A Service of

ECOMNZTOR pr

Make Your Publications Visible.

Leibniz-Informationszentrum
Wirtschaft

Leibniz Information Centre
for Economics

Becker, Ralf E.

Working Paper

General classification of social choice situations

Finanzwissenschaftliche Diskussionsbeitrdge, No. 46

Provided in Cooperation with:
Chair of Public Finance, University of Potsdam

Suggested Citation: Becker, Ralf E. (2004) : General classification of social choice situations,
Finanzwissenschaftliche Diskussionsbeitrage, No. 46, Universitat Potsdam, Lehrstuhl

Finanzwissenschaft, Potsdam,

https://nbn-resolving.de/urn:nbn:de:kobv:517-opus-9012

This Version is available at:
https://hdl.handle.net/10419/39679

Standard-Nutzungsbedingungen:

Die Dokumente auf EconStor durfen zu eigenen wissenschaftlichen
Zwecken und zum Privatgebrauch gespeichert und kopiert werden.

Sie dirfen die Dokumente nicht fiir 6ffentliche oder kommerzielle
Zwecke vervielféltigen, 6ffentlich ausstellen, 6ffentlich zugénglich
machen, vertreiben oder anderweitig nutzen.

Sofern die Verfasser die Dokumente unter Open-Content-Lizenzen
(insbesondere CC-Lizenzen) zur Verfiigung gestellt haben sollten,
gelten abweichend von diesen Nutzungsbedingungen die in der dort
genannten Lizenz gewahrten Nutzungsrechte.

WWW.ECONSTOR.EU

Terms of use:

Documents in EconStor may be saved and copied for your personal
and scholarly purposes.

You are not to copy documents for public or commercial purposes, to
exhibit the documents publicly, to make them publicly available on the
internet, or to distribute or otherwise use the documents in public.

If the documents have been made available under an Open Content
Licence (especially Creative Commons Licences), you may exercise
further usage rights as specified in the indicated licence.

Mitglied der

Leibniz-Gemeinschaft ;


https://www.econstor.eu/
https://www.zbw.eu/
http://www.zbw.eu/
https://nbn-resolving.de/urn:nbn:de:kobv:517-opus-9012%0A
https://hdl.handle.net/10419/39679
https://www.econstor.eu/
https://www.leibniz-gemeinschaft.de/

UNIVERSITAT POTSDAM
WIRTSCHAFTS- UND SOZIALWISSENSCHAFTLICHE FAKULTAT

Lehrstuhl fur Finanzwissenschaft

Ralf E. Becker

General Classification
of

Social Choice Situations

Diskussionsbeitrag 46
Potsdam 2004



Ralf E. Becker
Magdeburg (Germany)*
Tel.: (+49) 0391 555 86-30; Fax: ...-29
E-mail: ralf_e_becker@t-online.de

Ralf E. Becker

General Classification
of
Social Choice Situations

July 2004

* JEL-class: D71. | thank for support implied by the remarksin Arrow (1953).

Mit den Finanzwissenschaftlichen Diskussionsbeitrégen werden Manuskripte von den Verfassern mdglichen
Interessenten in einer vorlaufigen Fassung zuganglich gemacht. Fur Inhalt und Verteilung sind die Autoren
verantwortlich. Es wird gebeten, sich mit Anregungen und Kritik direkt an sie zu wenden und etwaige Zitate aus
ihrer Arbeit vorher mit ihnen abzustimmen. Alle Rechte liegen bei den Verfassern.

ISSN 0948 - 7549



General Classification of
Social Choice Situations

Ralf E. Becker
Magdeburg (Germany) "

An exhaustive and disjoint decomposition of social choice situations is derived in a
general set theoretical framework using the new tools of the Lifted Pareto relation on the
power set of social states representing a pre-choice comparison of choice option sets. The
main result is the classification of social choice situations which include three types of
social choice problems. First, we usually observe the common incompleteness of the
Pareto relation. Second, a kind of non-compactness problem of a choice set of social
states can be generated. Finally, both can be combined. The first problem root can be
regarded as natural everyday dilemma of social choice theory whereas the second may
probably be much more due to modeling technique implications. The distinction is
enabled at a very general set theoretical level. Hence, the derived classification of social

choice situations is applicable on almost every relevant economic model.

JEL -class: D71. | thank for support implied by the remarksin Arrow (1953).



