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LOCAL NULL CONTROLLABILITY OF A TWO-DIMENSIONAL
FLUID-STRUCTURE INTERACTION PROBLEM

MURIEL BouLAKIA! AND AXEL OSSES?

Abstract. In this paper, we prove a controllability result for a fluid-structure interaction problem.
In dimension two, a rigid structure moves into an incompressible fluid governed by Navier-Stokes
equations. The control acts on a fixed subset of the fluid domain. We prove that, for small initial
data, this system is null controllable, that is, for a given T" > 0, the system can be driven at rest
and the structure to its reference configuration at time 7. To show this result, we first consider a
linearized system. Thanks to an observability inequality obtained from a Carleman inequality, we
prove an optimal controllability result with a regular control. Next, with the help of Kakutani’s fixed
point theorem and a regularity result, we pass to the nonlinear problem.
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1. INTRODUCTION AND MAIN RESULT

1.1. Introduction

We consider a rigid structure immersed in a viscous incompressible fluid. At time ¢, the structure occupies the
smooth connected domain Qg(t). The structure and the fluid are contained in a fixed bounded connected open
set Q C R? with a regular boundary. We suppose that 5(0) and 2 have a smooth boundary (for instance C?).
The time evolution of the fluid eulerian velocity w is governed by the incompressible Navier-Stokes equations
(for simplicity, we assume that the fluid density is constant and equal to 1):

(1.1)

(Ou+ (u-Vyu)(t,z) —divo(u,p)(t,z) = f(t,2)l,(2), Vo € Qp(t), Vt € (0,T),
divu(t,z) =0,V € Qp(t), Vi € (0,T).

For any ¢t € (0,T), these equations are satisfied on Qp(t) = '\ Qg(t), the fluid domain. The tensor o(u,p) is
the Cauchy tensor given by

o(u,p) = 2¢(u) — pld,
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2 M. BOULAKIA AND A. OSSES

where e(u) = %(Vu + Vul) is the symmetric part of the gradient. Here, p is the pressure of the fluid. Without
lost of generality, we have supposed that the viscosity is equal to 1. Finally f is the control function which acts
over a fixed small nonempty open subset w of the fluid domain Qr(¢) and 1, is the characteristic function of
the domain w.

The motion of the structure is given by the translation velocity which is the velocity of the center of mass
of the structure a(t) € R? and by the instantaneous rotation velocity denoted r(t) € R. The equations of the
structure motion are given by the balance of linear and angular momentum. So, without the action of external
forces, we have, for all t € (0,7T)

ma(t) = /893(15) o(u,p)ndo(x), (1.2)

st = [ (otupm)- (@ - alt)* doo) (1.3)
095 (t)

We have denoted by m > 0 the mass of the rigid structure and J > 0 its moment of inertia. Moreover, 2=+ is

defined by

Vo= (x1,22) € R?, 2+ = (—x2,21).
At last, n is the outward unit normal to 9Qg(t). On the interface, we consider a non-slip boundary condition.
Therefore, we have, for all ¢ € (0,7)

u(t,z) =0,V € 09, (1.4)
u(t, ) = a(t) + r(t)(z — a(t))*, Vo € 0Qs(t). (1.5)

We define up to a constant the angle 6 associated to the rotation velocity
r=0.
The system is completed by the following initial conditions:
u(0,-) = up in Qp(0), a(0) = ag, a(0) = ay, 6(0) = 6y, r(0) = ro, (1.6)
where ag € R? the center of mass at initial time, 6y € R, ug € H3(2r(0))?, a1 € R? and ry € R satisfy
divug = 0 in Qp(0), up = a1 + ro(z — ag)* on 9Ng(0) and up = 0 on IN. (1.7)
At time ¢, the domain occupied by the structure Qg(t) is defined by
Qs(t) = X(¢,Qs(0)),
where X denotes the flow associated to the motion of the structure:
X(t,y) = a(t) + Rogy—o, (y — a0), Vy € Qs(0), Vt € (0,T). (1.8)

Here, Ry is the rotation matrix of angle 8. We have chosen to denote by y the lagrangian coordinate and by x
the eulerian coordinate. We can also notice that equation (1.5) allows to extend u on the whole domain Q. We
still denote u the global velocity defined on the solid domain by

u(t,z) = a(t) +rt)(x —a(t)t, Vo € Qs(t), YVt € (0,7).
We also extend ug on 2 in the same way. Thus, if we define

V ={ve H}(Q)/dive =0 in Q},
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then, for a.e. t in (0,T), u(t) belongs to V.
This problem satisfies an a priori estimate. Indeed, if we denote E the global energy:

1 J ¢
E(t) = —/ lu(t, z)|* dz + m |d(t)|2 + Sl + // |Vu(t', z)|? dz dt’,
2 Jarm 2 2 0Jap ()

we have
E(t) < E(0) +C(T) /O/ |f(', 2)|* dedt.

Let us mention that [3] and [5] prove the existence of local solutions for this model (see also the references
therein). In [18], a global existence result is proven: in particular, weak solutions of the fluid-structure problem
are defined beyond collisions. Moreover, [19] obtains a regularity result valid as long as no collisions occur. In
our study, we will need to keep this non-collision condition. We also want to avoid contact between the structure
and the control domain. We consider an initial position such that

05(0) € 2\, d(25(0).0(2\ ) >0, /m I dot) =0 (1.9)

The last hypothesis will be necessary to obtain the Carleman inequality given in subsection 1.5. Indeed, thanks
to this hypothesis, we will be able to deduce estimates for the structure velocity from estimates on the interface
of the fluid velocity. It will come from the fact that, if u = @+ 7(z — a)* on 9Q5(t), we have

/ luf2 = |a|2/ 1+|r|2/ |x—a|2=|d|2/ 1+|7~|2/ 1y — aol?,
Qs (t) Qs () s (t) Qs (0) 9Qs5(0)

thanks to the last hypothesis of (1.9). This hypothesis will be satisfied for a ball, an ellipse and more generally
for any structure symmetric with respect to the center of mass.

In this paper, we will be concerned with the null controllability of the system presented above. In [6], the local
null controllability is proved in dimension one for a particle evolving in a fluid modeled by Burgers equation.
This one-dimensional model has been analyzed in [21] and in [22]. Simplified problems for the interaction
between an elastic structure and a fluid are studied in [16,17,23]. The controllability of Navier-Stokes equations
is the subject of recent works. The methods used to deal with Navier-Stokes equations in our fluid-structure
problem are essentially due to papers [10,12].

Our article has been announced in a preprint [2]. Let us mention that a simultaneous and independent work
has been achieved in [14]. Some differences can be emphasized. Indeed, in this paper, the geometry of the rigid
solid is necessarily a ball while, in our paper, it only has to satisfy some symmetric hypothesis. The methods
used in [14] and in our work are different even if, in the two works, the main tool is a Carleman inequality. In
particular, in [14], the nonlinear problem is not proved with a compactness argument and thus initial conditions
are not as regular as in our work.

Remark 1. In (1.9), we only assume that no contact occurs between the structure and the global boundary
at initial time. As we will see, we keep this non-collision condition for all ¢ € (0,T). Indeed, if initial data are
small, then the control function is also small (see Prop. 6) and thus the displacement of the structure stays
small. Thus, if initial data are small enough, we then get that

4 (s, 0(2\w)) > 0.
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To conclude this subsection, we introduce function spaces on moving domains. In the following, for the sake

of readability, we omit to indicate with respect to which variable we are integrating, except when this is not
obvious.

Definition 1. We consider a domain S C  and, for each ¢, the domain S(t) = ¥(¢,.5) C Q where
Ui (ty) € (0,7) x Qs 0

belongs to H2(0,T;C?(Q2)) and is such that, for all ¢ € (0,7, ¥(t,) is a C?-diffeomorphism from  on Q and
from S on S(t). For a function u(t,-) : S(t) — R, we define

U(t,y) = u(t, ¥(t,y)), Vi € (0,T),Vy € S.
Then, we define, for all 1 < p,q < 400, for all k € N,
(0, TsWha(S(1))) = {u/U € L7 (0,T;W9(8)) },

and, for [ =1, 2,

W (0, T; Wha(S(1)))

In each space, we consider the associated norms

{ujvewt(o,m;whas)) |

1wl oo, zwra(se))) = Ul Loo,rswa(sy)s [wllwee o,mwreas@yy) = U lwieo,mwea(s))-

We give some useful properties satisfied by these spaces.

Proposition 1. We use the same notations and hypotheses as in Definition 1.
e A function u belongs to L¥(0,T; W*4(S(t))) if and only if, for a.e. t € (0,T),

T
x > u(t,x) belongs to W*4(S(t)) and / ) 1Ty ka5(2y) < 00
0

1/p

T
Moreover, the norm (/0 Il - |€V"a‘1(S(t))> is equivalent to || - HLp(07T;Wk,q(S(t))):

T 1/p
Cullullzeo,mwras@y)) < </O |U(t)|€vk,q(s(t))> < CallullLe(o,rswra(sey))

where C1 > 0 and Cy > 0 depend on the norm of ¥ and V=1 in L>°(0,T;C%*(Q2)).
e If u belongs to WP (0,T; Wka(S(t))) N LP (0, T; WFTL4(S(t))), dyu defined by

opu(t,z) = QU (L, U (t,x)) — 0, U (t, U (t,z)) - Vu(t,z) (1.10)
belongs to LP(0,T; W*1(S(t))).

1.2. Compatibility conditions on the initial data

With (1.7), we have already given compatibility conditions which have to be satisfied by our initial data. In
particular, we want the velocity to be continuous on the interface at initial time. These compatibility conditions
are necessary to obtain a first regularity result on the velocities of the fluid and the structure (the precise result
is given below by Prop. 2). Our study will also require a second regularity result on the acceleration associated
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to the fluid and structure motions (this result is given by Prop. 3). To obtain this result, we will need an
additional compatibility condition expressing that the acceleration is continuous on the interface and on the
global boundary at initial time. This kind of compatibility conditions appears for general classes of problems
(we refer to [20] for a general theory).

First, we have to define the acceleration of the fluid and of the structure at time ¢ = 0. They will be
determined by the equations of the motion as explained in the following lemma. Since our control function f
will be null at initial time, the compatibility condition will not depend on f.

Lemma 1. Let ug € H*(Qr(0))%, ap € R%, a1 € R? and ro € R be given. We consider the following problem

w1 + (ug - V)ug — dive(ug, po) = 0 in Qr(0),

mas =/ o(uo, po)n,
9Qs(0)

= / (o(ut0, po)n) - (& — ag),
0025(0)

divuy =0 in Qp(0),
uy -n =0 on 09,

up-n = (ag +7r1(z — ag)t — 1 (z — ag) — Vg (a1 + ro(z — ao)l)) -n on 00s(0).

Then this problem admits a solution (u1, po,az,71) € H*(Qr(0))? x H2(2r(0)) x R2 xR. Moreover, this solution
is unique (up to a constant for pg).

Proof of Lemma 1. We define the solution (u1,0,p0,0) € H'(Q2r(0))? x H2(2r(0)) obtained by a Helmholtz
decomposition
u1,0 + Vpo,o = —(uo - V)ug + Aug in Qp(0),

diVULO =01in QF(O),
uy,0-n =0 on 01,

Ui o-n= (f rg(x —ap) — Vuo(a1 +7ro(x — ao)l‘)) -n on 0Qg(0).

In the sequel of the proof, we will denote by 2! and z? the coordinates of a vector z € R2. We consider the
following problems:

u1,1 + Vpo,1 =0 in QF(O) 1,2+ Vpg2 =0 in QF(O)
divuy 1 =0 in Qp(0) divuy o =0 in Qp(0)

Y

u1,1-n =0 on 0N u1,2-n =0 on 0N

up1-n =n' on 90g(0) u19-n =n? on 90g(0)
and
u1,3+ Vpo,s =0 in Qp(0)
divui 3 =0 in Qp(0)
uy,z-n =0 on 0
ur3-n = (x —ag)t -n on ANg(0).

