SUPPLEMENTARY MATERIAL

Proof to Theorem 1
Proof. We start from decomposing the expectation of |z — 2*||%:

Ellzg+1 — £E*Hz
= Ela — o*|* + Ellzps1 — zxll® + 2E(zpq1 — o, 21 — 27)

= Ellag — 2"+ 7E | (0G5, (2)) TV E, (Gi) — (0G5, (2)TVEL(@) + V(@)
—29E ((0G;, (21)) Y Fy (i) = (0G,, (8) VL (G) + V(@) 2 — ) (13)
Given the observation
E(~(0G;(2)) VF, (G) + Vf(Z), 2k — o)
- E <—Ejk,ikjg,jk (F)VE; (G) + Vf(&), 2k — x>

= E(-Vf(z)+ Vf(Z),zx —27)
= 0,

It follows from (13) that

Ellaxss =™ = Ellax — | = 2vE (06, (21)) TV F (Gr),ox — 2 )

::Tl
. - 2
92 E | (0G,, (@0)) TV F (Gr) = (06, (2) TV (G) + V@) (14)
::T2
We then bound 7. From the strong convexity of f(z) we have the following inequality:
(Vf(z),z—a") = pyllay — 2| (15)
It follows that
T, = E <(E)ij(xk))TVFik(G‘k), oy — x>
= E{(0G), (1) TV, (Cr) — V(g wx — ) + BV f(g), 2 — )
(15) T A * *(|2
> E{(0G;,(21)) TV E (Gr) = Vi (wr), a2 ) +Bpupa — 2% (16)
=:T3
We then bound T3. Recall that for any o > 0 we have
L o 2

It follows that

T, = E <<0ij (21)) VE, (Gy) — VF(w), zr — 33>
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= E((0G,,(00) VE, (Cr) - (9G;,(21) T VE, (Glan), oy - a*)

an) 1 R 2 .
> = E||(0G(2) TV EL(Gr) — (06, (@) VE, (Gaw) | —aElzx — 27| va > (18)

=Ty

For Ty, from the definition of Gk,
~ 2
T = E|0G(@00)) VF(GY) — (06, (02) VF, (Glan)|

= E||(9Gj, (1)) VF, (é; > (G (@) GAk[j](wk))) — (0G, (xx)) 'V, (G(ax))
1<j<A
2

N
&=

(0G|

VF;, (@ - % > (Gap(@) - GAk[j](xk))) — VF, (G(zx))

1<j<A

2

BLE

VF;, (é . (G151 (@) — G a5 (Jfk))) — VF;, (G(zr))

2

(8)
<

-1 (G )(®) = Gy (@) — Glzk)
1

=:To
Let o = & in (18) and put the bound of T} in it, we obtain

(g 1 -
T3 2 —*T4 — OzEHiL’k — X ||

(19) 8B L2 X
> —GTF ﬁ}EHazk — ¥ (20)
fif 8

Then put this bound on T3 to (16).

(16) * (|2
Ty > T3+Epg|zp — 2

(20 8BZL 7
> 2Perq g a2, (21)
s

Now we have T7 bounded. We use this bound to bound the T} in the equality (14) at the beginning.

Ellpt — 22 2 Ellay — 5|2 — 2971 + 42Ty
< Bl - BBy o2 4 By o, (o)
We then bound T5. Recall for any § we have
1B+ B2+ -+ Bell> <t (1Bl + - - + 18:]I7) , V¢ € Ny (23)
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From the definition of T, in (14) we have the following bound on T5:

T, = E|0Gs @) VEL(G) - (06,,0) VE(G) + V)|

(23)

<

BV ()| + 2E | (065, (21)) TV E, (Gr) — (9G;,(2)VEL (@)

(23)
<

X

A 2
2B||V (@) +4E | (0G;, (@0)) TV F (Gr) = (0Gs, (04)) TV F (Glan)|

the same as Ty o
H4E | (9G;, (@1)) TV E, (Glaw) — (0G,,(2) VFL(G)|

=:T5

(19)
< 2E|Vf(2)||]? +4BELETy + 4T5. (24)

To bound T5, we simply use the Lipschitzian condition (10)

Ty = B0, 0) VF, (o) - 005, ) VF, @)

(10)
< LiE|x — &I,

Put this bound back to (24) we obtain

(24)
T, < 2B|Vf(&)|*+4BEL3To + ALTE|x), — &[|°. (25)
Now we have T bounded, and we put this bound back to (22).