1 Introduction

We want to classify social choice situations in a general framework of sets of socia states. For our
purpose there are two sources of trouble for social choice. First, the major problem in social choice
theory is the incompleteness of the Pareto relation, i.e., the potential existence of winners and losers.
Thisincompleteness problem isinteresting especially on the Pareto-efficient border of the set of social
states. That is what can be associated with the utility possibility frontier. But there is a second root of
choice difficulty: The frontier or border itself in part may not be complete due to a potential for
openness of intervals or decision fields and unlimited resources. For example, if all individuals prefer
higher numbers and we regard an open or proper endless interval then in both cases a Pareto efficient
socia state does not exist. Hence, a rather fundamental help for social choice considerations is to
classify social choice situations according to the character of the root of the choice problem on a
general set theoretical ground. This is the task of this contribution. Below an exhaustive

decomposition of social choice situationsis derived.

As atool we introduce what we call the Lifted Pareto relation on the power set of social states. It can
be interpreted as a pre-choice comparison of sets of socia states: The intuitive idea is that one set of
social states as choice option is “at least as good as’ another set if and only if for every state in the
other set there is at least one corresponding state in the first set that is Pareto indifferent or Pareto
superior to this state. Hence, the society can be sure to loose nothing if it neglects the other set of
social states and limits his choice to the first choice option set. This relation is used for the definition
of an compact economy of a (sub)set of social states which essentially means that the border is
sufficient to maximizes all Pareto-inferior social states.” Afterwards we derive a list of criteria for this

property which opens the floor for the general classification of social choice situation.

T “Maximized” means, that for a social state (which actually must be a Pareto-inferior element) we can find a suitable

maximal (i.e., Pareto efficient) element that is Pareto-superior to this Pareto-inefficient social state.



2 Tools

2.1 Lifted Pareto relation

Let X be any set (interpreted as set of socia states considered) and i  IN the index of one of the
countable (finite or denumerable) number of individuals, then we define the Pareto relation (Pareto

preference or indifference) in dependence of the individual preordersR; as
RP := {(x,y) e XxX | xRiy Vi} (interpreted as or ~) “Pareto relation” (R™) [1]
Both properties of the individual preorders (eventually incomplete orderings) transmit to the Pareto

relation and the vector of individual preorders R := (Ry, Ry,...) can be used to abbreviate the
elementary dependence of the Pareto relation on the individual preorders:*

[R] VR = [R] for R™ (2
[T] VR < [T] for R™ (3)
R™ = R”(R) (withR as(Ry, R, ...)) (4)

If we apply the I-definition (x Iy < x Ry Ay R™x), P-definition (x PPy < xR™y A —yR™x),
and N-definition (xN"y < —xR™y A —yR™x) on [1] we immediately have the following

trandations:
P2 = {(x,y) e XxX |Vi: xLy} “Pareto indifference” (1"  (5)
PP = {(Xx,y) e XxX |Vi: XRiy A3j:=yRx} “Pareto preference”  (P™®)  (6)
NP2 = {(x,y) € Xx X 13— YRix A3j:=XRjy} “Pareto incompleteness” (N7 (7)

Now we will define arelation that compares any pair of sets of social states. The intuitive idea is that
oneset X" (c X) is“at least asgood as’ another set Y iff (if and only if) for every statein Y thereis at
least one corresponding state in X” that is Pareto indifferent or Pareto superior to this state. Hence,

corresponding to our simple example in the introduction of this section, the society can be sure to

*[R] and [T] are shorthands for refexivity and transitivity.
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loose nothing if it neglects Y and concentrates on X'. The considered sets can arbitrarily be chosen.

The comparison represents a pre-choice eval uation.

Let us introduce this more formally. The power set P(X) of X is simply the set of all subsets of X
inclusive the empty set & and X itself. It is defined by

P(X) :={X st| X < X} (9, X € P(X); for any set X) [8]

Let X = P(X) be any set of subsets of X, R; individual relations on X with [R,T,E2.1] and R™ the Pareto
relation (depending on the Ry’ s). then we define a new relation RF*% on X (R*0 = X x X = P(X) x
P(X)) by

RPAM = {(X",Y) e Xx X| Yy e Y Ixe X1 xRy}, for any X = P(X)
“Lifted Pareto relation (on X)” (R-Pa00) 8 [9]

We call any element X" € X achoice option set because in contrast to the choice set and the maximal
set which are normally interpretated as after-choice sets these elements play the rule of pre-choice

sets. Because we presume individual preordersthe Lifted Pareto relation is also a preorder:

[R]forR; Vi = [R] for R~ (10)

[T] forRi Vi = [T] for R (11)
We use

X RPNY o FyeY: (YPPX v yN?X) VX e X (12)

to calculate the corresponding element tests for the IPN-relations:

X 1PWY o [vyeY dxeX :xRPy] A [VxeX 3 yeY:yR™x] (13)

