
 
 

 

  
Abstract— This paper proposes the LQ-Servo controller for 

AQM (Active Queue Management) routers. The proposed 
controller structure is made by taking a traditional servo 
mechanism based on Linear Quadratic approach and by 
augmenting a new state variable to the feed forward loop. Since 
the controller structure is consists of a standard optimal 
feedback regulator and a feed forward controller, it is able to 
enhance the usefulness of resources and to reduce unnecessary 
memory reservations such as RAM (Random Access Memory) 
or SMA (Shared Memory Area) on ordinary router systems, 
respectively. 
 

Index Terms— AQM Router, Congestion Control, LQ-Servo 
Controller, Trajectory Tracking.  
 

I. INTRODUCTION 
It comes to more important issues that congestion controls 

for the information network under the circumstances as the 
more and the faster data through the information network 
increasing. Jacobson and Karels[1] proposed the end-to-end 
congestion control algorithms which forms the basic for the 
TCP(Transmission Control Protocol) congestion control. It is 
a content that a TCP sender keeps a sending window (packets) 
rate according to the rate of dropped packets when a buffer 
becomes full in the router queue. In the last 90’s, Floyd and 
Jacobson[2] presented the RED(Random Early Detection). 
Its mechanism is that packets are randomly dropped before 
the buffer of queue overflows. And, Braden et al. [3] 
proposed the enhanced end-to-end congestion control for 
Active Queue Management. 

In recent years, the more needs for the congestion 
controllers having enough ability which is more logically 
predictable and reliable are occurred. For this reason, the 
traditional control algorithms which have been used only for 
mechanical or electrical systems are adopted to the area of 
congested network and their performances which are known 
as relatively good. Consequently, the more controllers which 
have various featured types have been adopted to the network 
congestion control area using control theories 
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On the issue of applying control theories to the network, 
especially AQM Router, Misra et al.[4] developed a 
methodology to model and obtain expected transient 
behavior of networks with Active Queue Management 
Routers supporting TCP flows. And Hollot et al. 
approximated its linearized model[5] using small-signal 
linearization about an operating point to gain insight for the 
purpose of feedback control, and designed the PI controller[6] 
based on the linear control theory. Its main contribution is to 
convert the congestion control algorithm into the controller 
design problem within the framework of control theory in 
AQM system. And also, [7] and [8] have used fundamental 
control theories to analyze and develop for AQM. More 
recently, Yang and Suh[9] have proposed the robust PID 
controller using LQ approach, the robust AQM controllers 
have developed by the optimal control theory based on the 
Linear Matrix Inequalities (LMI) [10] and the robust 
µ-analysis technique [11] for the stability and performance 
issues in AQM. These controllers maintain the queue size 
which is given at the starting moment of the system without 
any fluctuation. In these types of system operation case, it is 
impossible to use all resources (memories) being occupied by 
another software application because all those resources were 
privately dominated by previous one. 

In order to cope with various unpredictable critical 
problems and share the memory resource peacefully, we 
induce congestion controller to more flexible one based on 
LQ-Servo structure of M. Athans [12]. Since it can follow the 
rectangular command input, we can change input reference 
command as the reference queue size in AQM system. Of 
course, we already knows the fact that the controllers don't 
have a servo structure can follow the varying reference 
command, however, it cannot have been satisfied the system 
stability, and most of all, system performances at all. 
Basically, this 'servo' operation enhances the usefulness of 
resources and furthermore, reduces unnecessary memory 
reservations. Above all, servo can induce condition that 
strengthen the system stability and can prevent router system 
from fatal error. 

This paper is revised version of work appearing in [13]. 
The basic ideas are: we design LQ-Servo controller for the 
AQM router by combining two features of LQ optimization 
and servo structure. Consequently, we can get both 
satisfactions for the stability robustness and performance 
robustness. Each one is inborn attribute of LQ-Optimization 
and augmented servo structure.  

