y0 ⇒ 
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(z0 PPa x0 ∧ x0 IPa y0) ∨ (z0 PPa x0 ∧ x0 PPa y0) (a) ⇒ z0 PPay0 ⇒ y0 ∉ M ⇒ 7  to  ***) ⇒ (°°). 

“⇐”:   Presume: M PLPa Y \ M (i.e., °/°°). [to show: a) ∀  x ∈ Y \ M  ∃ y ∈ M : y PPa x ∧ b) Y ≠ ∅]

to a): Ass.: ∃ x ∈ Y \ M : ¬ y PPa x ∀ y ∈ M  ⇔ ∃ x ∈ Y \ M  :  x PPa y ∨  x NPa y ∨ x IPa y ∀ y ∈ M

°) ⇒ ∃ y ∈ M  (***) :  x IPa y (****). x ∈ Y \ M ⇒M-def ∃ z ∈ Y : z PPa x  ****) ⇒ z PPa x ∧ x IPa y (a) ⇒

z PPa x for y ∈ Y ⇒ M-def   x ∉ M ⇒ 7 to ***) ⇒ Y compact. to b): °°) ⇒ ∃ y ∈ M ⇒ M⊂Y Y ≠ ∅.       

A4 Proof of not-compact translation (17) in COROLLAY 1

Proof of (17):  Presumed: [T] for RPa. to “⇒”:  presume: Y not compact (*) (11) ⇒ Y ≠ ∅ (**). Ass.:

M(Y, RPa) PLPa Y \ M(Y, RPa) P-def ⇒ M(Y, RPa) RLPa Y \ M(Y,RPa) (9) ⇔ ∀ x ∈ Y \ M(Y,RPa) ∃ y ∈

M(Y,RPa) : y PPa x def⇔ Y compact ⇒ 7 to *) ⇒ ¬  M(Y, RPa) RLPa Y \ M(Y,RPa) **)⇒ Y ≠ ∅ ∧

¬ M(Y, RPa) RLPa Y \ M(Y,RPa).  to “⇐”: By negation: Y not compact ∨ Y = ∅ (15)⇔ ¬ M(Y, RPa) PLPa

Y \ M(Y, RPa) (*). presume: Y ≠ ∅ ∧ np *)⇒ nf.   

A5 Proof of COROLLARY 2 (SCS-descriptions; p. 4)

to (21): FX ⇔def X compact  ⇔ M°°(X, RPa) = ∅ ⇔ (M°°(X, RPa) = ∅ ∧ X ≠ ∅) ∨ X = ∅   ⇔

M(X, RPa) PLPa X \ M(X, RPa) ∨ X = ∅ ⇔ SCB ∨ SCP1 ∨  X = ∅

to (22): SCP2 ∨ SCP3  ⇔ ¬ M(X, RPa) PLPa X \ M(X, RPa) ∧ X ≠ ∅

⇔ ¬[M(X, RPa) PLPa X \ M(X, RPa) ∨ X = ∅]

⇔  M°°(X, RPa) ≠ ∅  (⇔ (7)  ∃ x ∈ X : ∃ z ∈ X : z PPa x ∧ ¬ z PPa x ∀ z ∈ M(X, RPa))

⇔    ¬ X compact

⇔ def ¬ FX 

to (23): Presumed [T] for Ri ∀ i ⇒ [T] for RPa

SCB ⇔ NPa ∩ M(X, RPa)2  = ∅ ∧ M(X, RPa) PLPa X \ M(X, RPa). Hence to show:

C(X, RPa) ≠ ∅  ⇔   NPa ∩ M(X, RPa)2  = ∅ ∧ M(X, RPa) PLPa X \ M(X, RPa),  for [T] for RPa     (25)

Proof of (25): Generally presumed: [T] for RPa ⇒ [PI,II] for RPa (*)

to “⇒”: Presumed: ∅ ≠ C(X, RPa) = {x ∈ X⏐x RPa y ∀y ∈ X} ⇒ ∃ x0 ∈ X : x0 RPa y ∀ y ∈ X 

