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Abstract

We consider the non-square matrix sensing
problem, under restricted isometry prop-
erty (RIP) assumptions. We focus on the
non-convex formulation, where any rank-r
matrix X € R™*" is represented as UV'T,
where U € R™*" and V € R™*". In this
paper, we complement recent findings on
the non-convex geometry of the analogous
PSD setting [5], and show that matrix fac-
torization does not introduce any spurious
local minima, under RIP.

1 Introduction and Problem
Formulation

Consider the following matrix sensing problem:

i X) == ||AX) - b[|3
coin o f(X) = [LAX) - bl
subject to rank(X) <r.

Here, b € RP denotes the set of observations and
A R™*™ — RP is the sensing linear map. The
motivation behind this task comes from several ap-
plications, where we are interested in inferring an
unknown matrix X* € R™*" from b. Common as-
sumptions are (i) p < m - n, (it) b = A(X*) + w,
i.e., we have a linear measurement system, and (i47)
X* is rank-r, r < min{m,n}. Such problems ap-
pear in a variety of research fields and include image
processing [11, 44], data analytics [13, 11], quantum
computing [1, 19, 26], systems [32], and sensor local-
ization [23] problems.
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There are numerous approaches that solve (1), both
in its original non-convex form or through its con-
vex relaxation; see [28, 16] and references therein.
However, satisfying the rank constraint (or any nu-
clear norm constraints in the convex relaxation) per
iteration requires SVD computations, which could
be prohibitive in practice for large-scale settings.
To overcome this obstacle, recent approaches reside
on non-convex parametrization of the variable space
and encode the low-rankness directly into the ob-
jective [25, 22, 2, 43, 49, 14, 4, 48, 42, 50, 24, 35,
46, 37, 36, 47, 34, 29, 33]. In particular, we know
that a rank-r matrix X € R™*" can be written as
a product UV T, where U € R™*" and V € R™*".
Such a re-parametrization technique has a long his-
tory [45, 15, 39], and was popularized by Burer and
Monteiro [8, 9] for solving semi-definite programs
(SDPs). Using this observation in (1), we obtain
the following non-convez, bilinear problem:

i UvT) = [|AUVT) — b2
UeRmirrl}‘I/leRnxr f( ) || ( ) ||2

(2)
Now, (2) has a different form of non-convexity due to
the bilinearity of the variable space, which raises the
question whether we introduce spurious local min-
ima by doing this transformation.

Contributions: The goal of this paper is to an-
swer negatively to this question: We show that,
under standard regulatory assumptions on A, UV T
parametrization does not introduce any spurious lo-
cal minima. To do so, we non-trivially generalize
recent developments for the square, PSD case [5]
to the non-square case for X*. Our result requires
a different (but equivalent) problem re-formulation
and analysis, with the introduction of an appropri-
ate regularizer in the objective.

Related work. There are several papers that con-
sider similar questions, but for other objectives. [40]
characterizes the non-convex geometry of the com-
plete dictionary recovery problem, and proves that



all local minima are global; [6] considers the problem
of non-convex phase synchronization where the task
is modeled as a non-convex least-squares optimiza-
tion problem, and can be globally solved via a mod-
ified version of power method; [41] show that a non-
convex fourth-order polynomial objective for phase
retrieval has no local minimizers and all global min-
imizers are equivalent; [3, 7] show that the Burer-
Monteiro approach works on smooth semidefinite
programs, with applications in synchronization and
community detection; [17] consider the PCA prob-
lem under streaming settings and use martingale ar-
guments to prove that stochastic gradient descent on
the factors reaches to the global solution with non-
negligible probability; [20] introduces the notion of
strict saddle points and shows that noisy stochastic
gradient descent can escape saddle points for generic
objectives f; [30] proves that gradient descent con-
verges to (local) minimizers almost surely, using ar-
guments drawn from dynamical systems theory.

More related to this paper are the works of [21] and
[5]: they show that matrix completion and sensing
have no spurious local minima, for the case where
X™* is square and PSD. For both cases, extending
these arguments for the more realistic non-square
case is a non-trivial task.