This paper is organized as follows: A description of the 
rational linearized AQM model is reviewed in Section II. 
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Section III describes that a servo control structure using 
Linear Quadratic approach that is called LQ-Servo, and that 
the LQ-Servo structure is extended by augmenting a new 
state variable. We derive an implemented controller for AQM 
model using LQ-Servo structure in Section IV. Finally, some 
simulation results are presented in Section V. 

 

II. AQM MODEL 
This section describes a brief review for mathematical 

models of AQM based on a control theoretical approach.  
 

A. Dynamic Model of TCP Behavior  
A mathematical dynamic model of TCP behavior is 

developed by Misra et al. [4] using fluid-flow and stochastic 
differential equations. The model becomes as following (1): 

where Wሺtሻሶ  denotes the time-derivative of Wሺtሻ , qሺtሻሶ  
denotes the time-derivative of qሺtሻ, and 

W ൌ Expected TCP window size (packets) 

q ൌ Expected queue length (packets) 

R ൌ Round-trip time (seconds) 

C ൌ Link capacity (packets/second) 

N ൌ Load factor (number of TCP sessions) 

p ൌ Probability of packet mark/drop 

t ൌ Time 

The function QሺWሻ  determines the probability that one 
loss is caused by a timeout, given that the window size W at 
the time of the loss.  

And Hollot et al. [5] use a simplified version of (1) which 
ignores the TCP timeout mechanism. The non-linear 
differential equations are following as: 

Wሶ ሺtሻ ൌ
1

Rሺtሻ െ
WሺtሻW൫t െ Rሺtሻ൯

2R൫t െ Rሺtሻ൯
p൫t െ Rሺtሻ൯ 

qሶ ሺtሻ ൌ
Wሺtሻ
Rሺtሻ Nሺtሻ െ C                                                 ሺ2ሻ 

The expected queue length q and the expected TCP 
window size W are positive value and bounded quantities. 
And also, the probability of packet mark/drop p takes value 
only within ሾ0 , 1ሿ . Figure 1 shows these differential 
equations in the block diagram which highlights TCP 
window-control and queue dynamics. 
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Figure 1. Block-diagram of TCP’s congestion-avoidance 
flow-control mode 

 

B. Linearization of AQM Model   
For the control theoretical analysis, (2) was approximated 

as a linearized constant model by small-signal linearization 
about an operating point ሺ W , q , p ሻ. Brief reviews for the 

linear model are shown below, and see [5] for linearization 
details. 

The operating point is defined by Wሶ ൌ 0 and qሶ ൌ 0 so that 
it is accomplished by conditions: 

Wሶ ሺtሻ ൌ 0 ՜  W
ଶp ൌ 2 

qሶ ሺtሻ ൌ 0 ՜  W ൌ
RC

N                           ሺ3ሻ 

And take the first chance of RTT as a input delay 

R ؆
q

C  T୮                                   ሺ4ሻ 

where T୮is propagation delay (seconds). 

We finally get the dynamics of TCP/AQM router 

δWሶ ሺtሻ ൌ െ
2N
R

ଶC
δWሺtሻ െ

RCଶ

2Nଶ δpሺt െ Rሻ 

δqሶ ሺtሻ ൌ
N
R

δWሺtሻ െ
1

R
δqሺtሻ                               ሺ5ሻ 

where 

δWሺtሻ ؆ W െ W 

δqሺtሻ ؆ q െ q 

δpሺtሻ ؆ p െ p                                   ሺ6ሻ 

 
Thus, the block diagram of linearized AQM control system 

is shown in Fig. 2. In this diagram, P୲ୡ୮ሺsሻ is the transfer 
function of the TCP behavior, P୯୳ୣ୳ୣሺsሻ is transfer function 