(22)

. . Tpgy
Ellzgs — o> < Elay —a*|? - =L

16yB2 L2
4 |2+ =e=E

Elzy — z* ETy + 7Ty

(25)

. Ty . 16vB2 L2
< Elay— 272 - PR |2y - 2 HM%TO

4
+29°E |V f(&)|° + 49 BELE Ty + 47° LIE |2y, — 7])?
(11) 2 _ TR . =
=" Ellax - 2*” = S Ellex — "I + 2 LE|& - 2"
16yB2 L2 B
+ (W + 4%3@%) To + 4v* L3E||lzy, — &[], (26)
f

where the last step comes from (11) by letting z = z and y = z*.
There is still one term, Ty, not bounded. We now start to bound it. From the definition of Tj

in (19):

- 1 N
Ty = E\G—-~ (G a1y (&) = G ai1(2n)) — G(ak)
1<5<A
2
1 ) N
= B\ (G A, 1j)(T) = G4, (zk) — (G — G(2y))
1<<A
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2

D (G (@) = Gaypyy () — (G = Glay))

1<5<A

1

= o 2 ElGa(@) — Cagy) — (@ - G,

1<j<A

where the last step comes from the fact that the indices in Ay are independent. Specifically,

2
E| > (Gay(@) — Gaypyy(aw) — G+ Gla))
1<j<A
=E Z H(GAIC[J'] () - G.Ak[j](xk) -G+ G(xk))HQ
1<j<A
+2E Y (Gayy(®) — Gayy(an) — G+ G(p)), (Gay)(F) — Gy (zx) — G+ G(zp)))
1<j/<j<A
=B > (Ga)(E) — Gy (wr) — G+ Glag))|
1<j<A
+2B Y (B ) (Gay(®) = Gay(xn) — G+ Gan), (Gayjn (&) — Ga(ww) — G+ Glxp)))
1<j/<j<A

=E Y [(Gay(&) — Gay (k) — G + Glaw))|)?

1<j<A
+2E Z G-Ak[]’] ) GAk[j’](xk) *G+G($k))>
1<j'<j<A
=E Y [1(Gay(@) = Gaypp(an) — G+ Gla))|I. (27)
1<j<A

Finally Ty can be bounded by

. ~ N
L = 5 > El(Gap(@) = Gagy(an) — (G = Glay))|?
1<j<A
(23) 4 y " )2
< = E(HGAk[j](SIJ)—GAkU](x WP+ [|G gy () = Gy ()]
1<j<A

HIG = G + G an) — G(fc*)llz)

8 B2
2 5B S Ble— oI + lox - 2" )
1<j<A

8BZ ... . .
= PDCR(a o 4 o — o). (28)
By passing this bound to (26) we finally get all T' terms bounded:

El|lzgs1 — 22
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. * 7M v * ~ *
< Elax — oI - L Ellex - oI + 29°L3E|2 - 2|
16vB%L2 )
+ (PYMGF + WB?;L%) Ty + 4y*L7E||z, — Z°
f
= o2 = TR : -
< Bl — 27l - OBy — 2P + 29 L3E)7 - o
16’7B L2 8B T * * * * ~
! (MfF i MQBéL%) —CE(1E = " 1* + [k — 27 [%) + 49* LFEl|l2g — 2” + 2" — 7]
o * Tpgy z* ~ *
< Elay—a"? - =L Elley - oI + 29’ LIElE - 2"
16vB2 L2 8BZ . .
+ (GF +49*BE LY, AGE(H — P + [lax — 2%
Hf
+89PLIE(log — "|* + |17 — 27 %)
=  E|zp — z*|?
Tupy  (169BELE | 9919\ 8BE . aro .
_< 4 Py +49°BELE —& —87°L} ) Ellag — 27|
16yB2L? B2
K A
Summing this inequality from k£ =0 to k = K — 1, we obtain

Elzpsx — 2*||

< E|z - a*|?

7 16~ B2 L2 8B2 =
_ < “4” _ ( Riedeindy +472B?';L%> TG - 872Lfc> > Bl — 2"
[if k=0

16yB2 L2 8 B2 5
+K ((m + 472BéL%> TG + 1072L}> E|Z — z*||%.

My
Discarding the left hand side, we complete the proof by

1 K-1
o 2 Bl =1
k=
1 16vB2 L 8B2
Ly ( Lk 44 V2 B3LE) 26 4107213

gy _ 16"/B L2
4 ,uf

E|z — z*|2.

£ 492B3LY) 26 — 89213

Proof to Corollary 1

Proof. To appropriately choose v, K and A in Algorithm 2, the key is to ensure the coefficient
% < 1 in Theorem 1:

5, %+(1673 L% +4 232L2> G+10 2L2

By Tury (16’yB &L 4 422 LQ) SVQL%

Hf
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We choose A satisfying both

8B¢ fsy
A2 B2 L2 G < f
2 GHF A 4 3
16yBE L%, 8B %

< )
Iy A 4

which is equivalent to

A > max 128vBAL% 512BE L3 .
[ 15
We choose v satisfying
272 HEY
8v°L} < o
which is equivalent to
Kt
< .
TS 2

It follows that
b+ (B 44y B2 LR ) 2 410203

7M4f’Y _ (1675 L 4y?B2 L2) — 84212
1 13ppy
< kT i
Y
13 L 1
16 Kppy
We then choose K satisfying
1 1
- g —,
Kpgy 16
which is equivalent to
16
K —_—
Ky
Thus choosing v, A, and K appropriately in the following to satisfy all conditions derived above
Ky
7 - 2
32L5%
4 512B§;L%7
Hy
512Lfc
K = 5
1y

we obtain a linear convergence rate of coefficient % = % from Theorem 1.
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Lemma 1. Under the assumption in (10), we have