1.1 Assumptions and Definitions

We first state the assumptions we make for the ma-
trix sensing setting. We consider the case where the
linear operator A satisfies the Restricted Isometry
Property, according to the following definition [12]:

Definition 1.1 (Restricted Isometry Property
(RIP)). A linear operator A: R™*™ — RP satisfies
the restricted isometry property on rank-r matrices,
with parameter 0., if the following set of inequalities
hold for all rank-r matrices X :

(1=6:) - I XIE < AN < (1 +6,) - [ X[

Characteristic examples are Gaussian-based linear
maps [18, 38|, Pauli-based measurement operators,
used in quantum state tomography applications [31],
Fourier-based measurement operators, which lead to
computational gains in practice due to their struc-
ture [27, 38], or even permuted and sub-sampled
noiselet linear operators, used in image and video
compressive sensing applications [44].

In this paper, we consider sensing mechanisms that
can be expressed as:

(AX)), = (A, X), Vi=1,..

.,p, and A; € R™*",

E.g., for the case of a Gaussian map A, A; are in-
dependent, identically distributed (i.i.d.) Gaussian
matrices; for the case of a Pauli map A, A; € R™*"™
are i.i.d. and drawn uniformly at random from a set
of scaled Pauli “observables” (PiQPy®---QPy)/+/1,
where n = 2% and P, is a 2 x 2 Pauli observable ma-
trix [31].

A useful property derived from the RIP definition is
the following [10]:

Proposition 1.2 (Useful property due to RIP). For
a linear operator A : R™*™ — RP that satisfies the
restricted isometry property on rank-r matrices, the
following inequality holds for any two rank-r matri-
ces X, Y e Rmxn:

p
D (A X) (AL Y) = (X, V)| <o | X 1Y
i=1

An important issue in optimizing f over the factored
space is the existence of non-unique possible factor-
izations for a given X. Since we are interested in
obtaining a low-rank solution in the original space,
we need a notion of distance to the low-rank solu-
tion X* over the factors. Among infinitely many
possible decompositions of X*, we focus on the set
of “equally-footed” factorizations [43]:

i ={w vy vvT=x,

o (U*) = 0i(V*) = 0:(X*) V2 Vi € [r]}. (3)

Given a pair (U, V), we define the distance to X* as:
ul U
14 | %

1.2 Problem Re-formulation

DisT (U, V; X*) =

min
(U*,V*)exy

F

Before we delve into the main results, we need to
further reformulate the objective (2) for our anal-
ysis. First, we use a well-known transformation to
reduce (2) to a semidefinite optimization. Let us
define auxiliary variables

_ U (m+n)xr T U (m+n)xr
W—[V]GR , W= v eR .

Based on the auxiliary variables, we define the
linear map B : RO#tmx(m+n) o RP guch
that (B(WWT))Z = <BZ, WWT>, and B; €
R(m+n)x(m+n) Ty make a connection between the
variable spaces (U, V) and W, A and B are related
via matrices A; and B; as follows:

1 0 A
B=g | o)



This further implies that:

BOVWT); = 5 - (B WWT)
sl o) e vl
= (A, UVT).

Given the above, we re-define f : R(m+mxr _ R
such that

FOV) = [BWWT) b3 (4)

It is important to note that B operates on (m+mn) x
(m 4+ n) matrices, while we assume RIP on A and
m X n matrices. Making no other assumptions for
B, we cannot directly apply [5] on (4), but a rather
different analysis is required.

In addition to this redefinition, we also introduce a
reqularizer g : RU"t)*" 4 R such that

g(W) = A HWTWHi A JUTU-VTV|.

This regularizer was first introduced in [43] to prove
convergence of its algorithm for non-square matrix
sensing, and it is also used in this paper to analyze
local minima of the problem. After setting A\ = %,
(2) can be equivalently written as:

IBOvWT) b3+ [
(5)
By equivalent, we note that the addition of g in the
objective does not change the problem, since for any
rank-r matrix X there is a pair of factors (U, V') such
that g(W) = 0. It merely reduces the set of optimal
points from all possible factorizations of X* to bal-
anced factorizations of X* in A¥. U* and V* have
the same set of singular values, which are the square

roots of the singular values of X*. A key property
of the balanced factorizations is the following.

minimize
WeR(7n+n) Xr

Proposition 1.3. For any factorization of the form
(3), it holds that

W W =UrTUr vV =0
Proof. By “balanced factorizations” of X* =
U*V*T, we mean that factors U* and V* satisfy
U* = AXY?R, V* = Bx'?R (6)

where X* = AXBT is the SVD, and R e R™" is an
orthonormal matrix. Apply this to W*TW* to get
the result. O

Therefore, we have g(W*) = 0, and (U*,V*) is an
optimal point of (5).