X PPOY o [VyeY IxeX:xRPy] A [TxeX:(xPPyv xN?y) VyeY] (14)

X NPEY o [yeY: (yPPx vy NP2 x) ¥x € X A[3xe X: (xPPyv xNPy) wyeY]  (15)
Naturally, any set is pre-choice equivalent to itself, simply because we presume that every social state
is self-equivalent for all individuals (Y ~"2Y V Y < X):

YI?Y v YeP(X) for[R]forRiVi (incl.Y =) (16)

§  We abbreviate R := R*"aP™) (j e, X = P(X)) and naturally can use R“"? whenever we do not want to specify X.
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But the immediate results

1P (17)
YPZ  VYcXwithY=O (18)

raise the question how we have to interpret the empty set as choice option set? ~ A choice option set
with only one element can be interpreted as option set with actually no choice option, i.e., as some
kind of specia case (degenerated) options set, or as trivial choice-option set. But what is the meaning
of @7? Thefirst reaction could be to restrict the domain of the lifted Pareto relation (or lifted relations
in general) to the comparisons of non-empty setsin its definition (i.e., to require that X c P(X)\{J} in

[9]). But despite the following remark thisis nevertheless superfluous:

REMARK 1: (omnipresent must-choice). Choice option sets (pre-choice sets) are not empty.
Proof: Axiom: Something happens. [ { 19}

Hence, & cannot represent a choice option set. Therefore, (18) expresses that generally any non-empty
choice option set is formally enforced to be pre-choice preferred (here applied to Pareto) to the empty
set which cannot be regarded as choice option set. The proper interpretation for the empty set is
surprisingly simple. The preference (18) is the natural logical outcome of the must-choice
interpretation of non-empty pre-choice set for pre-choice set comparisons. |.e., & is simply impossible
and if you can choose between (hypothetically) non-empty choice-option sets Y and non-existing other
choice-option set then you actually must choose Y. (17) is just a formally useful completion: the
choice set & representing that nothing happens (which is excluded to be valid) is self-equivalent.

Finally, it should be clear that the author was tempted to aternatively use the adjective Generalized
for the Lifted Pareto relation. The reason is simply

{X}R""Yy} < xRy VX ye X (20)

which so far gives us the mathematical equivalence of the relations, because up to pure formalism

which is easily avoidable both are identical:*

Thisis an example that even convincing definitions may generate unexpected work for interpretational coherence.

™ Another equivalent reinterpretation of & for Y or Z in Y R-"®Z-considerations is to think about the empty set as a
symbol of a non-empty choice set with a single element that represents an outside option which is presumed to be inferior to
al elements of X, and in addition is self-equivalent. But this would be a very uncommon, formally dangerous and avoidable

interpretation of <.
* One can even avoid this formal difference by a definition of the Pareto relation which refersto {x} instead of x.
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R0~ RPa for Xi:={{x}c P(X)|x € X} (21)

Hence, the Pareto relation R™ can be regarded as a special case of R if the Lifted Pareto relation is
applied to singletons. In addition, the concept of lifted relations can be generalized by itself on any
binary relation and is interpretable as tool of ageneral pre-choice comparison of subsets of the origina

set on which the reference relation works.

2.2 Compact Economy

Naturally, in theory, there is the potential of economies which generate no Pareto-optimal socia states
a al. But the central problem is that even if the whole maximal set (the set of Pareto-efficient social
states) is not empty there are regularly still empty maximal sets of certain samples of socia states.
There are two mgjor intuitions for the potential of empty maximal sets of the Pareto relation within the
set of social states or respective subsets: the openness problem and an imagination of endless
resources. For example, if al individuals prefer higher numbers and Y is the open or endless
interval (0,1) or (0,+) then in both cases the maximal set for the Pareto relation is empty, i.e.,
M(Y,R™) =g {x € Y= 2 PP x Vv z e Y}= &. Therefore, a a first glance one could be tempted to
generally exclude empty maximal sets of any non-empty subset of social states (naturally, with the test
for maximal property, i.e., Pareto-efficiency, always restricted to the respective subset) from further
considerations. But this would both be a too strong (any) and a too weak (require “maximizing”

maximal sets; see below) assumption:

Half closed welfare circle (too weak): For example, if for a circle including only half of its closure a
greater distance from the origin is preferred but points on different radial lines are generally regarded
as incomparable then circle-inner points on lines which include the intersections with the circle’s
closure are “maximized” by the point of intersection and al points on non-closed lines are not but
simultaneously the maximal set of this half-closed circle is not empty. So what we actually want to
ensureisthat if Y is any subset then al (Y-) inefficient socia states can be “maximized”, i.e., for any
Pareto-inferior element we can find a suitable maximal (Pareto efficient) element that is Pareto-
superior to this Pareto-inefficient social state. The guarantee of the exclusion of our problems with
endless resources and openness or half-openness for a certain subset is what we describe by the

following notion:

DEFINITION 1: (compact; maximized): Let X be aset, Y = X, R € (Rr7)" vector of individua

preorders on X and R™ = R™( R ) the corresponding Pareto relation. Then we define Y to be compact:

Y « X compact 1< Vxe Y\M®Y,R™ 3y e M(Y,R®):yP?x (VYcX) [1]



We cal x € Y (not Y\M(Y,R™) for purist definition) maximized in Y iff (if and only if) 3y €
M(Y,R"™:yP™x. o

Using the following shortcuts

M(Y,R™) = {xeY|l= zPPxVzeY}
Me(Y,R™) = {xeY|3zeM(,R™:zP?x} (“maximized elements™) [2a]

Me°(Y,R™) = {x e Y\M°(Y,R?)|3zeY:zP™x} (“non-maximized non-maximal el.”) [2b]

and
M(Y, RPHC = Y \M(Y, R™) (“non-border elements”) [2c]
M (Y, R™) = {x e M°(Y,R™) |V z € M°°(Y,R™) : - 2 P™ x} [2d]
M2 (Y,R™) = {x e M°(Y,R™)[3z e M°°(Y,R™) : zP™x} [2€]

we decompose any set Y in its digoint subsets of elements which are maximal, maximized, or neither

maximized nor maximal:

Y = M(Y,R™ U M°(Y,R™®) U M°°(Y,R™ (3)
M(Y,R"¢ = M°(Y,R™ U M°°(Y,R™) (4
Me(Y, RPa) — Mol(Y, RPa) O |V|°2(Y, RPa) (5)

MYY,R™ =@ < M°(Y,R®) =Y < M(Y,R™®) =g A M°(Y,R™)=Y
& (YweS(x)IzeS(x):zPPw) vweY (6)

Me°(Y,RP) = {xeYI|3IzeY:zPPxA-zPPxVzeM(Y,R™}
= {xeY|3zeY:zPPxA-xPoxVX eX:mwWwPPxVvweY} (7)

A set Y iscompact (relative to itself) if and only if any non-maximal element is maximized:
Y compact < (x ¢ M(Y,RP) = x e M°(YR™) VxeY (8)

The criterion (8) issimply arewriting of definition [1]. This definition of an compact set (or economy)
looks very similar to the definition of the lifted Pareto relation R applied on maximal sets and
respective complements and indeed we could equivalently have used R*P? in this definition:

VxeY\MYR™3IyeMYR™?):yP?x < M(Y,R™) R™2Y\M(Y,R™) (9

8 Appendix A1 contains the short proof of (9).



But non-purist versions like the r.h.s. of [1] are directly more informative.”” A set is not compact iff it
contains a hon-maximized inefficient element. The intention is similar to the concept of compactness

defined for metric spaces. Obvious conclusions are:

Y c X compact = M(Y,R™) =T vY=0 (10)
@ compact (11)
X € Y maximized = x ¢ M(Y, R™) (12)
Y compact, Y © Z, M(Z, R) o M(Y,R) = Z compact (23

The last statement means that for smaller subsets the test by definition of compact sets simultaneously
becomes less as well as more restrictive because even if the number of tested inefficient elements may
decrease also the number of candidates which can maximize them does. But if you only drop
inefficient elements then nothing can destroy the property.

The following lemma shows that for every non-compact set there must even exist a whole endless
preference chain of non-maximized (i.e., no preferred maximal element exists) inefficient elements.
Because the other direction of implication is trivial the exclusion of such chains is another potential
alternative for our definition.

LEMMA 1: (non-maximized inefficient preference chain): If for any transitive relation there exists
an inefficient (non-maximal) element that is not inferior to any maximal element then (and only then)
there even exists a whole preference chain of non-maximized inefficient elements (non-maximized

inefficient preference chain), or formally:

Let X be aset, [T] forRc Y x Y. Then:

IxXoe Y\M(Y,R):VyeMY,R) :=yPxo (Y not compact) "
<& I X, Xg, X2y ---€ YAM(Y,R) (“inefficient”)
with o X3P XoP X1 P Xg (“preference chain”)
A =yPx YyeM(®Y,R),i=0,1,2 ... ™ (“non-maximized”) (14

Proof: see appendix A2.

" E.g., take puristic transitivity X RYyAYRZ=XRz VY x,y,z € X withx =y ay=2z) =: [pT] < [T].
™ We can express the |.h.s. of this equivalence als by M(Y \ M(Y,R), M(Y,R), R) = &.