Wሶ ሺtሻ ൎ
1

Rሺtሻ  ൫1 െ QሺWሻ൯ ቆെ
WሺtሻW൫t െ Rሺtሻ൯

2R൫t െ Rሺtሻ൯
ቇ p൫t െ Rሺtሻ൯  ൫1  Wሺtሻ൯QሺWሻ

W൫t െ Rሺtሻ൯
R൫t െ Rሺtሻ൯

pሺt െ Rሺtሻሻ 

qሶ ሺtሻ ൌ 
Wሺtሻ
Rሺtሻ

N

୧ୀଵ

െ C                                                                 ሺ1ሻ
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of the queue dynamics, and Cሺsሻ  denoted the transfer 
function of controller. 
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Figure 2. Block diagram of a linearized AQM as feedback control 
 

The transfer functions of  P୲ୡ୮ሺsሻ and P୯୳ୣ୳ୣሺsሻ become as 
following, respectively, 

P୲ୡ୮ሺsሻ ൌ
RCଶ

2Nଶ

s  2N
R

ଶC

                               ሺ7ሻ 

P୯୳ୣ୳ୣሺsሻ ൌ

N
R

s  1
R

                                ሺ8ሻ 

where R ൌ Round Trip Time (RTT), N ൌ no. of active TCP 
session, C ൌ link capacity (packet/sec) 

 

And also, the plant transfer function which is denoted as 
Pሺsሻ ൌ P୲ୡ୮ሺsሻP୯୳ୣ୳ୣሺsሻeିୱRబ can be expressed as: 

Pሺsሻ ൌ
Cଶ

2N eିୱRబ

൬s  2N
R

ଶC൰ ቀs  1
R

ቁ
                    ሺ9ሻ 

 

III. LQ-SERVO SYSTEMS 
The objective of this section is to describe a servo control 

structure using Linear Quadratic approach that is called 
LQ-Servo. And the LQ-Servo structure is extended by 
augmenting with a new state variable. 

 

A. LQ-Servo  
The servo problem is the task of controlling a system so 

that the system output follows a reference command signal 
such as step changes. We consider a useful servo problem. 

Suppose we are given the n-dimensional linear system 
having state equations as following: 

xሶ ሺtሻ ൌ Axሺtሻ  Buሺtሻ                            ሺ10ሻ 

yሺtሻ ൌ Cxሺtሻ                                            ሺ11ሻ 

where A is a system matrix, B is a input matrix, C is a output 
matrix, x ሺtሻ א R୬ , and the m  entries of yሺtሻ  are linearly 
independent or, equivalently, the matrix C has rank m. 

 
Without loss of generality, the optimal servo problem 

based on Linear Quadratic approach, that is called LQ-Servo, 
is to find the optimal control law uሺtሻ for the linear system 
(10) by minimizing the cost functions 

J ൌ න ሾxTሺtሻQxሺtሻ  uTሺtሻRuሺtሻሿdt
ஶ


          ሺ12ሻ 

where a weighting matrix Q  is symmetric and positive 
semi-definite, and a weighting factor R is positive value. 
 

In order to design LQ-Servo systems that the output signal 
follows the reference command signal, an output variable is 
included with the state variables, and then the output vector 
becomes one part of the state vectors. So, the state variable 
xሺtሻ can be divided as followings:  

xሺtሻ ൌ 
x୰ሺtሻ
y୮ሺtሻ൨                                      ሺ13ሻ 

where x୰ሺtሻ א R୬ି୫ and y୮ሺtሻ א R୫. 
 

Then, the state-space model of (10) and (11) becomes as: 

xሶ ሺtሻ ൌ Axሺtሻ  Buሺtሻ                             ሺ14ሻ 

yሺtሻ ൌ C୮xሺtሻ                                           ሺ15ሻ 

x୰ሺtሻ ൌ D୮xሺtሻ                                          ሺ16ሻ 

where C୮ ൌ ሾ0୫ൈሺ୬ି୫ሻ I୫ൈ୫ሿ  and 
D୮ ൌ ሾIሺ୬ି୫ሻൈሺ୬ି୫ሻ 0ሺ୬ି୫ሻൈ୫ሿ. 
 