These three problems admit solutions in H'(Qr(0))? x H2(Qr(0)). We are looking for ui, po, az and rq
satisfying, up to a constant for pg,

1 2 1 2
Uy = u1,0 + axu11 + azuy 2 + riul 3, Po = Po,o + GzpPo,1 + aspo,2 + r1Po,3- (1.11)
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Thus, the dependence of u; and py with respect to a3, a3 and r; is affine. From this expression, we deduce the
system which has to be satisfied by as and 71

1 1 12 1 1 1
mag = *az/ Po,1n — ag/ Po2n — 7"1/ po,3n + FY,
905(0) 9925 (0) 0925 (0)

2 1 2 9 2 2 2
mas = —a2/ Ppo,1n” — ag/ Po,2n” — 7"1/ po,3n” + FY,
803(0) 693(0) 693(0)

Jry = —aé/ poan - (x —ag)*t — ag/ poan - (x —ag)t —r / posn - (z —ag)t + Fy
9Q5(0) 90s(0) 9Q5(0)

with

F = 2/ e(ug)n —/ po,on, Fo = 2/ (e(uo)n) - (x — ag)* —/ (po.on) - (x — ag)™.
0Q5(0) 0Q5(0) 0Q5(0) 0Q5(0)

By noticing that, for instance,

/ po,ml :/ |U1,1|2,/ 170,2711 :/ Uy, - U1,2,
905 (0) Qr(0) 0Qs(0) Qr(0)

we can easily prove that, since m > 0 and J > 0, the matrix associated to this system is symmetric and definite
positive. Thus, our system admits a unique solution a3, a2 and r; and then we deduce u; and pg from (1.11).0

This lemma allows to define the acceleration w; of the fluid at initial time and the acceleration of the center
of mass as and of the angle ry at initial time. It asserts the continuity of the normal trace of the acceleration.
In order to get the continuity of the whole trace of the acceleration, we make the following assumption on
(ula ag, TO):

uy = 0on 9Q, uy = az +r1(z — ao)™ — r§(z — ag) — Vuo (a1 + ro(z — ag) ™) on 9Qs(0). (1.12)

Indeed, if we consider the expression (1.5) and we derive it with respect to time, we obtain this expression at
initial time. To derive this expression, we have to be careful since the domain 9Qg(t) depends on time. Thus,
we first have to express this equality on 02g(0) thanks to the flow X defined by (1.8). Condition (1.12) can be
expressed in terms of initial data ug, ag, a1 and rg.
We make the following hypothesis for ug, ag, a1, 6y and rg:
ug € HB(QF(O))2, ap € RQ, ay € RQ, 0o € R and rg € R,
divug =0 in Qp(0), up = a1 + ro(z — aO)J‘ on 90g(0) and ug = 0 on 99, (1.13)
(u1,a9,71) defined by Lemma 1 satisfy (1.12).

1.3. Main result

We introduce the notion of controllability:

Definition 2. We will say that our problem is null controllable at time T if there exists a control function
f € L*((0,T) x w)? such that

w(T,") = 0'in Qp(T), a(T) = 0, a(T) = 0, O(T) = 0, #(T) =0, (1.14)

or, equivalently,
w(T,)=01in Q, a(T) =0, 8(T) =0,
where (u, a, 6) is the solution, together with a pressure p, of the problem defined by equations (1.1) to (1.6).



A CONTROLLABILITY RESULT IN FLUID-STRUCTURE INTERACTION 7

Thus, we want to drive the fluid and the structure at rest and we also want the structure to be located in
the reference configuration R_g,(2s(0) — ap). The main result of this article is:

Theorem 1. We suppose that ug, ag, a1, 0y and ro satisfy (1.13) and we consider an initial structure do-
main Qs(0) such that (1.9) is satisfied. Let T > 0 be a fized final time. Then, there exists € > 0 depending on
T and on the domains 0, w and Qs(0) such that, if

luoll 73 (2 (0))2 + |aol + a1 + |60 + |ro] < e,

the problem defined by equations (1.1) to (1.6) is null controllable at time T'.

Remark 2. We can also consider N structures occupying the domains Qis(t), 1 <4 < N, immersed in the
fluid. The two equations for the structure motion are replaced by 2N equations for the translation a; and the
rotation velocity r; associated to the i-th solid. Each structure has to satisfy (1.9) and we also have to avoid
contact between two different structures i.e.

d (Qg(O),Qg(O)) >0,¥1<i,j<N.

Then we can prove that the same Carleman inequality (1.30) holds for the structure domain Qg(¢) defined by
Qs(t) = U Q% (t) and we can obtain the same local null controllability result.
1<i<N

Remark 3. By standard arguments in controllability, we can prove that this result also holds for a control
domain located on the boundary of the cavity 2.

To begin with, we will prove a controllability result on a linearized problem. Let (@, 7) be given in H?(0,T)?x
H'(0,T). We define 6§ the angle associated to the rotation velocity 7 defined up to a constant. Thus, for any
t € (0,T), the structure domain Qg(t) is defined by

QS(t) :X(tvﬂS(O))a (115)
where X denotes the flow associated to the structure velocity and is defined by

X(t,y) = a(t) + Ryy_p, (y — a0), Vt € (0,T), Vy € Qs(0). (1.16)
We assume that @ and 6 satisfy
a(0) = ag, 4(0) = ay, 6(0) = By, 7(0) = ro, Qs(t) € 2\ w, d (ﬁs(t),a(ﬂ\w)) >a,¥te[0,T],  (1.17)

where a > 0 is a fixed real number small enough. The last two properties are satisfied at time ¢ = 0 because
X(0,-) =1d in Q5(0) and we have supposed that Qg(0) satisfies (1.9). We can also define the corresponding
fluid domain by

Qp(t) =\ Qs(t).
Next, let u be given such that

@€ L(0,T5 L=(Qp (1)) N W40, T; LH(Qp (1)) N L0, T; H(Qe (1)), (1.18)

divii = 0 in Qp(t), @ = a+ 7(z — @)= on 8Qs(t), @ = 0 on 9, (1.19)
a(t = 0) = up in Qp(0). (1.20)
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As for the velocity u, we can extend 4 on (NZS(t) by the velocity of the structure.
We will say that (u, p, a,r) is a solution of the linearized problem around (4, a, 7) if and only if, for all ¢t € (0,T),

(Oru+ (@~ V)u)(t,z) — divo(u,p)(t,x) = f(t,x)lu(z), Vo € Qp(t),

4 = olu,pn) - (x —a L
‘””“)‘/a@s(t)( (w,p)n) - (& — a(t)*,

divu(t,z) =0, Va € Qp(t),
u(t,z) =0,V € 09,
u(t,z) = a(t) + r(t)(z —a(t))*, Vo € 9Qs(t),
0,-) = up in Qr(0), a(0) = ag, a(0) = a1, 8(0) = Oy, r(0) = ro.

(1.21)

u(

We easily obtain an a priori energy estimate for this problem. Indeed denoting E (t) the global energy:

~ 1
Boy=3 [ P 5 a0 + 3 por + // V(' o) dr
2 Jarm
we have

E(t) < E(0) 4+ C(T) /Ot/ | (¢, z)>dadt’.

It seems worth noting that, in order to have an energy estimate for the linearized problem, the given velocities 4,
a and 7 have to satisfy continuity and divergence-free conditions (1.19). Since the trace of @ has to be defined,

we have taken @ in L>(0,T; H(Qp(t)))2.
First of all, we will prove a controllability result for this linearized problem. The result is formulated as
follows:

Theorem 2. We consider initial data ug € H'(2p(0))?, ap € R?, a1 € R?, 6y € R and ro € R satisfying (1.7)
and an initial structure domain Qg(0) such that (1.9) is satisfied.

Let T > 0 be a fized final time. We suppose that (a,7) € H2(0,T)? x H*(0,T) are such that (1.17) holds for
some a > 0 and that G satisfies conditions (1.18) to (1.20). Then, problem (1.21) is null controllable at time T'.

To prove the controllability result for the linearized problem, we need to introduce the homogeneous adjoint
problem. It is defined by the following system, for all ¢t € (0,T)

(= 0w — (@-V))(t,z) —diva(v,q)(t,z) =0, Vo € Qp(t),

mb(t) = — /6@3@) o(v,q)n,
Ti(t) = - /8 ) @ a0)

divo(t,z) =0, Vo € Qp(t),

v(t,z) =0,V € 99,

v(t,x) = b(t) +y()(@ — a(t))*", Vo € 0Qs(t).
o(T,-) = vg in Qp(T), o(T) =0, b(T) = b], 1(T) =7

(1.22)
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The initial data v € H*(Qr(T))?, bT and AT satisfy

o = b7 + 47 (x — a(T))* on 095(T), vf =0 on Q and divel =0 in Qp(T). (1.23)

1.4. Extension of the structure flow

We have already introduced the definition of the structure flow by (1.16). In the following, we will need to
extend this flow up to the global boundary 0f2 by a regular and incompressible flow. To construct this extension,
conditions of non-collision between the structure and the boundary of £ have to be satisfied. According to
condition (1.17), we have Qg(t) C (2 \ w)a, for cach t € [0,T] where we have denoted, for a subset A of R2,
Ae ={x € A/d(x,0A) > €}. We have the following result:

Lemma 2. Let (@,7) € H2(0,T)% x H*(0,T) be given. We define Qs(t) by (1.15) and we suppose that (1.17)
is satisfied for some a > 0. We can extend the velocity

a+ 7z —a)t

defined on Qs(t) by a velocity tis € H'(0,T;C(Q))? satisfying, for all t € (0,T)

div ug = 0 in §Q,
s =01in Q\ (Q\w)ays, Us = a+(x—a)t in (Q\ w)ay2,

and such that _
sl o,7;c2)2 < Clllallmr o)z + 17z 0,7)), (1.24)
where C depends on T and .

We do not detail how we obtain this incompressible velocity which extends the velocity defined on the
structure: we refer to [19] for the proof of this result. We define the flow associated to @gs. We still denote it X
since it extends the flow defined on the structure by (1.16).

Lemma 3. Under the same hypotheses as in Lemma 2, the flow X associated to ug defined in Lemma 2 satisfies:
o for each t € [0,T), X(t,-) is a C2-diffeomorphism from Q on Q and from Qg(0) on Qp(t). We denote
by Y (t,-) the inverse of X(t,-) defined on ;
e X andY belong to H%(0,T;C2())2;
V(t,y) € (0,T) x Q, det VX (t,y) = 1;

Ve (0,7), Vy € 2\ (Q\waa, X(hy) = y;

Vi € (OvT)v Vy € QS(O) + B(O,Q/Q), X(tay) = d(t) + Ré(t),go(y - aO)a

where B(0,a/2) denotes the ball of center 0 and of radius o/2. Moreover, we have

X || m2 (0,722 + 1Y |2 0,mc200)2 < Clallmz0.m2 + 117 a1 0,1)):

where the constant C' depends on T and «.

Proof of Lemma 3. Thanks to the regularity of ug obtained in Lemma 2 and the properties of the flow associated
to a velocity, we easily obtain the first three points of the lemma.

Now, on @\ (2 \ w)a/4, since @5 = 0, we have that )N((t, -) = Id. Moreover, for each ¢t € (0,7, for each
y € Qs(0) + B(0,/2), we have

a(t) + Rypy_g, ( — a0) € Qs(t) + B(0,a/2) C (2\ w)ay2-

Consequently, by uniqueness of the flow, the last point of the lemma is satisfied. (I
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Remark 4. If @ belongs to W1>°(0,7)? and 7 belongs to L>(0,T), Lemmas 2 and 3 still hold with the
appropriate changes (the flows belong to W1>°(0,T; C?(£2))2.
1.5. A Carleman inequality

To obtain our controllability result, we prove a Carleman inequality result for the adjoint system (1.22).
We consider a nonempty open set wp such that wy CC w (i.e. Wy C w). We will introduce time-dependent
weight functions defined on the moving domain Qg (t). First of all, we consider a steady weight function Sy in

C?(2r(0)) depending on ©Q, wy and Qg(0) such that

Bo =0 0on 9QUINg(0), Bo > 0 in Qp(0),
ViBy-n<c1 <0ond, Vi -n>co>0o0ndNs(0), VG| >0in Qp(0)\ p.

On the boundary of 2, the vector n is the outward unit normal to €2 and on the boundary of the structure
domain, n is the outward unit normal to the structure domain (and thus the inward normal to the fluid domain).
For the proof of this result, we refer to [11]. We suppose that (1.17) holds for some « > 0. Then, thanks to 3y,
we define the time-dependent weight function § which follows the displacement of the structure by

B(t,x) = Bo(Y (t,2)), Vo € Qr(t), Vit € (0,T),

where Y is defined by Lemma 3.
Lemma 4. The function 3 belongs to L (0, T; W2 (Qp(t))) N W22 (0, T; W2 (Qp(t))) and is such that:

B=0 ondQUIN(), B> 0 in Qp(t),
VB-n<e <0 ondVE-n>cy>0 onds(t), VA >0 in Qp(t) \ To. (1.25)

Moreover, we have the following estimate:

||ﬁHLOO(0,T;W2,OO(§~)F(t))) + Hﬁ”leO"(O,T;leO"(ﬁp(t))) S 07 (126)

where C' depends on T and «.