¥ We can express this second condition by x; € M°°(Y, R).



(Too strong). Naturally the requirement to be compact cannot be applied to any subset of the whole
economy. In our example, (.25, .75) is not compact and, hence, this requirement for all subsets of
[0, 1] produces a contradiction but any [a, b] < [0, 1] does not. But normally resources are presumed
to be finite and the openness problem is more or less a formal mathematical phenomenon because it
guarantees an unlimited power of approximation and, therefore, has limited economic relevance.
Hence, this could be the motivation for a focus on systems of compact sets of social states, i.e., on
compact subsystems as subset of the power set of the set of socia states with exclusively compact
elements. This would be no restriction on X itself but on the subset system X. At a first glance one
could be midead to presume the compactness property for example before starting the investigation of
the social choice situations. But opponents could reject even this very elementary presumption and,
i.e., we would not recommend to exclude non-compact redistribution sets at once. We will see that
such a potential presumption is superfluous and would be a redundant weakening of our position. The
character of maximal sets gives us the following strict translation of compactness and we use this
together with (16) to illustrate the “pre-choice surprise”, which is an important general element of
understanding the pre-choice comparison of sets by lifted relations.

LEMMA 1: (lifted Pareto-relation and compactness): To be compact for non-empty sets is equivalent
with lifted Pareto preference of the maximal set over his relative complement:
Xset,Yc X, [T]forRcY xY:

Ycompact AY =@ < M(Y, R™) P2 Y \ M(Y, R™®) VYcX (15)

Proof: see appendix A3.

Thereislittle surprise here except that one should keep in mind that even if we can always find Pareto

preferred elements to any other elements of another set then this does not definitely imply a pre-choice

LPa

preference. For afitted preference case, (0,1) ~ ~ ° (0,1) is an example. Hence, keep in mind:

VyeY3ayeX :x=Py = X =Y (only...= X' 7*2Y) (“pre-choice surprise”)  (16)

Note, that we also have almost by negation:

COROLLAY 1: (not compact) We have for X set, Y = X, [T] for R c Y x Y:

Y not compact < Y=@ A — M(Y, R™) P2 Y\ M(Y, R™) VYcX (17)

Proof: see appendix A4.

We summarize the different options to express the compactness of sets in the following proposition
aso dready including the usage of aweak form of the lifted Pareto relation not introduced here:
10



PROPOSITION 2: (compactness criteria): Let X be a set, Y < X, R e (#&7 )" vector of individual
preoders on X and R” = R™(R) the corresponding Pareto relation: Then the following statements

are equivalent:

i) Y compact (name)
i) VxeY\M(Y,R™®3yeM(Y,R™:yP?x (definition)
i)  xeMY,R®)=xeM(Y,R®)VxeY (rewriting of definition)
iv)  M°°(Y,R") =g (“state-absence rewriting”)
v)  M(Y,RP) Ry \ M(Y, R™) (R"-P_rewriting)
vi) Y=g v M(Y,R™) P2y \ M(Y, R™) (P*P-criterion)
vii)  Y=@ v M(Y, R™) P"P2y \ M(Y, R™) (P"P2criterion)
viii)  M(Y, RP) R*2 Y \ M(Y, R™) (R"_criterion)
iX) (3 Xo, Xu, Xo, ... € M°°(Y, R™) : ... x3P™x, PP x, PP o) (“chain criterion™)

Proof: ix) © Lewma1 V) < 20 (3 11i) <) 1) < g 11) < (€asy to show) v) and i) < (17)-negation Vi)

and ii) < (g) viii). Easy to show: vii) <> vi) (dropped here). [

It isaso easily proven that:

[T] for R7 = (xo € M°°(Y, R™) < 3 Xy, Xa, ...€ M°°(Y, R™®) 1 ...x3 P, P"x; PP2Xo) (18)

[T] for R = (x e M°°(Y,R™) < —zP"x V z e M(Y, R™) U M°(Y, R™)) (19)

Now we are ready to apply the concepts of compactness and of the Lifted Pareto relation:

858 practical hint: if you implicitly want to express with compactness that a certain set Y is not empty note simply

M(Y, R"®) PF2 Y \ M(Y, R™¥) which automatically excludes Y = &. If you want allow empty sets then take iv).