2 Main Results

This section describes our main results on the func-
tion landscape of the non-square matrix sensing
problem. The following theorem bounds the dis-
tance of any local minima to the global minimum,
by the function value at the global minimum.

Theorem 2.1. Suppose W* is any target matriz
of the optimization problem (5), under the balanced
singular values assumption for U* and V*. If W is
a critical point satisfying the first- and the second-
order optimality conditions, i.e., V(f + g)(W) =0
and V2(f + g)(W) = 0, then we have

1585, —54452 —108882,.82,.
8(4046852,) (1+062,)

* * 2
WW T —ww*T|,

< HA(U*V*T) —sz. (7)

Observe that for this bound to make sense, the term
1753?2&?3325:;( 13_85?2)"61 needs to be positive. We
provide some intuition of this result next. Combined
with Lemma 5.14 in [43], we can also obtain the dis-

tance between (U, V) and (U*,V*).

Corollary 2.2. For W = and given the as-

U
v

sumptions of Theorem 2.1, we have

1—582, 54453, —1088082,.03,. . 2
o (X7) - 1()2(40+68<§12r)(1+62f) 4. DisT (U, V; X™)
(8)

< |Aaw vy - ’

Implications of these results are described next,
where we consider specific settings.

Remark 1 (Noiseless matrix sensing). Suppose that
*

W* = [g*] is the underlying unknown true matrix,

i.e., X* = U*V* " is rank-r and b = A(U*V* ). We
assume the noiseless setting, w = 0. If 0 < g, <

64 < 0.0363, then =202 SUOL 10800, g g
Corollary 2.2. Since the RHS of (8) is zero, this
further implies that DisT (U,V; X*) = 0, i.e., any
critical point W that satisfies first- and second-order
optimality conditions is global minimum.

Remark 2 (Noisy matrix sensing). Suppose that
W* is the underlying true matrix, such that X* =
U*V* T and is rank-r, and b = A(U*V* ") + w, for
some noise term w. If 0 < g, < d4. < 0.02, then
it follows from (7) that for any local minima W the
distance to U*V* " is bounded by

1

=0 [WwT —ww*T| . <|wl|.



Remark 3 (High-rank matrix sensing). Suppose
that X™* is of arbitrary rank and let X denote its
best rank-r approximation. Let b = A(X*) + w
where w is some noise and let (U*,V*) be a bal-
anced factorization of X. If 0 < 02, < d4r < 0.005,
then it follows from (8) that for any local minima
(U, V) the distance to (U*, V*) is bounded by

1280 X" = X7) + .

30 (X*) '

DisT (U, V; X*) <

In plain words, the above remarks state that, given
sensing mechanism A with small RIP constants,
any critical point of the non-square matrix sensing
objective—with low rank optimum and no noise—is
a global minimum. As we describe in Section 3, due
to this fact, gradient descent over the factors can
converge, with high probability, to (or very close to)
the global minimum.

3 What About Saddle Points?

Our discussion so far concentrates on whether UV T
parametrization introduces spurious local minima.
Our main results show that any point (U,V) that
satisfies both first- and second-order optimality con-
ditions! should be (or lie close to) the global op-
timum. However, we have not discussed what hap-
pens with saddle points, i.e., points (U, V') where the
Hessian matrix contains both positive and negative
eigenvalues.? This is important for practical rea-
sons: first-order methods rely on gradient informa-
tion and, thus, can easily get stuck to saddle points
that may be far away from the global optimum.

[20] studied conditions that guarantee that
stochastic gradient descent—randomly initialized—
converges to a local minimum; id.e., we can avoid
getting stuck to non-degenerate saddle points.
These conditions include f + g being bounded and
smooth, having Lipschitz Hessian, being locally
strongly convex, and satisfying the strict saddle
property, according to the following definition.

Definition 3.1. [20] A twice differentiable function
f+g is strict saddle, if all its stationary points, that
are not local minima, satisfy Amin(V2(f+g)(-)) < 0.

[30] relax some of these conditions and prove the
following theorem (for standard gradient descent).

Note here that the second-order optimality condition
includes positive semi-definite second-order information;
i.e., Theorem 2.1 also handles saddle points due to the
semi-definiteness of the Hessian at these points.