To introduce the Carleman inequality satisfied by a solution of the adjoint linearized problem (1.22), we
define, for A > 1, the functions V and ¢ by: Vt € (0,T), Vz € Qp(t),

QlOAM _ A(8M+6(t,x)) ABMAB(t,2))
where M = ||Bo| L(a(0))- For this choice of M, we can already notice that V is a positive function since
||6HLOO(07T;LOQ(§F@))) = ||Boll Lo (2 (0))- Moreover, V and ¢ have the following properties:
VV = -XpVE, Vep=pVp.
We also define, V¢ € (0,7),
. elOAM _ J9AM elOAM _ 8AM
V()= inf V(t,2)= —F—7—, V()= sup V(t,2) = ———F, 1.28
(0= Vitn) = S V0 = s Vi) = S (1.28)
( (13) = o (1) (12) = o (
o) = sup @(t,z) = ———=, ¢ (t) = inf ot,z)=—Fr— 1.29)
2€Qm (1) t4(T — t)4 2€QF (1) t4 (T — t)4
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Then, the following global Carleman estimate for problem (1.22) holds:

Theorem 3. Let a € H?(0,T)%, 7 € H'(0,T) and @ be given such that (1.17) holds for some o > 0 and such
that conditions (1.18) to (1.20) are satisfied.
Then, there exists a constant C' and two constants 8 and X such that, for every vl € L*(Qr(T))?, bl € R?,

st € R, the corresponding solution (v,q,b,v) of (1.22) satisfies, for any s > & and A > ),
T 1 T « .
// e~ 28V (—(|AU|2 + |6tv|2) + s)\2<p|VU|2 + 33)\4go3|v|2) + s)\/ "V (‘b| + |ﬁ|2>
0 JQr(t) sp 0

T T
+53)\3/ /~ e—2sV* ((,0*)3|’U|2 +5}\/ /~ e—2sv*(p*|v,un|2
0 JoQs(t) 0 J0Qs(t)

T N
S 0319/2)\13/ / eQSV*74SV¢10|U|2. (130)
0 Jw

The constant C' only depends on T, a and By, and § and A depend on T, «, By and the norm of @ in H?(0,T)?,
7in HY(0,T) and @ in L°°((0,T) x Q)2 n W40, T; LY(Qr(1)))?.

Remark 5. In this work, we suppose that the viscosity u is equal to 1. It can be interesting to wonder how
the constant in our Carleman inequality depends on p if p is not fixed. It is known that the constant in global
Carleman inequalities for parabolic equations behaves as exp(C/T), where C' > 0 is a constant depending on
the domain and T' > 0 is the length of the time interval (see for instance [9]). Let us consider the heat equation

Ut — /J/AU’ = f in (O7T)7

where 1 > 0 and make the change of variables 7 = ut then we retrieve a heat equation with u =1

Ur —Au= fin (0,uT),

where w(7) = u(r/u), f(r) = f(r/1)/ 1, and therefore, with the classical computations, we find that the constant
in the global Carleman inequality is of order exp(C/(pT)). It has been also shown that this constant is optimal
for the observability inequality at least in one dimension (see [4]). In our case, the situation is essentially the
same.

The proof of this theorem will be given in Section 2, but before, we will study some regularity properties
which will be useful in the sequel.

1.6. Regularity results on the linearized problem

We give regularity results for the following non-homogeneous linearized system associated to (1.21): for all
te(0,71),
(Opu+ (G- V)u)(t,x) — divo(u,p)(t,z) = gr(t,z), Vo € Qp(t),

mi(t) = /BQS(” o(u,p)n + gr(t),

It = [ (olwpn)- (@ - 2O + grle)
895 (t)
divu(t,z) =0, Va € Qp(t),
u(t,z) =0,V € 09,
ut,z) = at) +rt)(z — a(t)*, Va € 00s(t),
u(0,+) = up in Qp(0), a(0) = ag, a(0) = a1, 6(0) = by, 7(0) = ro,

(1.31)
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where g is the force acting on the fluid and gr and ggr are the force and the torque acting on the structure.
Of course, these results are also true for the linear adjoint system and can be shown in the same way. In [19],
the first regularity result is proved for the nonlinear fluid-structure direct problem. Thus, the proposition which
follows is a result contained in [19]. We only give a sketch of the proof and we refer to [19] and the references
therein for complementary explanations. Let us define

U, T;Q) = L*0,T; H*(Q)) N H*(0,T; L*(Q)) N L>=(0,T; H*()).

Proposition 2. Let initial data ug € H*(Qr(0))?, ap € R%, a; € R?%, 0y € R, 1o € R and forces gr €
L2(0,T; L2(Qp(1)))2, gr € L*(0,T)2, gr € L2(0,T) be given. We suppose that initial data satisfy (1.7), that
e L(0,T; L%(Qp(t)2 1 L0, T; H (Qp (), (@,7) € Wh(0,T)2 x L>®(0,T) satisfy (1.19) and (1.17)
for some o > 0. Then, the system (1.31) admits a unique solution

uweU0,T;Qp(t)% pe L20,T; H'(Qp(t))), a € H*(0,T)%, r € H'(0,T).
Moreover, we have the estimate

Hu”u(O,T;ﬁF(t))? + HPHL2(07T;H1(QF@))) + llall 2o,z + 171l 2 0,1)

< C(l(wo, ar,mo) |t (02 xr2x® + 197l 120 722000 (11)2 T 19T 220,702 + l9R ] 22(0,7)) 5
where the constant C' depends on T, «, the norm of i in L>=((0,T) x Q)% (and thus on the norm of (a,7) in
WLeo(0,T)2 x L(0,T)).

Proof of Proposition 2. This result is obtained by doing a change of variables to come back to initial configu-
rations Qp(0) and Qg(0). Thanks to Lemma 3 (see Rem. 4), we define the flows X and Y. Let us define the
new variables

Ut y) = VY (t, X (6, ) ult, X (4, ), P(ty) = plt, X(t,1)), A(t) = / Ry, _jeat') dt’.

It can be proved (see [19]) that (u,p,a,r) is a solution of (1.31) if and only if (U, P, A, r) satisfies

OU — [LU] + [MU] + [NU,U] + [GP] = Gg in (0,T) x Qz(0),

mA = o(U, P)n+ Gr +mi A+ in (0,T),
9925 (0)

= / (U(Ua P)n) ’ (y - aO)J_ +Gr in (Oa T)a
693(0)

divU =01in (0,7) x Qr(0),

U=0on (0,T) x 09,

U=A+r(y—ao)* on (0,T) x 0Qs(0),

U(0,-) = ug in Qp(0), A(0) =0, A(0) = ay, r(0) = ro,

(1.32)

where we have defined

Gr (t7 y) = V?(t, )Z'(t’ y)) gr (t7 )’Z(tv y))a Gr (t) = Reg—é(t)gT(t)a
Gr(t) = gr(t), Ult,y) = VY (t, X(t,y)) a(t, X (t,y)).
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The operators L, M, N and G are given by (we implicitly sum over repeated indexes)

[LU; = 0; (™ 0uUs) + 20 T4, 00; + (90 (9'T8) + g TT,, ) Us,
[MU); = (8,Y; 0 X)0;U; + (F;‘.k (0:Yi 0 X) + (iY; X)atajik> U,
[]\H]7 ﬁ]l = ﬁj(i‘)jUi + F;kﬁjUk,

[GP); = g0, P,

(1.33)

where we defined

. SO . 1
g7 = O0kYio XOpYj0 X, gij = O X0k X}, F']fj = 59“ (9590 + 0igj + 019:5) .-

According to Lemma 5 which is given below and to definition 1, we deduce the regularity result on the inter-
val (0,Tp). Since this time T only depends on « and the norm of @ in L°°((0,7") x ©)? and thanks to the
estimate (1.34), we can extend our solution until time 7. (]

Lemma 5. Let Gr € L*(0,T; L*(2r(0)))?, Gr € L*(0,T)? and Gg € L*(0,T) be given. We consider initial
data ug € HY(Qr(0))2, ap € R2, a; € R2, 6y € R, ro € R which satisfy (1.7) and we suppose that U belongs
to L>=((0,T) x Qr(0))2, @ belongs to WH>(0,T)? and 7 belongs to L>(0,T). We consider the system (1.32)
where L, M, N and G are defined by (1.33).

Then there exists a time 0 < Ty < T depending on o, the norm of U in L>((0,T)x Qp(0))2, @ in WH>(0, T)?
and 7 in L*°(0,T) such that this system admits a unique solution

U € U0, Ty; Qr(0)), P € L*(0,To; H (Q2r(0))), A € H*(0,Ty)%, r € H(0,Ty).
Moreover, we have the estimate
1Ullwo, 10020 0))2 + 1Pl 200,701 (2 0))) + I All 200, 70)2 + 7112 0,70)

< C(H(Uo,al,TO)HHl(QF(o))2xR2xR + Gl L2(0,10:2 (28 (0)))2 + 1GT || L2(0,10)2 + HGR||L2(O,T0))7
(1.34)

where the constant C depends on T, a, the norms of U in L°°((0,T) x Qp(0))2, @ in W-°(0,T)? and 7 in
L>=(0,7).

Proof of Lemma 5. First of all, we consider the linear problem

atU— AU+VP = FF in (O,T) X QF(O),

mA = / o(U, P)n + Fr in (0,7T),
902s5(0)

Ji = / (o(U, P)n) - (y — ap)™ + Fr in (0,T),
9Qs5(0)

divU =01in (0,T) x Qr(0),

U=0on(0,T) x 09,

U=A+r(y—ag)t on (0,T) x 905(0),

U(0,-) = ug in Qr(0), A(0) =0, A(0) = ay, 7(0) = 7o.

(1.35)

A regularity result for this problem is proved in [19]: this system admits a unique solution (U, P, A,r) in
U0, T;Qr(0))2 x L2(0,T; HL(Qr(0))) x H%0,T)? x H*(0,T) and (1.34) is satisfied with Gp, Gr and Gg
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respectively replaced by Fr, Fr and Fr. (U, P, A,r) is solution of the system (1.32) if and only if it is solution
of (1.35) with

Fr = Gp+|[(L-A)U]-[MU] - [NU,U]+[(V-G)P],
Fr = GT+’ITL7:AJ‘,FR=GR.

By proving estimates on the coefficients as in [19] thanks to Lemma 3 and Remark 4, we obtain that, near 0, the
flows X and Y stay close to Id and thus, the operators L—A, M, N, V — G stay small. Therefore, we obtain the
regularity result. O

We will also need estimates on the second derivative of the velocity for the adjoint linear problem and the
direct linear problem. The result which follows is given for the direct linear problem but it can be word for
word adapted to the adjoint linear problem. This result plays a key role to prove Carleman estimate and to
pass to the nonlinear problem in the last section. Hypotheses of regularity (1.18) we have to do come directly
from this proposition. We suppose that the given forces satisfy

gr(t=0)=01in Qp(0), gr(t =0) =0, gr(t =0) = 0. (1.36)

Proposition 3. Let gr € Hl(O,T;LQ(ﬁp(t)))Q, gr € HY0,T)2, gr € H'(0,T) be given functions satisfying
(1.36). We suppose that initial data wg, ag, a1, 0o and o satisfy (1.13) and we consider @ and (a,7) €
H?(0,T)% x H(0,T) satisfying conditions (1.17) to (1.20). Then, the system (1.31) admits a unique solution

we HY0,T; H2(Qr())? N H2(0,T; LA(Qp(t)> N Wh(0,T; H (Qr (1)),
pe HY0,T; H' (Qr (1)), a € H*(0,T)?, r € H*(0,T).

Moreover, we have the estimate

ull 10,2102 @ )2 + 14l 200,222 @ (1yy)2 T+ Nllwsioo 0,10 @012 + 1P a2 0,101 @0 00
+ lall gz 0,2 + Irlla20,m) < C([[(uo, a1, 7o) || i3 (@ (0))2 xR2 xR + 97 |1 (0,712 @ (1)))2

+ gzl oz + lgrlla o,m), (1.37)

where the constant C' depends on T, «, the norm of @ in L>(0,T; L>®(Qp(t)))? and in W40, T; L*(Qp(t)))?
and the norm of (a,7) in H*(0,T)? x H'(0,T).

Proof of Proposition 3. As in Proposition 2, we consider the equivalent transported system (1.32) on Qx(0).
We derive this system with respect to time. We see that (0;U, 0; P, A, 7)) is formally solution of

W — [LW] + [MW] + [NW,U] + [GII] = G in (0,T) x Q2x(0),

mD = o(W,I)n + Gy — miD* in (0,7),
905(0)

Ji = / (c(W,I)n) - (y — ap)* + Gg in (0,7),
202 (0) (1.38)

diviW =0 in (0,T) x Qr(0),

W =0on (0,T) x 99,

W =D+ 7(y—ag)" on (0,T) x 02s(0),

W(0,-) = 8,U(0,-) in Qp(0), D(0) = A(0), D(0) = A(0), 7(0) = #(0),
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where the forces are given by

Gr = 0,Gp+[0.LU] - [0:MU] — [8,NU,U] — [NU, ;U] — [0, GP],
Gr = 0,Gr+miA*,
Gr = 0,Gr.

We have defined 0;L, 0;M, ;N and 0;G by

[6tLU]i = 8j (0tgjk6kUi) + 20t(gle§k)0lUj + (6tak (gklI’;l) + at(g“F;?;F};mD Uj
(MU = 0,(87; 0 X)0;Us + 0, (Tiy (917 0 X) + (90T: 0 X) 010, X0 ) U,

[O:NU, U); = 0,T%,U; U,
[0tGP]Z = é?tgijé)jP.

These operators correspond to L, M, N and G where we have derived the coefficients with respect to time.

Lemma 1 allows to define the initial data 8;U (0, -), A(0) and 7(0).

We do not prove here rigorously that (0,U, 0; P, A, 7) satisfies this system. This can be done by considering
the solution (W, II, D, 7) of the problem (1.38). According to what follows, this solution is well defined. Then,
it can be proved that the primitives in time of this solution with the good initial data satisfy the same problem
as (U, P, A,r) and thus, by uniqueness, we can identify (W,IL, D, 7) and (,U, d;P, A, 7).