11



3 Social Choice Situations

DEFINITION 1: (Pareto relation Cases) Let X beaset, R € (Rr1)" vector of individual preorders and
R™ =R"(R) the resulting Pareto relation [1]. We define the follow. Pareto rel. or R™-Cases:
Pareto incompleteness (P1 - P4) (“Incomplete Pareto relations”)  redistribution existence™
Incompl ete Pareto relations, hence potential social choice problem
PLPP2I AN AIPWM=@  “Busy Pareto relation”
P2:PP =D ANP=BAIPWM =@  “Exclusively Strong Pareto relation”
PEPP=g AN AP \M=@  “Exclusively Symmetric Pareto relation”
P4 PP = AN 2B AIPAM = “Omnipresent redistribution Pareto relation”

Pareto completeness (P5-P8) (“Complete Pareto relations”) redistribution nonexistence

Complete Pareto relations, hence no incompleteness social choice problem ™'

P5: P2 AN =g AIPAM =@ “Exclusively Complete Pareto relation” (card(X) > 3)
P6: P2 P AN? =@ AIP\M =g  “Chain Pareto relation” (card(X) > 2)
PP =@ AN=@AI"™\M=@  “Universal Indiff. Pareto rel.” 17=XxX, card(X)=2
HE
P8: PP =@ AN?=@ AI”™\M=@  “Trivial Pareto relation” card(X) < 1

(P3,P4 & P7,P8:. “Symmetric Pareto relations”™) .

We define types of social choice situations:

DEFINITION 2: (Social Choice Situation Types) Let X be a set, R € (Rr1 )" vector of individua
preorders and R™ the resulting Pareto relation. Then we define the types of social choice situations

(SCS) withintable 1.

The translation “redistribution” for N" presumes N = NP witch is only guaranteed for [C] for R; V i.

™ To be precise we mean no social choice problems caused by social or individual Pareto incompleteness. There can
still be a social choice problem due to an hon-compactness (def. 1, p. 7) of the economy (cf. SCP2 in tab. 1, p. 13) possible
for P5 or P6 which implies the existence of an endless non-maximized inefficient preference chain (... X3P P ;P )
according to LEMMA 1 (p. 9). We only presume welfarism (cf., e.g., Boadway and Bruce 1984, p. 5), if we presume individual
welfarism represented by the R;'s. Cf. Sen (1982, p. ...) for different interpretations of the R;'s.

- p7 represents unimportant social choice and P8 absent social choice.

12



Table 1: Types of social choice situations

Social choice situations Potential
Social choice problems (SCP) Pareto cases
SCP1 | border-incompleteness problem (exclusive)
P1-P4
N2 A M(X, RP)? = & A M(X, R™) P2 X \ M(X, R™)
SCP2 | non-compactness problem (exclusive)
P1, P2, P5, P6
NP2~ M(X, R")? = @& A = M(X, R™) P2 X\ M(X, R™) A X = &
SCP3 | combined problem (border-incomplete and not compact)
P1, P2
NP2~ M(X, R")? = @& A — M(X, R™) P2 X \ M(X, R™)
Pareto-bests existence (SCB) (no SCP) (cf. def. 1)
SCB | Pareto-best social state(s) existence 8888
P1-P8 (all)
NP2~ M(X, RP)? = @& A M(X, R™?) P-P2 X \ M(X, R™)

Remarks

1 |[T]forR™ = (SCB < s C(X,R™)= Q)

2. |[C] for R; V i = NP& = NPa¢ia) then you can interpret “border-incompleteness problem” as
“border-redistribution problem” within SCP1-3-definitions

3. The non-compactness problem is defined as
X not compact (cf. [1]) < a7 — M(X, R™) P2 XA M(X, R A X # &

4. | M(X, RP?:= M(X, R™) x M(X, R™)

The notion “non-compactness problem” can be motivated by the negation of the economic restriction

[20] that the whole set of social statesis compact with respect to a given Pareto relation R™:
Restriction FX < X compact (“compact economy”)  [20]
We can translate in our main result:

COROLLARY 2: (SCS-descriptions) (to PROPOSITION _2). Let X be a set, R € (#&1 )" vector of

individual preoders on X and R = R™(R) the corresponding Pareto relation:

FX <« SCB v SCPlv X=0 & M(X, R = T (21)
—FX << SCP2 v SCP3 & M(X, R = (22)
SCB < C(X,R™® =g (23)

8558 This verbal translation of the following logical condition presumes [T] for R™ according to (25). The axiom of choice
from set theory may be used if we have more than one Pareto-best (i.e, “a least as good”) socia state (i.e,

card(C(X, R)) > 1) to ensure that this unessential choice can actually be made.

*****

Hence, FX < M(X, R™) P2 X\ M(X, R™) v X =@ (cf. PRoPOSITION 2).
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In order to note this also explicitly:

SCB v SCP1 < M(X,R™) P*PAX\M(X,R™) (& M°°(X,R™) = A X = @) MM (24)

Proof: see appendix AS5.