It is well known that the following optimal control law is 
obtained 

uሺtሻ ൌ െGxሺtሻ                                 ሺ17ሻ 

and the gain matrix G can be partitioned as 

G ൌ ሾG୰ G୷ሿ                              ሺ18ሻ 

where G୰ is m ൈ ሺn െ mሻ matrix and G୷ is m ൈ m matrix. 
 

Thus, the optimal control uሺtሻ of (17) can be expressed as: 

uሺtሻ ൌ െG୰x୰ሺtሻ െ G୷y୮ሺtሻ                     ሺ19ሻ 

Substituting (19) into (14), the closed loop state-equation 
is obtained as: 

xሶ ሺtሻ ൌ Axሺtሻ െ BG୰x୰ሺtሻ െ BG୷y୮ሺtሻ 

ൌ ൣA െ BG୰D୮ െ BG୷C୮൧xሺtሻ                   ሺ20ሻ 

 
Figure 3 illustrates the block diagram of LQ-Servo which 

is considering both of the reference command rሺsሻ and the 
disturbance dሺsሻ of output. 
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Figure 3. Block-diagram of LQ-Servo 
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It is noted that the optimal LQ-Servo system can be 
derived by using linear quadratic regulator theory. There is a 
result for a two-degree-of-freedom controller involving a 
standard optimal feedback regulator and a feed forward 
controller. 
 

B. Augmented LQ -Servo 
Since LQ-Servo can happen to a steady state error 

according to rሺsሻ or dሺsሻ in Fig. 3, a new integrator state 
variable z୮ሺtሻ is added to the feed forward loop of LQ-Servo 
structure to complement the steady state error. 
 

The new state variable z୮ሺtሻ is defined as: 

z୮ሺtሻ ൌ න y୮ሺτሻdτ
୲


                        ሺ21ሻ 

So, the augmented state-variable descriptions are 

xሺtሻ ൌ 
x୰ሺtሻ
y୮ሺtሻ
z୮ሺtሻ

                               ሺ22ሻ 

and also (14) and (15) become as following (23) and (24), 
respectively, 

xሶ ሺtሻ ൌ Aୟ୳xሺtሻ  Bୟ୳u୮ሺtሻ                  ሺ23ሻ 

yሺtሻ ൌ Cୟ୳xሺtሻ                                           ሺ24ሻ 

where Aୟ୳ ൌ ቂA 0
C 0ቃ, Bୟ୳ ൌ ቂB

0ቃ and Cୟ୳ ൌ ሾC୮ 0ሿ. 
 

In LQ control design, , the optimal control input of (23) is 
obtained as: 

u୮ሺtሻ ൌ െGxሺtሻ                               ሺ25ሻ 

where G ൌ െRିଵBୟ୳
T K and K ൌ KT is a solution matrix of 

the algebraic Riccatti’s equation: 

KAୟ୳  Aୟ୳
T K  Q െ KBୟ୳RିଵBୟ୳

T K ൌ 0      ሺ26ሻ 

Suppose the gain matrix G  is decomposed into G ൌ
ሾG୰ G୷ Gሿ , the optimal control input of (25) can be 
expressed as 

u୮ሺtሻ ൌ െG୰x୰ሺtሻ െ G୷y୮ሺtሻ െ Gz୮ሺtሻ       ሺ27ሻ 

Therefore, we can modify the LQ-Servo structure as 
shown in Fig. 4 to ensure that zero steady state error is 
robustly achieved in response to a constant reference 
commands. 
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Figure 4. LQ-Servo with augmented state variable 

 

IV. LQ-SERVO CONTROL FOR AQM 
In this section, we present the controller implementation 

for AQM model using the LQ-Servo structure. 
 