We want to apply the regularity result given by Lemma 5 to system (1.38). First, according to Lemma 1,
0:U(0,-) belongs to H'(Qg(0))? and, since the acceleration of the fluid at initial time u; and the terms of
acceleration of the structure at initial time as and r; satisfy (1.12), the compatibility conditions

divd:U(0,-) =0 in Qp(0), 0:U(0,y) =0 on 99Q, 8:U(0,y) = A(0) + 7(0)(y — ap) on 9Qs(0)

are satisfied. Next, we have to prove estimates on Gr, Gr and Gg. According to Lemma 5, (U, P, A, r) satisfies
(1.34) on (0,Ty) where Ty depends on « and the norm of @ in L>((0,T) x Q)% Next, we notice that the
coefficients g5, g/ and I'}; belong to H?(0,T;C*(Qp(0))) since X and Y belong to H2(0,T;C%(R)). Thus, we
have

I[0:LU] — [0 MU] — [0: NU, U]l L2((0,10) x 2 (0))> < CllU llta(0,10:928 (0))2

110:G Pl L2((0,10) x2r (0))2 < ClIPllL2(0,10: 51 (2 (0))) 5

where C depends on T', a, the norm of U in L*°((0,T) x Q£ (0))? and the norm of (@, ) in H2(0,T)%x H'(0,T).

Moreover, since U belongs to U(0, Tp; Qr(0))? — L*=2(0, To; WH4=2(Qr(0)))? for every o > 0 and 9,U
belongs L*((0,T) x Qr(0))?, we have

IINU, 0:U [l L2 ((0,10) <2 (0)2 < ClU a0, 10:02 (02
Thus, thanks to (1.34), we obtain an estimate on G in L2(0,To; L?(Qr(0)))%:

G| 220,10y xar@)z < C(ll(uo, a1,70)| Hr (2r (0))2xR2xR + |G| H1 (0,70:L2(92 (0)))2

+ |G7llL20,10)2 + IGRIL2(0,10)) 5

where the constant C' depends on «, the norm of @ in L*>(0, T L°°((~2p (t)))? and in W14(0,T; L4((~2p(t)))2 and
on the norm of (a,7) in H2(0,T)% x H(0,T).
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For Gr and Gr, we also have estimates in L?(0,T):

1G7ll 20002 < C(ll(uo, ar1,70) |l 51 (@r(0))2 xr2 xr + G EIL2(0,70:22 (02 (0)))2
+Grlla 0,12 + IGRIL20.10)) 5
IGrIIL2010) < NGRlE (0,10)-

We deduce from Lemma 5 that
U € U(0,Ty; r(0))?, 9, P € L*(0,To; H (21 (0))), A € H3(0,Ty)?, r € H?(0,Typ),
and

10:U Nlet0, 103020 (0))2 + 106 Pl 20,101 (2 (0))) + Al 30, 70)2 + [17]| B2 0,70)

< C([(uo, a1, 7o)l 2 (o (0)2xR2xR + |Gl H1(0, 105220000 (0)))2 + |Gl 2 (0,70)2 + |1 GRI 1 (0,130) ) -

Thus, we obtain our proposition and estimate (1.37) on (0,7Tp). Next, we can extend this solution until time T
since this time Ty only depends on « and the norm of @ in L>((0,T) x Q). O

The first step of our work is devoted to the proof of the Carleman inequality.

2. PROOF OF THEOREM 3

We divide the proof of Theorem 3 in several subsections: in the first subsection, the Navier-Stokes equation
is treated as a heat equation with a right-hand side depending on the pressure. We have to be careful since
the fluid domain (and consequently the associated weight functions) depends on time. Thanks to the equations
satisfied by the structure, we obtain estimates on the acceleration of the rigid motion which enable us to bound
the terms on the interface appearing in the Carleman estimate. We obtain an inequality with global integrals in
the pressure in the right-hand side. In the second subsection, we prove that we can replace this global integral
in the pressure by a local integral: to do this, we follow the method introduced by [10] using an auxiliary
Carleman inequality given in [13]. And finally, in the last subsection, we estimate this local integral in the
pressure, following the arguments in [10]. The hypotheses of Theorem 3 on the acceleration of the given motion
(U, a, ) are only used in this last section.

2.1. A first estimate with global integrals in the pressure in the right-hand side
We set:

w(t,z) = eV (t, ), Vo € Qp(t), Vi € (0,T),

where v together with some ¢, b and + is the solution of the homogeneous adjoint problem (1.22). Notice that
w satisfies

w(0,2) =0,V € Qp(0), w(T,z) =0, Va € Qp(T), (2.1)
w(t,z) =0,Vt e (0,T),Va € 09,
w(t,z) = eV (b(t) +y(t)(x —a(t))*), vt € (0,T),Va € Qg (t). (2.3)
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We have

o = e*Y(Oyw + 50 Vw), Vo = &Y (Vw + swVV?), (2.4)
Av = eV (Aw + 2sVwVV + sAVw + s2|VV|*w).

Replacing v by w in the first equation of the adjoint problem (1.22), we obtain that
—Oyw — 80 Vw — (- VIw — Aw — 2sVwVV — s2|VV|*w — sAVw = s(i - VV)w — e *V Vg,

so equivalently
Li(w) + La(w) = gs,
where L (w), La(w) and g, are defined by

Li(w) = —Aw — s X202 |V 52w, (2.6)
Ly(w) = —(dyw + (@is - V)w) + 2sApVwV 3 + 25A20|VB|?w, (2.7)
9s = sAVw + 25\ |V B*w + (Y + i@ - VV)w — ((as — @) - V)w — e~*VVq.

Let us notice that we have added the term 2sA\2¢|V3|?w in Ly and in g5 in order to obtain additional estimates
on Vw. We recall that the velocity ug is defined by Lemma 2. Then, we have

L1 ()3 + | L2(w) 3 + 2(L1 (w), La(w)),, = llgsll3, (2.8)
where (-, )2 and || - ||2 denote the following scalar product and the associated norm:

T
(U.V), = / /QF@)Uu,x)-va,x), U1z = (U.0),.

We shall now compute the scalar product in the left hand side of (2.8). We can write that

(L1 (w), L2(w))2 = Z ZI@

where I;; represents the scalar product between the i-th term of L;(w) and the j-th term of Ls(w). In the
sequel, these two integrals will play a key role:

T T
K = 53)\4// OPlw?, Ko = s)\2/ / ©|Vwl|?, for s > 1 and A > 1.
0 JQr) 0 JOp(t)
We have the following successive results:
T
/ /~ Aw - (Qyw + (as - V)w)
QF(t
/ / Vw : V(0w + (s - V)w / / (Vwn) - (Qow + (s - V)w).
Qp(t) 0Ns(t

This is obtained by integrating by parts in space. We recall that n denotes the outward unit normal to 8?23(15).
Since we are working on moving domains, we have to be careful on the way we treat the integral. We recall a

Ill
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differentiation formula: for a scalar function f regular enough, we have

d . N 5
4 / F= [ af+div(ris) = / Of +iis - VF, (2.9)
At Ja ) Qr (1) Qp(t)

since ug is divergence free. Thus,

1d 1
——/~ |Vw|? = / Vw : Vow + —/ iis - V|Vwl|?.
2dt Ja,.@ Ort) 2 Jarm

1 [Td ) r _
I, = —- /| = |Vwl|? — Vw : (VwVig)
2 Jo At Ja.m 0 JQp(t)

_/()T/aﬁs(t)(vwn) (0w + (s - V)w)

since w satisfies (2.1). Moreover, according to Lemma 2 and Remark 4, @ig belongs to L>(0,T; W (Qp(t)))?
and satisfies

Consequently,

s oo (o 1o @p ez < CUllallLoe oy + 17l o 0.1)) < Cllidll Loe 0,1y x92)-

The last inequality comes from the fact that @ = @ + F(x —a)* on ﬁs(t). Thus, we have

5 T
111 Z ——2K2 — / /N (an) . (8tw + (’&/S . V)’LU),
SA 0 Jods ()

where C depends on T', a, By and ||| o ((0,7)x ). We have used that the weight function ¢ is greater than a
strictly positive constant which only depends on T'.

In the sequel of this subsection, we will denote by C various constants depending on T', av, B and ||| Lo ((0,7)x )
(thus depending on ||a@||yy1.5 (0,72 and ||7]| e (0,7), and we will denote by C' various constants only depending
on T and fy. Integrating by parts, we have, for 15,

T
Ly = — ZSA// eAw - (VwVP)
0 Qp(t)
T T
_ SA//~ www?vmm//~ Vo : (VuV(oV5))
0 JOr () 0 Jar ()
T T
+ 25>\/ /~ o(Vwn) - (VwVﬂ) — 25)\/ / o(Vwn) - (VwVﬂ)
0 JoQs(t) 0 Joq
T T
= - sA/ﬁ e|Vw|* (AB + A|VS|?) +25A2//~ | VwV |2
0 JQp(t) 0 JQr(t)

T T T
+ 23)\/ / otr(VwD?BVw') — s)\/ /N ©(VB-n)|Vw|* + s)\/ / ©(VB-n)|Vw]?
0 JQp(t) 0 JoQs(t) 0 JoQ2

T T
+ 23)\/0 /6523@) e(Vwn) - (VwV) — 23)\/0 /(%2 o(Vwn) - (VwVp),
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where D?f3 is the matrix (9?

mﬂ)m. For the boundary terms, we notice that

2(Vwn) - (VwVB) — (VB n)|Vw]* = 2(V3: n)|Vw n|* +2(VB-7)(Vwr) - (Vwn)
—(VB-n)|Vwn|> — (VB -n)|VwT|?,

where 7 is the tangent vector to the boundaries aﬁs(t) and 0. Thus, since 3 is zero on the two boundaries,
we obtain that

2(Vwn) - (VwVB) — (VB-n)|Vu|? = (VB-n) (|an|27|vm|2).

Moreover, on 952, w is zero and consequently Vw7 = 0. On aﬁs(t), w satisfies (2.3) and Vwr = e=*Y yn.
Therefore, we have, for Iy,

T T
Ly = — sA//~ e|Vw|* (AB + AVS|?) +25A2//~ | VwV 2
0 JQr(t) 0 JQR(t)
T T .

+ 25)\/ / otr(VwD?BVw') + s)\/ /~ ©(VB-n) (|Vw n|2 — e 2V 72>
0 JOr(t) 0 Jofis(t)
T

— s)\/ / (VB -n)|Vwn|*.
0 Joo

At last, we obtain:

2 r 2 2 6 T 2 —2sV* 2
e oz =8 [ Rl - SRk [ p(vaen) (Wl - e 2)
0 JQp(t) 0 Jads(t)

T
2
fsA/O/mso(w n) [Vwnl,

2 (1 2 , C g 2 —2sV° 2
> —sA o|VBI7 | Vw|* — —Ka + sA o(V3-n) (|Vw n|” —e vy ) ,
0 JOr(1) A 0 JoQs(1)

according to properties (1.26) and (1.25) satisfied by 8. We consider

T
Lis = 725)\2// ©|VB?Aw - w
0 JOQr(t)

T T
— 2%// <p|Vﬁ|2|Vw|2+23)\2//~ ¢ (VwV(IVB?)) - w
0 JOr(t) 0 JOp@)
T T
+ 25)\3//~ ¢| VB2 (VwV ) -w+2s)\2/ /N | VB2 (Vwn) - w.
0 JQr(t) 0 JaQis(t)

Therefore,

I3

Y

T ~ ~ T
c C
2512 / / PIVOP VW = —Ki — — Kz + 25)? / / _elVBP(Vun) - w.
0 QF(t) S S 0 693(15)
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This inequality is obtained thanks to Cauchy-Schwarz inequality. We also define

T
Iy = SQAQ/ﬁ ¢2|Vﬂ|2w-(8tw+(ﬁg~V)w)
0 QF(t)
1 212 r 2 2 2 2
= 5 // GIVBP (@il + (s - V)|wl?)
0 JQFr(t)
1 212 T 2 2 2 2 2
— 1 // P (0?V) + s - V(2 VBI))
0 JQr(t)
T
= = [ [ BRIl (0 + s )
0 Qp(t)

T
2 [ [ PuPvs. 09+ (s )V6).
0 QF(t)
thanks to formula (2.9) and property (2.1). We obtain:

Iy > ——K;.
s

Next, we have

T T
Ly = _253)\3//~ <,03|Vﬁ|2w-(VwVﬁ):—33)\3//N ¢3|Vﬁ|2V|w|2-vﬁ

0 Jar(t) 0 Jar)

T T

_ 33)\3// |w|2div(<p3|Vﬁ|2V5)+33)\3//N FIVAPIw2VS - n
0 Jar(t) 0 Jots ()
. T Q.- T
st [ [ vl + 580 [ [ i (aPVs)
0 JQr(t) 0 JQp(t)

T
FERT / /8 R CRE
s(t

Therefore,

T ~ T
. C .
Ly > 353A4//~ <p=‘|w|4|w|%X}(ﬁsﬁﬁ//~ O3V B2 |w|*V B - n.
0 JQr(t) 0 JoQs(t)

At last, we have

T
I = —2s3A4//~ ¢V B[ w]?.
0 Qp(t)
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Reassembling all these inequalities, we conclude that
T T
(Law) Law)), =% [ [ @optul s [ vspTup
0 JQr(t) 0 JQr(t)