P-def ⇒ ∃ x0 ∈ X : x0 RPa y ∧¬ y PPa x0 ∀ y ∈ X  ⇒ ∃ x0 ∈ M(X, RPa) : x0 RPa y ∀ y ∈ X  (1*)

Ass.: NPa ∩ M(X, RPa)2  = ∅ ⇒ ∃ y0, z0 ∈ X : y0 NPa z0 (2*) ∧ (¬ z PPa y0 ∧ ¬ z PPa z0 ∀ z ∈ X) (3*)

1*) ⇒ x0 RPa y0 ∧ x0 RPa z0 3*) ⇒ x0 IPa y0 ∧ x0 IPa z0 I-def ⇔  y0 IPa x0 ∧ x0 IPa z0 *) ⇒ y0 IPa z0

⇒ ¬ y0 NPa z0 ⇒7  to 2*). ⇒ NPa ∩ M(X, RPa)2  ≠ ∅

Presumed ∅ ≠ C(X, RPa) ⊂ X ⇒ X ≠ ∅  (4*)

Ass.: ¬ M(X, RPa) PLPa X \ M(X, RPa) 4*) (15) ⇒ X not compact [1] ⇒ 

∃ w0 ∈ X \ M(X, RPa) (5*) : ¬ z PPa w0 ∀ z ∈ M(X, RPa) 1*) ⇒ x0 IPa w0 ⇔ w0 IPa x0 (5*)
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Sub-Ass.: ∃ z ∈ X : z PPa w0 5*) ⇒ z PPa w0 ∧ w0 IPa x0 *) ⇒ z PPa x0 P-def ⇒ ¬ x0 RPa z ⇒ 7  to 1*). 

⇒ ¬ z PPa w0 ∀ z ∈ X ⇒ w0 ∈ M(X, RPa) ⇒ 7  to 5*). ⇒ M(X, RPa) PLPa X \ M(X, RPa)

to “⇐”: NPa ∩ M(X, RPa)2  = ∅ (1*) ∧ M(X, RPa) PLPa X \ M(X, RPa) (2*)

Ass.: X = ∅ 2*) ⇒ ∅ PLPa ∅ ⇒ 7  to (17). ⇒ X ≠ ∅ (3*)

Ass.: M(X, RPa) = ∅ 2*) ⇒ ∅ PLPa X P-def  (4*). But X 3*) ≠ ∅ (18) ⇒ X PLPa ∅ ⇒ ¬ X PLPa ∅ 

⇒ 7  to 4*). ⇒ M(X, RPa) ≠ ∅ ⇒ ∃ x0 ∈ M(X, RPa) (5*) 1*) ⇒ ¬ x0 NPa y ∀ y ∈ X

⇔ (x0 PPa y ∨ x0 IPa y ∨ y PPa x0) ∀ y ∈ X   5*) ⇔ (x0 PPa y ∨ x0 IPa y) ∀ y ∈ X

⇔ x0 RPa y ∀ y ∈ X ⇔ x0 ∈ C(X, RPa) ⇒ C(X, RPa) ≠ ∅           

to (24): SCB ∨ SCP1  ⇔ ¬ (SCP2 ∨ SCP3) ∧ X ≠ ∅

⇔ ¬ [¬ M(X, RPa) PLPa X \ M(X, RPa) ∧ X ≠ ∅] ∧ X ≠ ∅

⇔ [M(X, RPa) PLPa X \ M(X, RPa) ∨  X = ∅] ∧ X ≠ ∅

⇔  M°°(X, RPa) = ∅ ∧ X ≠ ∅

⇔ (3)  X = M(X, RPa) ∪&  M°(X, RPa) ∧ X ≠ ∅ 

⇔ [2a]  X = {x ∈ X ⎜¬  z PPa x ∀ z ∈ X} ∪&  {x ∈ X ⎜∃ z ∈ M(X, RPa) : z PPa x} ∧ X ≠ ∅

/⇔ M(X, RPa) PLPa X \ M(X, RPa)      
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