2Here, we do not consider the harder case where sad-
dle points have Hessian with positive, negative and zero
eigenvalues.

4

Theorem 3.2 ([30] - Informal). If the objective
1s twice differentiable and satisfies the strict saddle
property, then gradient descent, randomly initialized
and with sufficiently small step size, converges to a
local minimum almost surely.

In this section, based on the analysis in [5], we
show that f 4 g satisfy the strict saddle property,
which implies that gradient descent can avoid sad-
dle points and converge to the global minimum, with
high probability.

Theorem 3.3. Consider noiseless measurements
b = A(X™), with A satisfying RIP with constant
b4r < 1h5. Assume that rank(X*) = r. Let (U,V)
be a pair of factors that satisfies the first order op-

timality condition V f(W) =0, for W = [g] , and
UVT # X*. Then,

A (V2(f 4 9) (W) < L.

- o (X™).

Proof. Let Z € RO™™)*7" Then, by (10), the proof
of Theorem 2.1 and the fact that b = A(X*) (noise-
less), V2(f + g)(W) satisfies the following:

vec(2)" - V2(f + g)(W) - vec(2)

(13),(12) 1 4 269, w— T « o I
S o U
j=1
3 — 802 m—
- 2-HWWT7WWT’
16 F
(14),(15)
< (e (14 30 168%,) - )
2
. HWWT _ W*W*T ‘
F
< 71+554T+2;26§,,,+5445;},,, ) HWWT —wrwrT ‘2F
T * *T
g—%-HWW —WwW ‘F 9)

where the last inequality is due to the requirement

640 < 1i5- For the LHS of (9), we can lower bound

as follows:
vec(Z)T V([ +g)(W) - vec(Z)
> 213 Amin (V2(f + g)(W))
= |W = W*R|} - Amin (V2(f + 9)(W))

where the last equality is by setting Z = W —W*R.
Combining this expression with (9), we obtain:

Amin (V2(f +9)(W))

1/10 T * *T‘
< - /2 _
S TW-woRE [T —wrweT]
© M B 1) on(XY) - |W - WR
- W -W-R|% ' "
< _% ‘UT(X*)v



where (a) is due to Lemma 5.4, [43]. This completes
the proof. O

4 Proof of Main Results

We first describe the first- and second-order opti-
mality conditions for f 4 g objective with W vari-
able. Then, we provide a detailed proof of the main
results: by carefully analyzing the conditions, we
study how a local optimum is related to the global
optimum.

4.1 Gradient and Hessian of f and ¢

The gradients of f and g w.r.t. W are given by:

VW) = i(<Bi, WWT> — b)) B W

Vg(W) = EWWTW (z i : LUV} (UTU - VTV)>

Regarding Hessian information, we are interested in
the positive semi-definiteness of V2(f + g); for this
case, it is easier to write the second-order Hessian
information with respect to to some matrix direction
Z € RUm+m)xr a5 follows:

T.V2f(W) -vec(Z)
_ <lim [Vf(W+tZt)—Vf(W)} ,Z>

vec(Z)

t—0

p
= Z(BZ-, ZWT +W2ZT) - (B;,ZWT)
= p
+> (BiWWT) = b)) (B, ZZT)
=1

and

T.V2g(W) - vec(Z)

_ <lim [Vg(W+tZ)f
t—0 t

vec(Z)

VQ(W)} Z>
L /s T L/ o7 T
:Z<ZW IW >—|—Z<WZ IW >
1/~ ~
+3 <WWT,ZZT> .

4.2 Optimality conditions

Given the expressions above, we now describe first-
and second-order optimality conditions on the com-

posite objective f + g.

First-order optimality condition. By the first-
order optimality condition of a pair (U, V') such that

W Kﬂ’ we have V(f + g) (W) = 0. This further

implies:
Vif+9(W)=0 =
p
1 - -
> (B, wwT) )= bi) Bi- W S WWTW =0

- (11)

Second-order optimality condition. For a
point W that satisfies the second-order optimality
condition VZ(f + g)(W) = 0, (10) holds for any
Zc R(m+n)><r'

4.3 Proof of Theorem 2.1

Suppose that W is a critical point satisfying the
optimality conditions (11) and (10). As in [5],
we sum up the above condition for Z; £ (W —
W*R)ere{ ..., Z. = (W — W*R)e,e. For sim-

r

plicity, we first assume Z = W — W*R.