: ’ ~ (1 1
+ 53)\3/ /~ @IV w|*VE - n + s)\/ /N o(VB-n)|[Vwn|?— C (_ . _) K,
0 Jogs(t) o Joas ) Y
o (1 1 g —2sV* 2
_C _+_ KQ—S)\ e @(vﬁn)’y
s A 0 JOQs(¢)
T T
" 28)\2/ /~ VA (Vwn) -w - / /~ (an) : (atw + (g - V)w).
0 Jodis(b) 0 Jads(t)

As we will see later, the last term, which comes from the fluid-structure interaction, will be bounded thanks to
the solid equations. The last hypothesis of (1.9) is important at this step of the proof to deduce, from estimates
on w on the boundary, estimates on the structure motion. Indeed, we have

/ |w|? = e~ 28V" / b+ ~(z—a)*t|?.
Qs (t) s (t)

Since condition (1.9) is prescribed, if we develop this expression, we notice that the scalar product is equal to 0.
Thus, we obtain

/ |w|2 _ e—2sv* / |b|2 +e—2$V*/ |’y(:c o a)L|2'
Qs (t) Qs (t) Qs (1)

[oodw—arp= [ eear= [ - al
aﬂs(t) 693(15) 693(0)

e 2V (|02 ++2) < C/ lwl|?. (2.10)
Q5 (t)

Moreover, since

we deduce that

Therefore,

T T
[ e pwsm <o [ [ S VaPPsn
0 JoaQs(t) 0 JoQs(t)

Here, we have used that V3 -n > ¢c; > 0 on aﬁs(t). Thus, for s > sp and A > Ag, where sg and \g depend
on T, a, fp and the norm of @ in L>°((0,T) x ), equation (2.8) becomes:

T T
L)l +2atw) B+ 2530 [ [ vl + 20 [T glvapIvu?
0 JQr(t) 0 JQr(t)
~(1 1 ~(1 1 31413 ’ 3 2 2
—Cl-4+- | K1 —-C|—4+ - | Ka+5s°X e’ VB |w|*VE - n
s A 5 A 0 Jotis(t)
T T
+ 25)\/ /~ ©(VB-n)|Vwn|? — 2/ /~ (Vwn) - (Qyw + (Gs - V)w)
0 693(15) 0 aﬂs(t)

T
< II‘qsllé—élsAQ/O/éf2 (t)<p|Vﬁ|2(an)-w.
S
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Now, we notice, according to the definition (2.6) of L1, that

T
// |Aw|2<0// —|L1 |2+053A4// O3V B|*Hwl|?.
Qr(t) ¥ Qp(t) SP 0 JQr(t)

In the same way, according to the definition (2.7) of Ly, we have

4 1 2 T 1 2 6 6 2 4 2 2
—|8tw| § C —|L2(w)| +—2K1+ —K2+CS>\ (p|Vﬂ| |V'w| .
0 JQr(t) SP 0 JQp(t) SP S S 0 JQr(t)

Moreover, we can write that

C C
2 —2sV 2
gslls < =K +—K2+C'// e Vgl|©.
|| ||2 S 1 sA\2 o NF(t) | |

Indeed, since the definition (1.27) of V involves ¢(T" — ¢) to the power 4 at the denominator, we have
|0,V + @ - VV| < CAp”/4.

We also notice that

T T
—43)\2/ /N VB2 (Vwn) -w < C/ /N N Vwn|* 4+ s2\3¢% wl|?,
0 JoQs(¢) 0 JoQs(t)

and

T T
//~ (Vwn) - (Ow + (s - V)w) SC//N ‘an‘2+‘6tw+(aS.V)w‘2.
0 JoQs(t) 0 JoQs(t)

At last, according to the property (1.25) satisfied by 3, we have

T T
Ki<Cox [ a4 sxt [ S
0 Qp(t) 0 Jwo

T T
K, ng)\Q// ¢|V6|2|Vw|2+s>\2// ©|Vwl|?.
0 JQr(t) 0 Jwo
Therefore, we obtain, for s > s; and A\ > A; where s; and Ay depends on T, «, 5y and the norm of @ in
L>((0,T) x Q):
T
// —|Aw +// —|0tw|2+33)\4// O Jwl?
0 JQp(t) 5P Qp(t) S Qp(t)
+s)\2// <p|Vw|2+s3)\3// <p3|w|2+s)\// o|Vwnl|?
0 JQp(t) 0 JoQs () 0 JoQs(¢)
_ T ) T
<C // |8tw+(ﬂS~V)w| +// e 2V|vg|?
0 Joss(t) 0 JQr(t)
T b
+// (s* At w)? +5A2¢|Vw|2)> :
0 wo

and
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Now, we come back to our initial variable v. Thanks to (2.4) and (2.5), we obtain the following estimates:

T T T
5)\2// e 2Vp|Vul? < C s)\2// <p|Vw|2+s3)\4// O lw? |,
0 JQr(t) 0 JQp(t) 0 JQr(t)
T 025V _ T 1 T
// A2 < & // —|Aw|2+s)\2// oVl
0JQrt) S¥P 0 JQp(t) 5P 0 JOr(t)
T T
wox [ e edxt [T ),
0 JOr®) 0 JQr(t)
—25V T
// |8tv|2 <C // —|('f9tw|2 S)\2// <,0‘°’|w|2
Qr(t) S Qrp(t) 5% 0 JQr(t)
T
s)\// e 2Vp|Von|? < Cs)\// |an|2+033)\3// o3 wl?.
0 JoQs(t) 0 JoQs(t) 0 JoQs(t)

Moreover, since

Buw + (its - V)w = eV (atv + (g - VYo — s(e!OM _ AEM+0)) st <ﬁ> "’> )

we have

/ |6tw + (s - V)w|2 <C / e_QSV‘&:U + (g - V)’U|2 + 5* /~ e~ 28V 3|,U|2
8§s(t) aﬁs(t) 09 (1)

Finally, we obtain, for s > so and A > Ao where sy and A2 only depend on T, «, By and the norm of @ in
L>((0,T) x ),

T
1
/ / e 2V (—(|Av|2 + |0:0]?) 4+ sA?p| Vo|* + 53)\4go3|v|2)
Qp(t) sp
) T
+SS)\3// —2sV 3|U|2+S>\// e 25V¢|V’un|2
aﬁS@ 005 (1)
<C // _Qév‘é)tv—i— tg - V)v // e 2V |Vq|?
BQs(t) Qp(t)
+// e_QSV(s3)\4<p3|U|2+s)\2<p|Vv|2)>.
0 wo

Thanks to the equations of the structure motion, we are able to obtain estimates on the acceleration of the
motion. Indeed, we deduce from the second and third equations of system (1.22) that

T T T
SA/ eV (B2 + [47) < sA/ /~ e’wsolvvl2+s>\/ /~ e *Volg*.
0 0 JoQs(t) 0 JoQs(t)
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Now, we have

IN

T T
/ /N e 25V | Vo2 / /N e*25V¢(|V’U n|? + |Vv T|2)
0 JoQs(t) 0 JoQs(t)

T
C/ /~ e 2V (IVon? + v]?),
0 JoQs(t)

since on 8?23(15), Vvt = «yn and since (2.10) is satisfied. This last inequality is very strong and holds in our
problem since the fluid velocity has a specific writing. Thus, we obtain for s > s3 and A > A3 where s3 and A3
only depend on T, «, By and the norm of @ in L>°((0,T") x ),

IN

T T
v .
// o2V (—(|Av|2 +100]%) + sA2p| Vo2 +33>\4<p3|v|2) +s)\/ e 2V " |bf?

Qr(t) 5¢ 0

T i T r
SA/ e 2V go*|ﬁ|2+s3A3/ /N e‘QSVso3|v|2+sA/ /~ e V| Vun|?

095 (t) 995 (t)
<C // e 2V|0 + (iig - V)o sA// e *Volg* + // ™ *Y|Vg|?
095 (1) 0% (1) e (1)

+// eQSV(53)\4<,03|’U|2+S>\280|V’U|2)>'

0 wo

Next, we notice that, on 9Qg(t)
Ao + (g - Vv =b+4(x —a)" —~i(z — a). (2.11)

Thus, we finally get that, for s > s4 and A > Ay where s4 and A4 only depend on T, o, By and the norm of @
in L*°((0,T) x ),

T T
X -
// e 25V (—(|Av|2+|8tv|2)+5A2<P|VU|2+53>\4803|U|2) +SA/ e BV ot bl
0 JQr(t) .

T i ) T
Y A e R ey / e 2V Vunf?

0 0 aﬁs(t) Qs (t
<C s)\// e*QS"quIQJr// e 2V |Vg/?

0 Jos(t) 0 JQr(t)

T
+// e 2V (2 A1? u]? +s)\2<p|Vv|2)> . (2.12)
0 wo

We recall that, in order to estimate the last term in (2.11), we have used (2.10).

2.2. Estimate on the pressure

We now want to obtain a bound on the two integrals in ¢ in the right-hand side of this expression in terms
of a local integral of q. Applying the divergence operator to the first equation of (1.22), we obtain, for almost
every t € (0,T),

Aq(t) = div ((@- V)v)(t) in Qp(t). (2.13)
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Here, the capital point is to apply to this elliptic problem defined on the regular domain Q r(t) the Carleman
inequality obtained in [13]. It allows to assert that, for almost every t € _(O,T), there exists a constant C'
depending on 2 and w, and two real numbers A and 7 such that, for all A > A and 7 > 7, we have

252 / ATV O(1)g(1) + /
Qp(t)

Qr(t)

e2‘rw(t)|vq(t)|2 <C (T/~ e27—1b(t)1/)(t)‘(ﬂ . V)U‘Q(t)

Qr(t)

VRO o+ O (TP 4000 ).
wo

where 9 is defined by

W(t) = M) in Qp(t), for all t € (0,7T).
Next, proceeding as in [10] (we refer to this paper for complementary explanations and computations), we
eliminate the local integral in Vg in the right-hand side by integrating by parts several times and using (2.13).
If we consider an open set w; such that wyg CC w1 CC w, we get

/ 2O vg(1)2 < C (72>\2/ 2™ ()2|q(t))? +/

w1

2TV (7 - V)vf(t)) .
Thus, we have

7_2)\2/N e2fw(t)w(t)2|q(t)|2+/~ e2ﬂ/)(t)|vq(t)|2

Qr(t) Qr(t)
T ~ 2 T
<C <T/§ ()ez YOy ()| (- V)u| " (t) + v/Te? Hq(t)|\§p/2muaﬁs(t»
r(t
4 7_2)\2/ e27"¢v(t)w2|q(t)|2) )

868)‘M

(T — 1)

olOAM
exp (_287154(T — t)4) ,

and we integrate in time. In this way, we obtain that

T T r
sQAQ/ﬁ o2V 2| g2 +/ﬁ e 2V |2 < C <S//~ e 2V (i - V)v|2
0 Jar () 0 JQr(t) 0 JQp(t)

T T
Jrsl/2/0 e 28V (80*)1/2Hq(t)”zln(aguaﬁs(t))+82>\2/0/ 625V<p2|q|2>, (2'14)
w1

To use this estimate in (2.12), we see that we have to take 7 = . Next, we multiply this equation by

where ¢* and V* are defined in (1.28) and (1.29). Moreover, since the boundary term satisfies

T T ) )
S}\//~ e’25vcp|q|2§0//~ (52)\2<p2|e’qu} Jr}v(efqu)} )’
0 JOQs(t) 0 JQs(t)

it is bounded by the terms in the right-hand side of (2.14). Therefore, for the two terms in ¢ in the right-hand
side of (2.12), we have, for s > s5 and A > A5 where s5 and A5 only depend on T, o, By and the norm of @ in
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L>((0,T) x ),

T T T
S)\/ /N e—2sv(p|q|2 + / /~ e—2svlvq|2 < C <S/ /~ e_QSVQD‘(’l] . V)UF
0 JoQs(t) 0 JQr(t) 0 JQr(t)
T . T
- 51/2/0 e_2sv (@*)1/2Hq(t)Hiﬂﬂ(@QUBﬁs(t)) + 52)\2/0 / 6_28V<p2|q|2 . (2.15)

We now have to estimate the trace of the pressure. To do this, we follow the method introduced in [12] and
in [10]. We define

ot = 51/4675‘;* (90*)1/41}7 q* _ 51/467511* (50*)1/4(17 b* _ 81/4675‘;* (50*)1/41.% "}/* _ 51/4675‘;* ((p*)1/4’)’.
Moreover, we impose that b*(T) = 0. We prove that (v*, ¢, l')*,’y*) is solution of a problem similar to (1.22).
Next, according to the regularity result given by Proposition 2, we know that ¢* belongs to L2(0,T; H(Qr(t)))

and its norm in this space is bounded by the norm of the right-hand sides in L%. Consequently, after several
computations, we obtain that

T T T
* 2 _ <O 5/2 —2s5V 31,2 5/2 —2sV* 1 %\3 (17,2 2
| 1 <t>IIH1/2<mums<m_C<s / /@F<t>e S+ [V PR R ). 2i6)

Therefore, inequality (2.12) becomes, thanks to (2.15) and (2.16), for s > sg and A > Ag where sg and Ag only
depend on T, «, By and the norm of @ in L™ ((0,T") x ),

T T
1 . . .
[ e (—(|Av|2+|atv|2)+sA2so|w|2+s3A4so3|v|2)+sA | (7 + 15P)
0 JQr(t) s 0
T T
+83)\3// 672SV503|U|2+S>\// 672SVQD|V’UTL|2
0 Jo%s(t) 0 JoQs(t)

T T
<C (52)\2// efzsv@2|q|2 +// 67251}(53)\4@3'1)'2 +s)\2<p|Vv|2)> . (2.17)
0 Jw; 0 Jwo

2.3. Estimate on the local integral of the pressure

We follow the arguments employed in [10]. Until now, we did not need hypotheses on the acceleration of
the given fluid and structure motion (i.e. on d:i, a and 7). It will be necessary in this subsection to obtain
estimates on dv. First of all, we define the time-dependent weight

f(t) = she V.