A. State-Space Model of AQM 
Let the state variable xሺtሻ of (5) be defined as: 

xሺtሻ ൌ 
x୰ሺtሻ
y୮ሺtሻ൨ ൌ δWሺtሻ

δqሺtሻ ൨                        ሺ28ሻ 

The (4) can be represented with state-space model: 

xሶ ሺtሻ ൌ Axሺtሻ  Buሺt െ Rሻ 

yሺtሻ ൌ C୮xሺtሻ                                              ሺ29ሻ 

where yሺtሻሺൌ δqሺtሻሻ is an output variable, uሺtሻሺൌ δpሺtሻሻ is 
a control input.  

 
And also, the system matrix, input matrix and output 

matrix of (11) can be expressed as following, respectively: 

A ൌ

ۏ
ێ
ێ
ێ
െۍ

2N
R

ଶC
0

N
R

െ
1

Rے
ۑ
ۑ
ۑ
ې
 , B ൌ െ

RCଶ

2Nଶ

0
൩ , 

C୮ ൌ ሾ0 1ሿ , and  D୮ ൌ ሾ1 0ሿ                       ሺ30ሻ 

In this paper, R  as an input delay on (29) is ignored 
because of its mere affection on entire control system. And 
one of the AQM system state variables W  that can’t be 
measured exactly on router itself is simply approximated to 
the average incoming packet size. In practice, router can 
observe and detect total incoming packets which have mixed 
form. Thus, it can count the total number of packets that 
comes from every end nodes at every sampling period. 

 
The window size is  

W ൌ Incoming Packets / ܰ                     ሺ31ሻ 

 

B. LQ-Servo control for AQM 
In order to follow a reference input command trajectory 

which is continuously varying, our controller must have at 
least one integrator which is associated with proper state 
variables. For the AQM system model, the reference queue 
size is the reasonable state variable. In this paper, rectangular 
reference input commands are used for the test of continuous 
varying command. Thus, just one integrator is adapted to 
AQM system. 

 
Integrator adoption process which is finished to augmented 

system matrix Aୟ୳ is formed via hiring new state variable 

z୮ሺtሻ ൌ න qሺτሻdτ
୲


                          ሺ32ሻ 

So, the augmented state-variable descriptions become 
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xሺtሻ ൌ 
x୰ሺtሻ
y୮ሺtሻ
z୮ሺtሻ

 ൌ

ۏ
ێ
ێ
ێ
ۍ

δWሺtሻ
δqሺtሻ

න qሺτሻdτ
୲

 ے
ۑ
ۑ
ۑ
ې
               ሺ33ሻ 

and the state-space model of (9) becomes as following: 

xሶ ሺtሻ ൌ Aୟ୳xሺtሻ  Bୟ୳uሺt െ Rሻ 

yሺtሻ ൌ Cୟ୳xሺtሻ                                                ሺ34ሻ 

And also, the system matrix, input matrix and output 
matrix can be presented as, respectively, 

Aୟ୳ ൌ

ۏ
ێ
ێ
ێ
െۍ

2N
R

ଶC
0 0

N
R

െ
1

R
0

0 1 ے0
ۑ
ۑ
ۑ
ې

 , Bୟ୳ ൌ ൦
െ

RCଶ

2Nଶ

0
0

൪ 

and Cୟ୳ ൌ ሾ0 1 0ሿ                                               ሺ35ሻ 

It is certain that both system matrices A and Aୟ୳ has same 
eigen values. 

 
Figure 5 illustrates the block-diagram of LQ-Servo 

controller for AQM. And, the proposed LQ-Servo controller 
parameters as the gain matrix of (25) are achieved by solving 
the algebraic Riccatti’s equation (26). 

 
Remark 1. It is noted that we can set the weighting matrix 

Q to the identity matrix I and the weighting factor R to 2 for 
convenience in this paper.  

 
Remark 2. In practical implementation, conditions (6) 

must be verified. At first, W can be derived from certain 
constant values R , C , N . And q have to be reference input 
that is continuous varying. The state variables x୰ and y୮ are a 
value from observing the window size (31) and the queue 
length, respectively. And also, the state variable z୮ is a value 
of an accumulated error between the reference queue size and 
δqሺtሻ . This  z୮ may strengthen the performance robustness 
on tracking issue. 