Bounding terms (A), (C) and (D) in (10).
The following bounds work for any Z.

(A) = ij <B¢,ZWT>2 + ij <B¢, ZWT> . <B,~,WZT>

=1

@) 2.i<3. ZWT>2
=1 b
)

1 + 627 1 + 627'
2 2

A I e R |

INS

2 2
ZUVTH n UZJH
F F

(c) 2 2
S 1 + 252r ZUVT + 1 + 252r UZ‘"/I'
2 F 2 F
(A1)

T <ZUVT, Uz >
(A2)

where (a) follows from that every B; is symmetric,
(b) follows from Proposition 1.2, and (c) follows from

the AM-GM inequality. We also have

= (W)= [,
e,

2 2
=zl
F F

1 1+ 462,
4

(41) + 1(C) < 2|




vec(Z)" - V2(f 4 g)(W) - vec(Z) > 0
i(Bi,ZWT TwzTy. <Bi,ZWT> +i (<Bi, WWT> - bi) - <B,-,ZZT>

i=1

(A) (B)
1 /50T T\, 1 /5T T\ , 1 /5T T Zy (m4n)xr
et st st > = .
+4<ZW ZW >+4<WZ IW >+4<WW 27 >_o, vZ {ZV}GR (10)
() (D) (B)
(D) =(WZT, ZWT> = <UZJ7 ZUUT> and (b) follows from Proposition 1.2. Then we have

(
n <VZJ, ZVVT> - <UZ$, ZUVT> (B2) - (E)

(vag, T, = (WW,22w" - 227)
(42)+ 2(D) = i (waz™,zw™) QW 2ww T W RWT — WRTWT
(A)+ 1)+ 3 (D) < ¢ [wzT + 2w W -WRW-WRT)
e = (W wwT —wrwT)
+62THZW HF ®) /55T T P < ST e T
2w ww T —wrwr T (W W
g (WWTww T —ww T (W W
Bounding terms (B) and (E). We have - <W*W*T,WWT>

) _ <WV~VT B W*W*T7 wwT — W*W*T>
(B)=>_ ((BsWW") —y;) (B, 22" o
i=1 (< > ) < > where (a) follows from that WW T is symmetric,
P (b) follows from Proposition 1.3, (c¢) follows from

@ _ > (<Bi, WWT> - yi) . <Bi, ww' — W*W*T> that the inner product of two PSD matrices is non-
negative. We then have,

-

1=

<VT/WT, (W — W*R)WT> 1 1

2 (B1) + 4 (B2) — ()
-3 <B¢,WWT>2 - % (WWT.w W RWT) 5 s|lovT - U*V*THZ’F
=1
RS N T T +1<WWT—W*W*T,WWT—W*W*T>
;(<BZ,W W > y) <Bl,WW W*W > 4

2
_ (1 — gy — 1) HUVT _ U*V*TH
2 F

2 1 -
< _ _ , T _ * *TH 1 T T
< (16 )HUV vvT| -5 <WW 2ZW >

2

2
4 1 HUUT T+ 1 HVVT vt
4 F 4

(B1) (B2) F

p W S 21_262’". WWT—W*W*TQ
7;(<Bi’w W) —u) (Boww T —wrweT) | I
(B3) For (B3), we have
—(B3)
t?;}rllere e Brscorderptinaliy s = i (<Bi, W*W*T> - bi) : <Bi, ww' — W*W*T>
i=1

<ZP: (<Bi, ww) - y) By W,2W — 2W*R> © HA(U*V*T) - bH : (zp: <Bi, ww’ - W*W*T>2> ’

i=1

’A(U*V*T) - bH : HWWT - W*W*THF

1 Tryxs T * (b)
:—§<WW WW—WR>, . < V1T g -



where (a) follows from the Cauchy-Schwarz inequal-
ity, and (b) follows from Proposition 1.2. We get

(B)+ ()
< 1 *4252r ) HWWT —wwrT ‘2
F
+VIF or- HA(U*V*T) - bH : HWWT —wrwr T ‘F
e
1601+ 82,) - AWV - bH2 (12)

where the last inequality follows from the AM-GM
inequality.