Then, according to (1.28)-(1.29) and to Poincaré-Wirtinger’s inequality, we have

T T T
52%// e‘%"sﬁqfﬁ// f‘2'q'2§c// e
0 Jw; 0 Jun 0 Jun

if we prescribe the condition on g¢:
/ q(t) = 0.
w1
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From the first equation of system (1.22), we obtain

T
o [ g < c(// o+ [ [ itlonr
12 0.1y / / ule|2> (2.18)

Now, we want to get estimates on the local integrals of v in the right-hand side of this inequality. To begin
with, we consider the term in Av. Let us define an open set ws such that w; CC wy CC w. We introduce the
function

ﬂXOAU(T - t)7
where Yo belongs to C2(ws) and xo = 1 in w; and we consider the problem satisfied by this function. In this
stage, we can exactly use the arguments developed in [10] as if there was no structure. Indeed, the treatment is
completely local, and thus the motion of the structure does not interfere. Therefore, we directly give the final

estimate:
T T . T
/ / ﬂ2|Av|2sc< / / APl + / / ﬂ2(||ﬂ|%oo«o,T)XQ)IWIQJrIvIQ))- (2.19)
0 Jw; 0 Jws 0 Jws

The difficult part of the proof lies in obtaining estimates on dyv. Contrarily to the estimate on Awv, a local
treatment can not be done. Therefore, we have to consider the global fluid-structure problem and the action of
the structure on the fluid motion. Let us define a new time-dependent weight p:

u(t) = 515/467259+5V*¢15/4'

We define (9, 7, é7) = (,Lw,pq,ub, py) and we suppose that ¢(T') = 0. We notice that (0,7, ¢,7) is solution of
the problem, for all ¢ € (0,7)

(=t — (it~ V)0) (t, 2) — divo(d, 7)(t, x) = —(t)o(t, z), Vo € Qp(t),

mé(t) = — /6@3@) o (0, 7)n + mp(t)b,

O == [ (oo 8- (@ - a(0) + Ti(en (o),
%5 (t)
diva(t,z) =0, Vo € Qp(t),
o(t,z) = 0,V € 99,
0(t,2) = é(t) + 7(0)(z ~ (), Y € DRLs(0)
B(T,-) = 0 in Qp(T), &T) = 0, &T) = 0, #(T) = 0.

(2.20)

Now, we come back to the term we want to estimate:

T T T
// p2low? = // ﬂ2u‘2|u0w|2=// 2200 — ). (2.21)
0 Jwi 0 Jwi 0 Jwi

By integrating by parts in time, we get

r 2 2 2 1 r d2 2 2 2 r 2 2
// [ |00]" = —// —5 (0p~2) o] *// i7" 00 - 0.
0 w1 2 0 w1 dt 0 w1
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Therefore, since the weight function in the integral in |9|? is bounded, we obtain:
T T T
/ / a2 210,0)? < c/ |9]% — )\6/ / WO - 0,
0 Jw; 0 Jw; 0 Jwy

ur = %ﬂ2ﬂ—2 _ 3_11/2)\_4e_25V*+2$V¢_11/2.

T 1 T 1 T
_ 6// M*attﬁ'@§§// |H*|2|8ttﬁ|2+§)\12// |ﬁ|2
0 Jw; 0 Jwy 0 Jwy
T 1 T T
| [ wracp <5 [ [ wrewir s on [ s
0 Jw;p 0 Jw;p 0 Jwy

Thus, relation (2.21) becomes

T T T
[ [ et < e[ [ oeseiip+ [ e Plouor (222)
0 Jw; 0 Jw; 0 Jwy

2 gm11/2)\25- 25V 428V 5= 11/2

where p* is defined by

Moreover, we have

Consequently,

IN

since
P
is bounded on (0,7). We will now concentrate on the integral involving d;+0. To obtain an estimate on this
term, we use Proposition 3 which is given for a direct problem but holds equivalently for an adjoint system.
Considering the problem satisfied by (u*0, p*#, u*é, p*7), we have, in particular
0l 20,7522 02 < N0l 20,1512 @ (02 S C U0l 1 0,226 0102
0l 1.0, 2 @2 + N1 DI a1 0,72 + A"l mrr 0,2 + 1" il o,y + 177 20,1y
where the constant C' depends on T', @, the norm of @ in L°(0,T; L>®(Qp(t)))? and in W4(0, T; L*(Qp(1)))?
and the norm of (a,7) in H2(0,7)? x H*(0,T). Thus
(|1 0420 20,1y )2 < C (18" 00| L2((0,1) xwr)2 + 10l L2((0,7) xwr )2
vl o2 @p e T I8 0 o2 @@y + 110 AL 0,02 + 147l 0,72
+ Il iyl m o,y + 187 e 0.1)) -

Now, we come back to the variables (v, b, 7). We have
(|17 0kt 0| L2((0,7) xwr)2 < C(”ﬂ*ﬁw”Hl(oyT;p(ﬁF(t)))z + ||ﬂ*lw||L2(0,T;L2(§F(t)))2
1 10l g 0.2 @ (112 + 1 BB 0,092 + 11 10 2 0,192 + N1 v | 11 0.y + ||ﬂ*w||H1(o,T)>-

Thus, (2.22) becomes

10:0]17 2 (0.1 xwn) < C()‘UHMUH%?((O,T)le) + 101122 (0,1 xwon)

+ ”:u‘ MUHHl(O,T;L?(ﬁF(t)))? + ||N ‘U'UHLQ(O,T;LQ(QF(t)))? + ||,LL ’LLU||H1(O,T;L2(§F(t)))2

+ ||N*ﬂb||%rl(o,T)2 + ||/1*Nb||%{1(0,T)2 + ||N*/'W||%rl(0,T) + ||ﬂ*N7||%{1(O,T))'
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Therefore, on the one hand, we have local integrals on the velocity v which we will keep in our final Carleman
estimate and, on the other hand, we have global integrals in v, b and v and their first derivatives with respect
to time which will be eliminated thanks to the estimate (2.17). Indeed, we notice that

] + [t ] < Cs™3ANTAe ™V G2 | ) 4 |t ] + i) < Ost ANV P4

Therefore, according to definition (1.10), we get

T T T
/ / |ﬂ2|atv|2 <C (/ / ()\12'u2 +/l2)|’U|2 + 81/2)\_8/ /~ e_QSV*¢3/2|’U|2
0 Jw; 0 Jwy Qr(t)

+ 81/2)\ / —2sV* A3/2(|b|2+|,y| )+S 3/2)\ // 725v (|8 ’U|2+|VU| )
QF(t

_3/2)\ / —25V* |b|2+ |’Y| ))

where the constant C' depends on T, @, the norm of @ in L*(0,T; L>®(Qp(t)))? and in W4(0, T; L*(Qp(1)))?
and the norm of (a,7) in H?(0,T)% x H*(0,T). It remains to reassemble all these terms to obtain an estimate
on the local integral on the pressure. Thanks to (2.19) and the last inequality, (2.18) becomes

T T T
S2>\2// efzsv 2|q|2 <C <// ﬂ2|V’U|2 +// ()\12,LL2 + |‘LL|2)|U|2
0 Jw;p 0 Jws 0 Jws

T T
_|_31/2)\—8//EZ ()e—QSV*¢3/2|U|2+Sl/2)\—8/O e—QSV*¢3/2(|b|2+|,y|2)
r(t

T
3/2>\ // 725v (|atv|2+|v,u| ) 3/2)\78/ —2sV* (|b|2+|’y| ))
Qr(t) 0

We see that terms in v, b and ~ can be eliminated using the left-hand side of (2.17). Finally inequality (2.17)
becomes

T T
1 , L
[ e (—(|Av|2+|atv|2)+sA2so|w|2+s3A4so3|v|2)+sA [ e e (17 + 1)
0 JQr(t) sp
T
+83)\3// —2sV 3|U|2+S>\// e 2SVQD|V’U71|2
0 afzs(t 005 (1)
_ T
gc(// ﬂ2|Vv|2+// (A12u2+|ﬂl2)lvl2>7 (2.23)
0 Jwo 0 Jws2

for s > sy and A > A7 where s7 and A7 depend on T, «, 3y, the norms of @ in H?(0,T)2, # in H'(0,T) and @
in L>=°((0,7) x Q)2 N W40, T; L*(Qr(¢)))?. To conclude the proof, we notice that it is not necessary to have
a control both on v and on Vo. Indeed, if we consider a function x; belonging to C2(w) such that

0<x1 <1, x1=1inws,
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T T
//mﬂWW //mwMﬂwrv
0
1 -2 2

< 5 A= AXx[v]® — u *X1Av - v
.1 e .

C //ﬂ2|v|2+i//ef2sv 7|AU|2+S—//625V ¢ﬂ4|v|2

0 Jw sA 0 Jw ¥ € 0 Jw
T T
o i// e25V1|Av|2+85A5//e25v*459¢5|U|2
sA Jo Qp(t) ¥ € JoJuw ’
for € > 0 sufficiently small. Thus, (2.23) becomes, for s > sg, A > As,
T 25y (1 2 2 2 2 3y4, 3,12 T 2sV* 712 12
/0/?2 (t)e_ s <£(|Av| + | 0] )Jrs)\ o Vu|* + s° A7 |v| ) +s)\/ e 2V " (‘b| + 9] )
F
T
+53)\3// e 2V 3|U|2+S)\// e V| Vun|?
0 Jo0s(t) %5 (t)
T
<C <519/2)\12/ / erV*4s\>¢10|v|2> .
0 Jw

The constants C, sg, As depend on T', a, By and the norms of @ in H2(0,T)?, 7 in H'(0,T) and @ in L>((0,T) x
2)2 N W40, T; L*(Qp(t)))?. Thus, we obtain inequality (1.30) with a constant C' depending only on T, «
and .

we notice that

T
| v
0 w2

IN

IN

IN

3. NULL CONTROLLABILITY OF THE LINEAR SYSTEM

In this section, we will prove Theorem 2. Under the hypotheses given in this theorem, we will prove the
existence of a control f such that the solution of (1.21) satisfies

uw(T,)=01in (NZF(t), a(T)=0,a(T)=0,0(T)=0, r(T)=0. (3.1)

3.1. An observability inequality

To begin with, we will deduce from Theorem 3 an observability inequality for the adjoint problem (1.22)
associated to the linearized problem.

Proposition 4. We consider s > § and A\ > X\ such that Carleman inequality (1.30) holds. For any a €
H?(0,T)%, 7€ H*(0,T) satisfying (1.17) for some o > 0 and 1 satisfying conditions (1.18) to (1.20) such that

lall zr2 (0,92 + 17l a1 0,7y + 18l oo (0,7 Low @ (11)2 T Nl wrna 0,708 @p ()2 < Bo
there exists a constant C' depending on T, a, R, s and X such that every solution of (1.22) satisfies

1 .
/ O O + O + // QW(wmw+@Wwwww+wMﬁ
QFO

+// e—QaV 3|U|2<C// 25V* —4sV o 1O|U|2 (3_2)
0 JoQs(¢)
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Proof of Proposition 4. Let us define a function 77 € C*(0,T) such that
n=1on[0,7/2],7=0o0n [3T/4,T].

Next, we consider (7,7, 1;7, ) = (ﬁv,ﬁq,ﬁl},ﬁ’y) such that b(T) = 0 where (v,q,b,s) is solution of (1.22). It
satisfies the following system: for all ¢ € (0,7T),

— 8,7 — (- V)v —dive(v,q) = —1v in Qp(t),

mb= — / o(0,q)n +mn b,
Qs (t)

Ji=— / (o@D - (e —a)t + T,
005 (t)
divo = 0 in Qg (),
n 05},

T=b+7(z —a)* on dQg(t),
H(T,-) = 0 in Qp(T), b(T) = 0, 5(T) = 0, (T) = 0.