If and only if there exists an element in X that is neither maximal nor maximized (cf. (22): M°°(X, R™)
# &) then we have also (SCP3) or exclusively (SCP2) an non-compactness problem of the economy.
This is equivalent with the case where we already have a whole chain of such elements according to
LEMMA 1 (or PROPOSITION _2). If not (cf. (21)) then the economy is compact, either trividly (X = &)
or not (SCB v SCP1). The natural translation of the absence of a social choice problemis the existence

of one of many (Pareto-indifferent) social states for X = & (SCB).

T Here, M(X, R™) P2 X \ M(X, RP?) implies X #@.
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4 Appendix

Al Proof of compact-criteria with R-"2 (9)

VxeY\MYR™3IyeMYR™:yP?x < M(Y,R™)R™2Y\M(Y,R™ “(9)”
Proof of (9): to “=": obvious: to “<=": Presume: M(Y,R™) R*"2 Y \ M(Y,RP?) 4t V y € Y\ M(Y,R™)
Ix e M(Y,R™) : xRy (*). Ass.: Fyp € YAM(Y,R™) : = x PP yo ¥V x € M(Y,R™) (**). By *)= 3 %o

€ M(Y,R™) : xo R™ yg=sy=> X0 1" Yo = Yo € M(Y,R™) = 7toyp € Y\ M(Y,R™). = V y € Y\M(Y,R™)
Ix e M(Y,RP) x PPy, O

A2 Proof of not-compact criteria (14) of LEMMA 1 (chain-criteria)

Proof of (14): “<=": obviousinclusion. “=" (a) [T] for R = [T] for P. Presume[3 X, € Y \ M(Y,R) (*)
:Vye M(Y,R) : =y P X (**). Complete Induction: i = 1 (x; exists): to show: [3 x;€ Y\ M(Y,R) :
X1PXo A=Y Px1Vy e M(Y,R)]. Accord. to*) xo ¢ M(Y,R) = 3w € Y : WP Xo. Ass.: w € M(Y,R):

= " XPWVXeY=—xPw=7t0*). =>we Y\M(Y,R): Then definex; :=w = X1 P Xp A X1 €
YW(Y,R).Ass.: 3y € M(Y,R)with yPXx; = YyP X1 AXi P Xo @@= YP X 7= to **) =3 x;e Y\
M(Y,R) withx; P xoAn —yPxiVy e M(Y,R)i=i+1(if x; existsthen also x;+; V i > 1): Presume: [3
X1, X2,+., Xi € YA M(Y,R) @ X1PXo, XoPXy1, ..., XiPXia A=y P X Vye M(Y,R)fori=1,2,...,i] (***).t0
show [3 Xix1€ YAM(Y,R) : Xjs1P Xi A = Y P Xisx V'y € M(Y,R)]. Accord. to ***) x; ¢ M(Y,R) = 3w e
Y:wPX (****)Ass:w e M(YR): ge= X PWVYWeY=XiPw=7t0 ***)=>weY\
M(Y,R). Then define Xis1 := W sxxx) = Xis1P Xi A Xisn€Y \ M(Y,R).Ass.: 3y € M(Y,R) with y P Xis1 =y
P Xis1 AXistP Xi @=>YPXi=7 to ***) = 3 Xiy1€ Y\M(Y,R) Withxiz1 PXi A= yP X Vy e
M(Y,R). O

LPa
P

A3 Proof of compact-criteria (15) with in LEMMA 1

Proof of (15): @ [T] for R = [PI, PP]. Welocally abbrev. M := M(Y, R™):

“=": Presume: Y compact A Y = & (*). [to show: M P2 Y\ M

we [VXxeY\M I3y e MiyR®X] () A[3yeM:VxeY\M: (yPPxv yN?x) ]1(°*)]

t0(°): Y = X compact <gr ¥V X € Y\M 3y e M:y PP x (**) =pge (°)

t0(°°): Ass(—°?).:VyeM Ixe Y\M: = (yPPxv yN?x) < VyeM IxeY\M:xR™?y
(***). Accord. to*) Y compact AY # B 1) =>M # D =y IYoe M ***) =TI xoe Y\M: xgR™
Yo (****) =mae JZ0€ Y 1 ZoPPxo ¥***) = 7oPxg A XoRPyo =
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(ZoP™ X0 A X017 Y0) v (ZoP™* X0 A XoP™Y0) (9= ZoP Yo => Yo & M = 7 t0 ***) = (°°).