 

V. SIMULATION 
We can verify the tracking performance of some network 

congestion controller by simulation using the ns-2 simulator 
[14]. 

 
Experiments are a mixture of FTP and HTTP sources as 

following Fig. 6.  
 

Figure 6. AQM Router Diagram 
 
For the first time, PI controller [6] which has non trajectory 

tracking structure is tested as a comparative reference. Figure 
7 shows its performance for the continuous varying reference 
command. The reference input (queue size) has rectangular 
form and changes every 50seconds. Initial value start with 
queue size 300 and then, reference queue size is changes to 
200 and 500, 200. Sampling time parameter is set to 
1/160second for all experiments 
 

 
Figure 7. Tracking performance of the PI controller 
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Figure 5. LQ-Servo Controller for AQM 
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Next, some experiments can verify the tracking 
performance of the LQ-Servo controller with some different 
AQM model parameters. 

 
 

A. Experiment I 
To evaluate tracking performance, we compare LQ-Servo 

with PI controller at first on the ns-2. (35), the continuous 
(analog) system and input matrices are 

Aୟ୳ ൌ 
െ0.5288 0 0
243.9024 െ4.0650 0

0 0 0
൩ , Bୟ୳ ൌ 

െ480.4688
0
0

൩ 

In order to simulate, this continuous model must convert to 
discrete one. Simply, command ‘c2d’ makes continuous 
model into appropriate one on Matlab. 

 
Finally, we can get the control gain for the experiment 1. 

G ൌ ሾെ0.4373 െ0.1607 െ0.1662ሿ 

Both comparative reference PI and LQ-Servo controllers 
have same values of the network parameters. 

R ൌ 0.246 (second) 

C ൌ 15Mbps (3750 packets/sec) 

N ൌ 60 

The reference input (queue size) also has rectangular form 
and changes every 50seconds. Initial value start with queue 
size 300 and then, queue size is changes to 200 and 500, 200. 
The result is shown in Fig. 8. 
 

 
Figure 8. Tracking performance of LQ-Servo controller for 

experiment I 
 
 

B. Experiment II 
Simulation is accomplished with similar to experiment I, 

except that more load factors (N) are added and also link 
capacity (C) is reduced. 

R ൌ 0.246 (second) 

C ൌ 8Mbps (2000 packets/sec) 

N ൌ 120 

The continuous (analog) system and input matrices are 

Aୟ୳ ൌ 
െ1.9829 0 0
487.8049 െ4.0650 0

0 0 0
൩ , Bୟ୳ ൌ 

െ34.1667
0
0

൩ 

Control gain for the experiment II. 

G ൌ ሾെ3.4654 െ0.4220 െ0.4440ሿ 

The reference input (queue size) also has rectangular form 
and changes every 50seconds. Initial value start with queue 
size 300 and then, queue size is changes to 400 and 200, 350. 
Figure 9 shows the simulation result. 

 

 
Figure 9. Tracking performance of LQ-Servo controller for 

experiment II 
 
 
It is remarked that Figure 7 and Figures 8~9 indicate the 

simulation results of both the PI controller and the proposed 
LQ-Servo controller with respect to changed reference queue 
size, respectively. These results show that the proposed 
controller has the better performance in a trajectory tracking 
problem in AQM routers. 

 

VI. CONCLUSION 
This paper presents the LQ-Servo controller dealing with a 

good tracking performance. This controller structure is made 
by taking a traditional servo mechanism based on Linear 
Quadratic approach and by augmenting a new state variable 
to the feed forward loop of LQ-Servo structure.  The 
simulation results show that the proposed controller is more 
effective in getting the good tracking responses than PI 
controller for the varying reference queue size in AQM 
routers. On the LQ-Servo simulation result, not only steady 
state wave form has a stable tendency but also it shows the 
better performances at every reference changing point.  
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