Thanks to Proposition 2 applied to this adjoint problem, we have

HEHM(QT;QF(Q)? + ||E||H1(O,T)2 + |W||H1(0,T) < C(||ﬁ“||L2(o7T;L2(§F(t)))2 + HﬁbHLQ(O,T)2
7l L2 0,1))-

This implies that

HUHL{(QT/Q;ﬁF(t))? + ||I.7HH1(O,T/2)2 + ||7||H1(0,T/2) < C(HUHL2(T/2,3T/4;L2(fzp(t)))2
+ ||i7||L2(T/2,3T/4)2 + IVl 272,377 ) -
Therefore, since the weight functions are bounded in [T'/2,3T'/4], we have

) 3T /4
/ [0(0)* +[6(0)* + |[v(0)|* < C < [ e 2Vl l?
Qr(0) Qr(t)

T/2
3T/4 i _
+ / &2V ()3 (Jbf? + |7|2)> |

T/2

Thus, the Carleman inequality (1.30) allows to conclude the proof of Proposition 4.

3.2. Control of the displacement

Arguing as in [6], we can show that the conditions on the displacement a(7") = 0 and 6(T") = 0 required on
system (1.21) are equivalent to two linear constraints on the control f. Indeed, if we define (v1,q1,b1,71) and
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(va, g2, b2,v2) as the solutions of the following problems
(=91 — (@~ V)ur)(t,x) — divo(vr,q1)(t,z) = 0, Va € Qp(t),

m(Ba(t) +1) = - /6 oy oan
Tin(t) = /  (ownan) - (= — (),

00s(t) (3.3)
divoy(t,z) =0, Vo € Qp(t),
v1(t,z) =0,V € 09,

)
vi(t,z) = by(t) + m(t)(x — a(t)*, Vo € 9Qs(t),
) =0in Qp(T), bi(T) = 0, by(T) = 0, 1 (T) = 0,

and
(= dva — (@- Vo) (t,x) — divo(va, g2)(t,x) = 0, Vo € Qp(t),

Tt +1) = /6 ) ),

N (3.4)
divug(t,z) =0, Vo € Qp(t),
va(t,x) =0,V € 09,
va(t,x) = ba(t) + 72 (t) (& — a(t))*:, Vo € aQs(t),
va(T,-) = 0 in Qp(T), ba(T) = 0, by(T) = 0, 32(T) = 0,
a classical computation leads to
T .
/ / frvr=-—mb1(0) - a1 — Jy1(0)rg — / v1(0) - up + ma(T) — mao,
0 Jw Qr(0)
T .
/ / f s Uy = —me(O) a1 — J’YQ(O)’I“Q — / ’UQ(O) s U9 + JH(T) — Jby.
0 Jw Qr(0)
Consequently, a(T) = 0 and 6(T') = 0 if and only if
T T
//f'v1 = mi(ao, a1, 70, o), / / [ -v2 = ma(as, 00,70, u0), (3.5)
0 Jw 0 Jw

where
m1(ag,a1,70,Uy) = fml-)l(O) ca; — Jy1(0)rg — / v1(0) - ug — Mmay,
Qr(0)

mg(al,HQ,To,UQ) == —mi)g(O) sy — J’YQ(O)’I“Q — / ’UQ(O) Uy — J90
Qr(0)
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We have to check that, for each initial condition (ag,a1,6o,70,uo) the set of functions f in L?((0,7T) x w)
satisfying (3.5) is non empty. This will hold if v; and v2 are non identically equal to 0 on (0,7") X w. To prove
this, we need the following unique continuation property on the fluid equations:

Lemma 6. Let (a,0) € C(0,T)% x C(0,T) be given. We define Qs(t) by (1.15) and we suppose that (1.17) is
satisfied. We consider the following system

{ (= 0w — (a-V)v)(t,z) —dive(v,q)(t,z) =0, Vo € Qp(t), Vi € (0,T), (3.6)

divo(t,z) =0,V € Qp(t), Vt € (0,T),

where Qp(t) = Q\ Qg(t) and @ belongs to L>(0,T; L (Qp (1)))2. If
v(t, ) =0,V ew,Vt € (0,T),

then B
U(t,l‘) =0, Q(tax) =qo,Vz € QF(t)a Vit e (OvT)a
where qg i a constant.

Proof of Lemma 6. Let ty € (0,T) be fixed. We consider a given xz( € Qp (to). Then, there exists 0 < t1 < tg <
to < T and an open and connected set 1 such that (tg,x0) € (t1,t2) x Q1 and

wC ) C QF(t), Vte (tl,tg).
This comes from the regularity of @ and # and from the two last conditions of (1.17). Thus, system (3.6) is

satisfied in (¢, t2) x 1 and we can apply the unique continuation property obtained in [7]. We deduce that v =0
in (t1,t2) x 1 and in particular v(tg, z9) = 0. This proves our result. O

Thus, if we suppose that, for instance v1 = 0 on (0,7") X w, this lemma implies that
Ul(tvx) =0, QI(tvx) = Qéa Vze QF(t)a Vit e (OaT)a
where ¢ is a constant and thus, by continuity of the velocities at the interface, by = 0 and v =0on (0,7).
But according to the equation satisfied by b1, this is impossible. Thus v; and, with the same arguments, v, are

non identically null on w.

To obtain a control satisfying the constraints (3.5), we follow the method presented in [15] and used in [6].
We will prove an improved observability inequality. We define the weight © by

e = e4sV—28V @—10.

This weight corresponds to the inverse of the weight function in the right-hand side of inequality (3.2). We
denote by P the orthogonal projection operator from L2((0,T) x w) into span(vi,ve) where the measure of
L?((0,T) x w) is the weighted measure ©~! dz dt. Thus, we have

T T
/ / 07 (v —P(v)) v = / / O (v —P)-vy=0,Vv e L*((0,T) x w). (3.7)
0 Jw 0 Jw
We also introduce Py and P the linear operators from L2?((0,7T) x w) into R such that

P(v) = Pi(v)vy + Pa(v)v2, Yv € L*((0,T) x w).
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Proposition 5. Under the assumptions of Proposition 4, every solution of (1.22) satisfies

T
. X 1
L P+ P+ h@P + [ e (2 (0P + @) + pITol? + 1l
Qr(0) 0 JOr(t) ¥
T T . R
+// e_QSVQD3|’U|2 + |P1(’U)|2 4 |P2(’U)|2 S C/ / erV —4SV¢1O|U _ P(’U)|2. (38)
0 JoQs(¢) 0Jw

Proof of Proposition 5. To prove this inequality, we will argue by contradiction. Assume that this inequality
does not hold and let us define, for each n € N, (v, g, bn,¥n) a solution of (1.22) such that

1f/ [on(0)[2 + b () + 1 () + // 25"( (|Avn|2+|atvn|)+sa|wn|2>
QF QF(t

// e 2V 3y |2 + // e 2V o3 on|* + [Pr(va)? + | Pa(vn)|?

QF t) 6Qs(t

- n/ / 2V AV 5101, Py, )2 (3.9)
0 Jw

This implies that (P;(v,)) and (P2(v,)) are bounded in R and converge, up to a subsequence, respectively to
B and (2. We also deduce from (3.9) that, for all fixed € > 0, the sequence (v,) is bounded in L?(¢, T — ¢;
L2(Qp(t)))? and the sequence (v, — P(vy,)) strongly converges to 0 in L2((e,T — €) x w)2. Therefore, up to a
subsequence, (v, ) weakly converges to v in L2(e, T — e; L2(Qp(t)))? and

v = frv1 + Bovg in (O,T) X w
Moreover, according to (3.9) and to the first equation of system (1.22), we have, up to a subsequence,

vp — v in L(e, T — e;Hl(ﬁF(t)))Q, qn — q in L*(e, T — e;L2(S~?F(t)))2.

T—e
L fa ot
€ Q5 (t)

is bounded, and thus, thanks to the last hypothesis of (1.9), we have, up to a subsequence,

(3.9) also implies that

by, —=bin H'(e,T — €)%, 4, — v in L*(e,T — ¢).
We notice that (v, ¢, b, ) satisfies, for all ¢ € (0,T)

(= 0w — (@-V))(t,z) — diva(v,q)(t,z) =0, Vo € Qp(t),

mb(t) = — /6@3(0 o(v,q)n,
Ti(t) = - /8 ) @ = a0)

divo(t,z) =0,Vz € ﬁp(t),
v(t,x) =0,V € 0Q,

o(t, z) = b(t) + () (z — a(t))*, Vo € 0Qs(t).
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Next, we notice that, if we consider the function v — (#1v1 + B2v2), we can apply Lemma 6 and deduce that
v(t,x) = Bro1(t, ) + Bava(t, z),Va € QF(t), Vte (0,T).

This implies that
b(t) = Bubi(t) + Baba(t), ¥(t) = Bimi(t) + Baya(t), Yt € (0,T).

According to the equations satisfied by b, b; and by on one hand, and ~, 7; and =2 on the other hand, this is
only possible for 51 = 0, 82 = 0 and thus v = 0. Moreover, since v, = (v, — P(v,)) + P(vy), (vyn) strongly
converges to 0 in L?((0,T) x w) and, in particular,

T .
//GQSV 745V¢10|Un|2 = 0.
0 Jw

Thus, according to (3.2),

) T . (1
/ |w@W+MA@F+hA®F+//i a%VCwm%F+wmﬁ)+ﬂv%F)
Qr(0) 0 JOr(t) ¥

T T
+/ /N e_28V<p3|vn|2 +/ /~ e_QSVgO3|Un|2 = 0.
0 JQp(t) 0 JoQs(t)

At last, since P; and P are continuous from L?((0,7) x w) to R (this can be shown by expressing P;(v) and
P,(v) in terms of v, v; and vy), we also have

|Pr(vn)? + | Pa(va)]* — 0.

These two properties are in contradiction with hypothesis (3.9). Therefore our proposition holds.

3.3. Null controllability result on the linear system

We are now able to prove Theorem 2. Adapting the method used in [1], we introduce an extremal problem.
For any fixed initial condition (ag, a1, 6o, 70, uo) and any € > 0, we consider the functional

1 1"
me@mm§<é@¢MWM%me+wﬂ@+§A/®m%

where (u, p, a, ) is the solution of (1.21) associated to f and we want to minimize this functional with respect to
fin L2((0,T) x w)? such that (3.5) holds. The set of functions satisfying these constraints is non empty thanks
to Lemma 6. For each € > 0, J is continuous and strictly convex. Moreover, arguing as in [8], we can prove
that it is also coercive. Thus, this minimization problem admits a unique solution (fe, uc, Pe, @, 7). We will
apply Lagrange’s principle to this problem. We formally explain how we apply it. First of all, we can compute
the derivative of J. at a point (f,u,p,a,r)

€ Qp(T)

+/OTL@f-F.

DfuparyJe(F, U P,AR) = ! </~ w(T)-UT)de+a(T) - A(T) + r(T)R(T))
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Next, we define the functional

m JoQs(t)

The constraints on (f,w,p,a,r) can be expressed by the following equality

1
L(f,u,p,a,7) = <8tu + (@-V)u —divo(u,p) — fl,, divu, a — — o(u,p)n,

L(f,’u,p,(l,?") = (Oa Oa B]Rza 07 ml(G'OaalaTO;uO)a m2(a1790;T07u0))7

where O is the null function defined in L2(0, T} L2(§~2 r(t))). According to Lagrange’s principle, there exist dual
variables (i, pe, ¢, 7 ), G € R and f. € R such that

e = 0 on 99, G = a. + fe(x —a)t on 8@5@),
and for all (F,U, P, A, R) such that U = 0 on 09 and U = A + R(z — a)* on 9Qs(t),
Dsesepoiaciro e (B U P A R) + (e, pesoc, s e, Be), L(F,U, P A, R) ) = 0.
Thus, we obtain that (i, pe, Ge, e ) satisfies
— Bytie — (- V)i — divo(die, pe) = 0 in Qp(t),
mée = —/ 0‘(’&6,]56)”,
Qs (t)

Fo=— o(tie, p)n) - (x — a)™*,
Ji. /Bﬁs(t)up))( )

@fﬁ = /&’E - devl - B€U2 in W,
div e = 0 in Qp(t),
e = 0 on 09,
flie = de + Pe(z — a)™ on OQg(t),
1 ~ . 1 1
1e(T) = —=ue(T) in Qp(T), ac(T) = —=ae(T), 7e(T) = —=r(T).