“<": Presume: M PP2Y\ M (i.e, °/°°).[toshow: @) V x € Y\M Jy e M:yP™x b)Y =]
toa): Ass.Ixe Y\M:—yP?xVyeM <3IxeY\M : xP?yv xN?yvxIPyvyeM
N=>3IyeM (**): xIPy (). X e Y\M=pger 32 € Y ZPPX **%%) = 2 PP x A x 1Py =

PP xfory e Y = pa X & M= 71t0***) = Y compact. tob): *°) =3y e M= yy Y=, [

A4 Proof of not-compact translation (17) in COROLLAY 1

Proof of (17): Presumed: [T] for R™. to “=": presume: Y not compact (*) ay = Y # @ (**). Ass::
M(Y, R™) P2 Y \ M(Y, R™) pger = M(Y,R™) R2Y A\ M(YR™) g & V x e Y\MYR® Ty e
M(Y,R™) :y PP X gz Y compact = 7 t0 *) = — M(Y,R™) R Y\ M(Y,R™) wy= Y = & A
— M(Y, R™) R Y \ M(Y,R™). to“«<": By negation: Y not compact v Y = & 5> — M(Y, R™) P
Y\ M(Y, R™) (*). presume: Y # & A np «= nf. []

A5 Proof of COROLLARY 2 (SCS-descriptions; p. 4)

t0 (21): FX gt X compact < M°(X,R™) = @ & (M°(X,R®) =P A XD v X =T <
M(X, R™) P*"2X\M(X,R™®) v X =@ < SCBv SCP1v X=@

t0 (22): SCP2 v SCP3 < — M(X, R™) P2 X \ M(X, R™®) A X # &

< —[M(X, R™) P2 X \ M(X, R™) v X = @]

= M°(X,R™) =@ (=@ IxeX:TzeX: 2P xA—2P?xVze M(X,R™)

& — X compact

< gef — FX

to (23): Presumed [T] for R; ¥ i = [T] for R™

SCB < NP2~ M(X, R™)? =& A M(X, R™) P2 X \ M(X, R™). Hence to show:

CX, R =T < N~ M, R™? =@ A M(X, R™) P2 X \ M(X, R™), for [T] for R (25)

Proof of (25): Generally presumed: [T] for R” = [PI, 1] for R™ (*)

t0“=": Presumed: @ # C(X, R®) = {x e X |[x Ry vy e X} = I xo € X: X Ry Vy e X
b= I X0 € X: Xo Ry Ay PP xoVy e X =3I xe M(X,R™) : xRy VyeX (1%)

Ass: NPAMX,R™)? =@ =3yo, z0e X: Yo N2 (2*) A (= 2P yo A = 2P 20V Z € X) (3*)
19)=> Xo R7 Yo A Xo R™ Zg 3y => Xo 1™ Yo A X0 17 20 1ger <= Yo 17 Xo A Xo 17 29 = Yo 17 20

= = yo N2 =7 t02*). = N~ M(X, R™)? = &

Presumed @ = C(X, R c X = X = & (4*)

Ass.: — M(X, R™®) P2 X \ M(X, R™) 4) 15y = X not compact [y =

Iwp € X\M(X, R™) (5*) : =2 PP wo V z € M(X, R™) 1) = Xo 1" Wo = Wo 17 X (5%)
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Sub-Ass.: 37 € X:zP™ wgsy=>2 PP Wo A Wo 17 Xg )= 2 P™ Xg paer = = Xo R0 2 = 7 t0 1¥).
= —z2PPwyV z e X=w e M(X,R™) = 7 to5*). = M(X, R™) P2 X\ M(X, R™)
t0“<": NP~ M(X, R™)? = @ (1*) A M(X, R™®) P2 X\ M(X, R™) (2*)
Ass: X =D )= TP D=7 to(17). = X = D (3%)
Ass. M(X,R™) =@ »y= D P X pger (4%). But X 3% & 19y => X P T = - X P
=7 t04*). = M(X,R™) # @ = I xge M(X,R™) (5*) 1y=> =% Ny Vy e X
S KPPy vxolPyvyPPx) VyeX sy XoPPyvxl™y) vy eX
SXRPyVyeXoxeCX R =CXR)=D
to (24): SCB v SCP1 < — (SCP2 v SCP3) A X # &
& A= MR PPAXAMX R AX = D] A X %= D

= [M(X, R"®) P2 X \M(X, R™®) v X =] A X #

= M°(X,R™) =@ A X =D

=) X =M(X, R™®) U M°(X,RP) A X = &

Spg X={xeX|=zPPxVzeX} U{xeX|3ze MX,R™:zP™x} AX=Q
< M(X, R™) P2 X \ M(X, R™) [
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