Summing up the inequalities for 7;,...,Z,.
Now we apply Z; = ZejejT. Since ZZ'T =
>'_4 ZjZ] in (10), the analysis does not change
for (B) and (E). For (A), (C), and (D), we obtain

1
<> {5 w2+ 2w+ s 2w )
We have

r 2
3 szjT +ZjWTH
F
=1

T 2 T
=23 |[Wese 27| 423 (Weje] 27, Zese] WT)
< -

1=

ZQ.ZHWeJeJZ H +2- Z(eJZ We;)?
-1

<2 3 |weses 27| +2- S Zesl - e
j=1 =1

r 2
T,T
ZHWejej Z H
F
Jj=1

where the inequality follows from the Cauchy-
Schwarz inequality. Applying this bound, we get
1 1

(©)+ (D)

1+ 2(527-

I
< L2 S e, (W - w2
j=1

(13)

Next, we re-state [5, Lemma 4.4]:

Lemma 4.1. Let W and W* be two matrices, and
Q is an orthonormal matriz that spans the column
space of W. Then, there exists an orthonormal ma-
triz R such that, for any stationary point W of g(W)

that satisfies first and second order condition, the
following holds:

D IWeje (W —W*R)|I%
j=1

AW —wrwrTE

1
8
+5WWT W W E  (14)

And we have the following variant of [5, Lemma 4.2].

Lemma 4.2. For any pair of points (U, V) that
satisfies the first-order optimality condition, and A
be a linear operator satisfying the RIP condition with
parameter &4, the following inequality holds:

L],

< 4 - HWWT W*W*TH

\/@ HA UV - H (15)

Applying the above two lemmas, we can get
1 1

W+ e +1m)
(14285,-)-(1+108862,.) T P
< st |
2
4 34(1 + 205,) (1 + 62,) ‘A(U*V*T) - bH .
(16)

Final inequality. Plugging (16) and (12) to (10),
we get

1—585,—54467,—1088082,.03,.
8(40+685m)(1+52r

<A@ vT) - ’

WwT W

)

which completes the proof.

5 Appendix: Proof of Lemma 4.2

The first-order optimality condition can be written
as



P

) ) T ey T . T T
;<AZ,UV Uv ><AZ,ZUV +UZv>
S (o) (o o)

i=1

N | =

+3<WWT,ZWT>7

Zy
Zy
and the Cauchy-Schwarz inequality to the condition,
we obtain

VZ = € RUm+m)xr - Applying Proposition 1.2

% (v~ VT, 2oV +UZY) +i (W7, zwT)

(A) (B)
<su lUVT —urvT )F HZUVT n UZJHF
(C)
1 5 T * *
el ;r 2 N awrvT —bH HZUVT +UZJHF

D)
(17)

Let Z=(WWT—W*W*")QR™ T where W = QR
is the QR decomposition. Then we obtain

ZWT =WwT —ww*HQ™.
We have

B 0 vvt vt T
Q(A)_2<|:VUT_V*U*T 0 :| 7ZW

_ <(WWT WY - T — T,
wwT W*W*T)QQT>
and
(B) = <WWT, WwT - W*W*T)QQT>
(@) <WWT’ wwT W*W*T)QQT>
+ <W*W*T, W*W*TQQT>
Y <WV’VT7 wwT W*W*T)QQT>
B <V’[‘/*W*T7 wwT W*W*T)QQT>
_ <WWT T v - W*W*T)QQT>
where (a) follows from Proposition 1.3, and (b) fol-

lows from that the inner product of two PSD matri-
ces is non-negative. Then we obtain

2(4) + (B)
> (wwT —wrw T wwT —wrwT)eQT)
- Jorw -ww .

- Jorw - wwieaT

For (C), we have
©=[ovT-oveT| 2T Uz,

< oo e,

: \/2 1ZoVT [+ 2| U2

< T _ i+ *TH . JA Al 2
< |wwT—wwe T lzw T

[

’ F

Norw —wrwiaqT|,
Plugging the above bounds into (17), we get
1 T * * T T 2
Flovw? —wrwhee'| <

547"

WWT _ W*W*THF H(WWT _ W*W*T)QQTHF

14+02r
+ 2

AUV - bH H(WWT - W*W*T)QQTHF

In either case of H(WWT - W*W*T)QQTHF being

zero or positive, we can obtain
1 * *
1 |lovwT -wrwhea|

< Gay - HWWT - W*W*THF

TET law vy~

This completes the proof.
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