€ € €

Moreover, we can always suppose that d.(T) = 0. Multiplying the first equation of this system by u., we obtain
that

//fe e+ —/~ (D)2 + a2 + L (D)2 = —/ o - 1e(0) — may - 6e(0) — Jrof(0).
0 Jw € JQp(T) € € Qr(0)
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Thus, we have

T 1 m., . J
//®|f6|2+—[ i ()2 + e T)P + Ljro(T) 2
0Jw € JQp(T) € €

_/QF(O)umae(())mayée(mJTOMO)ae/OT/wfc-vlﬂL/OT/wfe~v2

< Co (lae(O)llz2@r @) + e (O)] + 17 (0)] + |l + | (3.10)

A

since f. satisfies (3.5). Here and in the following of this subsection, the constant Cy linearly depends on |ag],
lai|, |6ol, |ro| and |lugl|2(0p(0))2- From the observability inequality (3.8), we deduce that

e (0)l1 2 (0 (03) + 1@ (0)] + |7e(0)] + ldie| + |5

T 1/2
SC(/O/W@HTALCP(TALC)F) +|(5¢67P1(1:L6)|+|B€7P2(ﬁ6)|

T 1/2
SC (/O/w®|fe|2> +|&67P1(ﬁ6)|+|ﬂ/\67p2(ﬁ6)| )

where C' depends on T, o and R. Since f. satisfies (3.5) and P(i.) satisfies (3.7), we have
T ~
/ / @_1((131(@5) — de)vr + (Pao(ae) — ﬁe)UQ) -v1 = ma(ao, a1, 7o, o),
0 Jw

T
| [ 07 ((Prta) = acjon + (Pati) = 5oJua) - va = maar, B, o, o).
0 Jw
This allows to obtain the following estimate
|de - Pl('ae)| + |B€ - Pg(ﬁ€)| S C'O-

Thus, from (3.10), we obtain

’ 2, 1 2, M. 2 J 2 2
| ez [ @ + Hadm)E + L@ < ocd (311)

Qp(T)

where C' depends on T, o and R. Moreover, according to the observability inequality (3.8), we also have

T T
1 . .
// e Y (—Iatﬂel2+so3|ﬁel2)+|P1(ﬁe)l2+le(ﬁe)l2 < C//@*llufP(ue)l2
0 JQp(t) ¥ 0 Jw

T
c//@|f6|2+ccg.
0 Jw

IN

Thus, we get,

T N
//e—4sV +8sV—25V¢—20(p—1|atf€|2 < C(|a0|2 4 |a1|2 4 |90|2 + |TO|2 + ||u0||2L2(QF(O))2)7
0 Jw

and
I fellzr 0,522 (w2 < C(laol + lax] 4 60| + |rol + [[uoll L22r(0))2)



38 M. BOULAKIA AND A. OSSES

where C is a constant which depends on T', @ and R. In particular, there exists a function f € H'(0,T; L?(w))?
such that, for a subsequence of (f),
fe— fin HY(0,T; L*(w))>.

Thanks to Proposition 2, (u.) weakly converges to u in L2(0,T; H2(Qp(t)))2NH (0, T; L2(Qp(1)))2, (p.) weakly
converges to p in L2(0,T; H(Qp(t))), (ac) weakly converges to a in H2(0,T)? and (r.) weakly converges to r
in H(0,T) where (u,p,a,r) is the solution of (1.21) together with the control f. Moreover, by passing to the
limit in (3.11), we get

w(T,-) =0 in Qp(T), a(T) = 0, r(T) = 0.
At last, since f satisfies (3.5), we also have that a(T") = 0 and §(T") = 0. Thus, we have proved Theorem 2.
Proposition 6. We suppose that ug, ag, a1, 8 and 1o satisfy (1.13) and we consider an initial structure
domain Qg(0) such that (1.9) is satisfied. We consider a € H?(0,T)?, # € HY(0,T) which satisfy (1.17) for
some a > 0 and @ which satisfies conditions (1.18) to (1.20) and such that

lallzz2 o)z + 7l o) + 8l e 0,752 @2 + 18llwr a0 iLs@r 02 < -

Then, our system is null controllable in the sense of Definition 2. Moreover, the control f belongs to
HY(0,T; L*(w))? satisfies f(t =0) =0 and

Iz 0,222 < Cs(laol + lax] + [6o] + Iro| + uoll L2(r 0)2)

where C3 is a constant which depends on T, o and R and the solution (u,p,a,r) has the following regularity:

we H'(0,T; H*(Qp(1)* 0 H?(0,T; L*(Qp (1)) N WH(0,T5 H' (Qr (1)),

pe HY(0,T; H' (Qr (1)), a € H*(0,T)?, r € H*(0,T),
and the norms of (u,p,a,r) in these spaces are bounded by

[N 20,7302 ()2 + llwoll 3@ (0))2 + laol + laa] + 160l + [rol.
Proof of Proposition 6. The properties satisfied by © imply that f.(t = 0) = 0 and thus
f(t=0)=0in w.

Then, the proposition results from the regularity result given by Proposition 3.

4. LOCAL NULL CONTROLLABILITY

We are now able to prove Theorem 1. We will prove this theorem using a fixed point argument. Formally, we
want to prove that the application which maps (@, a,7) on (u, a,r) the controlled solution given by Proposition 6
admits a fixed point if initial conditions are small enough. This fixed point will be the controlled solution of the
nonlinear problem. But the space where (4, a, 7) is given depends on a and 7 themselves; indeed (@, @, 7) has to
satisfy conditions (1.18) and (1.19) where the spaces Qg(t) and Qp(t) are given by @ and 7. Thus, we are not
able to find a fixed point on this kind of spaces. Consequently, we will first construct (@, a,7) from uncoupled
velocities (4@, a,7) given on the initial domains.

We define

ag = %d (25(0), (2 \w)) .

According to (1.9), ag > 0.
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Lemma 7. If a and 6 satisfy

- Qg Qg -1
lla — aoll o= ,r)> < > [R5 g, — Ldll Lo (0,7:Mar2(R)) < 7( sup |y — ao|) ; (4.1)
y€Ns(0)

then

a(Qs(1),0(Q\w)) = ao.
Proof of Lemma 7. We have

d (Qs(t),0(9 = inf — 2| = inf at) + Ry —ag) —
CRORLEAD) scttssco@a sess ooy [0+ Row-0,(y = 00) = 2|,

and, for all y € Q5(0), z € I(\ w)

Y

|a(t) + Rg()_g, (v — a0) — 2| ly — 2| = [a(t) + Ry _o, (v — a0) — v

> d(2s00),0(\w)) = [alt) + Ry g, — a0) ~ y].

Moreover, we have
|&(t) + Rg(t),go (y —ao) — y‘ <la(t) — aol + | 0(t)—00 — Id)(y — ‘10)| < ap.
This allows to obtain Lemma 7. O
We consider the following spaces

Y = L>((0,7) x Qr(0)>n W40, T; L*(Qr(0)))* N L0, T; Hy (2r(0)))?,
Z = {(w,a7) €Y xW»*0,7)> x Wh*(0,T7)/divis = 0 in Qp(0)} .

We consider (1,d,7) € Z and 6 such that

a(0) = ag, a(0) = ax, 6(0) = 6o, #(0) = ro, (4.2)
where @ is the angle associated to the angular velocity 7. We define an odd and nondecreasing function ¢ € C%(R)

such that 0.3/4]
x in |0,3/4],
lz) = { 1 in[1,00],

and we introduce the family of functions defined for K > 0, h € R by

Trn(z) =h+ Ké((z —h)/K), YV €R.

Thus,

x if |x — h| < 3K/4,

Tk (7)) = :

h+ K if|lx—h|>K.
Since, for all z € R, |Tg pn(z) — h| < K, we can find b and ¢ (small enough) depending only on ap and Qg(0)
such that (7, ,1(a"), 7 42(a%)) and 7. g,() satisfy (4.1) where ag = (aj,a5) and a = (a',a*). We denote
Tb,a0(@) = (7,03 (a Y, T, a2 2(a@2)). Thus, we can extend the flow X defined on Q(0) by

X(t,y) = Th.ao (@) + Ry, o @)-0,(y — a0)
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and its inverse Y as it is done in Lemma 3. The displacements 7Ty 4, (@), 7,0, (5) and the moving domains

associated to X satisfy condition (1.17) with a@ = ap. We denote @g the velocity associated to X. Now, we
define on (0,7") x Q,
w(t,x) = as(t,z) + VX (¢, Y (¢, x))w(t, Y (¢, )).

This velocity combined with the rigid motion 7; 4, (@) and 7 g, (0) satisfies (1.18) and (1.19). We denote u the
velocity which extends a; + ro(z — ag)* thanks to Lemma 2 and we define

Wy = Ug 7u%.

We see that, if w(t = 0) = wg and (a,7) satisfies (4.2), then @ satisfies (1.20). Next, we introduce Zg a subset
of Z by

Zr = {(u?,d,f) € Z/WHY +llallw2.40,7)2 + |Fllwrar) < R, @(t = 0) = wo in Qp(0),

a(0) = ag, 4(0) = ay, 6(0) = By, 7(0) = 7“0} .

Let us take (w,a,7) € Zgr. We can apply Proposition 6 which associates to (@, 7p q, (@), Zc.g, (A)) a control
f € HY(0,T; L*(w))? and an associated state (u,p,a,r) solution of (1.21) such that

w(T,)=0in Q, a(T) =0, 0(T) =0,

and
ft=0)=0inw, [ flaor;c2w) < Callaol + lai] + 60| + [rol + [[uoll L2 (2r 0))2) (4.3)
where Cy depends on T, ag and R. Indeed, since (w, a,7) belongs to Zg,

lallzz= o)z + 17z 01y + N8l Lo 0,752 @2 + 18llwrs 0,528 @r 1)2 < O

where C' depends on 7" and «p. _
According to proposition 6, (a,7) belongs to H3(0,T)% x H?(0,T). We consider the velocity defined on Qg(t)

by
a+r(x—a)t

and we extend this velocity on €2 by a velocity ug which has the same properties as ug given by Lemma 2.
Then, we define w by

wlt,y) = VY (£, X(t, ) (u — us)(t, X (£,9)). Yy € 2 (0).
The velocity ug belongs to H2(0,T;C?(2))? and

luslz2(0.r:c2 ()2 < Clllallzs0,r)2 + Il a2 0,1))-
We easily check that (w, a,r) belongs to Z according to Proposition 6 and
lwlly + llallwza0,7)2 + I7llwrao,r) < Cs(|aol +las| + 160 + [rol + [[uoll s (25 (0))2) (4.4)
where the constant C5 depends on T', oy and R. Moreover, we also have
w(T,-) =01in Qp(0), a(T) =0, 6(T) =0, a(T) =0, »(T) = 0. (4.5)
For (w,a,7) € Zg, let us define the set A(w, a, ) by

A, a,7) = {(w,a,r) € Z satisfying (4.4), (4.5) with f € H'(0,T; L*(w))® satisfying (4.3)},
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and let us consider the set-valued mapping A : Zp — Z. We will apply Kakutani’s theorem to this mapping.
First of all, according to what precedes, A(w,a,7) is always a nonempty subset of Z. Moreover, it is easy to
see that it is a closed convex subset of Z. Next, since the control f belongs to H'(0,7T; L?(w))?, we can apply
Proposition 3 and deduce that

we HY0,T; H*(Qr(0))> N H2(0,T; L*(Qr(0)))> nWhe(0,T; H (Qr(0)))?,
ac H30,T)2 re H?0,T).

Consequently, for each (0, a,7) € Zr, A(w, a,7) — K where K is a compact subset of Z. We also have to prove
that A is upper hemicontinuous in Z. This will be true if, for all v € R and for all (v,b,s) € Z’

Blv,v.b,5) - {<w,a,f> €7/ s ((wbs)(war) > }

(w,a,r)€A(D,a,F)

is a closed subset of Z.
We consider a sequence (Wy,, @y, ™) of B(v,v,b,s) such that

(Wn, n,Tn) — (0,a,F) in Z

and we want to prove that (w0, a,7) belongs to B(v,v,b, s). Since A(w, a, ) is compact, for every n € N, there
exists (wp, an, ) € AWy, an, ) such that

sup ((v,,8), (w,a,7)) = {(v,b,5), (Wn, Qp,yTn))-

(w,a,r)EAN(Wy,an,Tn)

This sequence (wy,, an, r,) satisfies (4.4) and belongs to the compact subset K. Thus, it strongly converges to
a limit (w,a,r) in Z. In the same way, the sequence of controls (f,) associated to (wy, an,r,) is bounded in
H(0,T; L*(w))? and weakly converges to f in H(0,T; L*(w))?. Now, since (w,a,r) belongs to A(w,a, ), we
obtain that

sup ((v,b,8), (w,a,7)) > ((v,b,5), (w,a,r)) = lim ((v,b,3), (Wn, an, 7)) > V.
(w,a,r)EA(W,a,T) n—0o0
This proves that A is upper hemicontinuous.
At last, according to (4.4), if
R
|ao| + |ax] + [6o] + |ro| + [[uoll i (@r(0))2 < o (4.6)

(w,a,r) belongs to Zr. Thus, we consider initial data which satisfy (4.6) and we can apply Kakutani’s fixed
point theorem to the set-valued mapping A : Zr — Zpi. Therefore, if initial data satisfy (4.6), we have the
existence of a solution (w, a, ) associated to a control f € H'(0,T; L?(w))? which satisfies (4.4). The associated
velocity u together with a, r and the pressure p is solution of a nonlinear system where the domains are given
by the flow

X(t,y) = Ty,a0(a) + R, 5 (6)—0,(y — @0)-
From (4.4), we deduce

llallw.(0,7)2 + 17l Lo 0,17y < Co(|aol + lar] + [0o] + [ro] + [[uoll zs (2r(0))2)

where Cg depends on T', oy and R. Thus, for initial conditions such that

3 .
lao| + [a1] + |6o] + |ro| + lluoll 3 (2r(0))2 < S5 min (b, c), (4.7)
4TCq
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we have Tp o, (a) = a and 7;,(0) = 0. It implies that (u,p,a,r) is solution of the problem (1.1) to (1.6) and
satisfies (1.14). Therefore, for (ao, a1, 8o, o, uo) satisfying (4.6) and (4.7), we obtain Theorem 1.
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