2

LS 06,)™vR(G ;X_j FGE)| < 2Li(f@) - ).

j 1

Proof. Recall that at the optimal point we always have

m

flla) = — 3 > (0G;(x") VE(G(z")) = 0. (29)

< %Z 180G} (2)) T VF(G(x)) — (9G;(y)) T VE(G)

i=1 j=1
We can derive the Lipschitz constant of F;(G(z)) from (10)
< Lyl —yl|, vi. (30)

IVF(G()) - VE(G(y)
S 06, ) TVEG() ~ Y065 (5) VE(G()

J J

From this Lipschitz condition, we obtain

(30) n
Fi(G(x)) 320 Fi(G(w*)Hﬂl%<Z(3Gj(w*))TVFi(G(x*)),w—x*>
Jj=1 )
11 & 1 & T
T35y || 2200 @) VE(@) = T (0G;() T VE (")
]71 j=1

Summing from ¢ = 1 to ¢ = n, using (29) and noting that = > | F;(G(z)) = f(z), we obtain

2
I |1 & 1 & i . .
;Z EZ(é’Gj(x))TVFi(x) - EZ(an(m NIVE@)| < 2Lp(f(z) = f*),
i=1 j=1 j=1
completing the proof. O

Proof to Theorem 2

Proof. Note that in this proof we redefine the terms 71,75, ..., and they may not refer to the same
expressions in the proof of Theorem 1. From

w1 —xp = —((GL)TVE,(Gr) = (G)TVE,(G) + ).
we immediately obtain

Elzpry —a*|? = Ellzg — 2*|° + Ellzwry — oll® + 2E(zpr1 — ap, 25 — 27)
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= Efay -2 + 721EII(G§C)TYF1-,€ (Gr) j<é’)TVFik(@) + 7117
—29E((G}) "VF;, (Gy) — (G VE;, (G) + f, a1, — x7%).

Note that the last term can be simplified:

) VE(G) + [y — o)

(G "V Fi, (Gr) — (
= E((G})"VF;,(Gr) = Ei (G VE, (G) + ' ap, — 2%)
= E((G})'VFy (Gp) = f + fap — a%)
= E((G}) VF; (Gk),zx — a¥).

Therefore, we have

Elapsr —a*|® = Ellzg — 2*|> = 29 E((G}) T VEF, (Gy), @ — o)

::Tl
+YE|[(GL) TV E,(Gr) — (G) VE(G) + I
=:Ts
First we estimate the lower bound for T7.:
Ty = E((G}) VE,(Gr) z — z%)
= E((G%)TVF% (Gk) Vf(a:k) T — X > -HE(Vf(ZCk), Tk — a:*>
=:T3

z Ts+E(f(zk) = 7).
Then we estimate the lower bound for T3

T3 = E((G})'VE,(Gk) = Vf(zk), 2z, — 27)
= E((0Gj, (1)) TV Ey (Gr) = (0Gy, (21)) TV Fy (G(a)), 2 — o)

where ji is a new (imaginary) random variable that is chosen uniformly randomly from {1, - -

(31)

(32)

7m}

and is independent of other random variables. E also takes expectation on ji. Thus using the same

technique as we use in (18) while proving Theorem 1, we obtain

1 .
I > ——E[(G;, (2r)) ' VE,(Gr) = (0G;, (ax)) ' VFy, (G(ax))|? —aEllzy, — 2", Yo > 0.

=Ty
and
Ty = Ell(ﬁij(ka))TVﬂk(ék)—(3ij($k))TVEk(G(wk))H2

(1 )

where
2
~ 1
To:=E G_Z (GAk[J]( ) G-Ak[]](xk)) G(xp)
1<j<A




Let a = *;f , we obtain

 8BAL%

u *
ETy — fIE||gck — 2|2
[y

T3

Put the bound of T3 into (32) and note that

ppllzk — 2))? < 2(f(@x) — £5). (33)
‘We obtain
8BLL% § i}
7 — Ty HE|la, - P + E(f(a0) - 1)
(33)  8BZL 3 .
> ——CET 4+ 4E(f( k) — f5). (34)
wf

Now we have T bounded. We then start to bound T5. From the definition of T5 we have
T, = E[(G}) VE,(Gr)—(G)VE,(G)+ [

< 2E(|f)P 4 2B|(GL) TV E,(Gr) = (G) TV E (G

= 9E| P + 2B (Gl TVEL(G) — - D (0C; (k) TV E, (G () (35)
j=1

Z(ac (@) TV E (Ga) — (6)TVEL @)

(23) 1

2E|| f'||* + 4E || (G},) 'V F;, (Gr) f—Z ) VE, (G(x))

N

m

2

+4E iaa (21)) " VE;, (G(x) — (G VF;, (G)

2
m

(G TVEL(Gr) — = > (06 () TV, (Glaw)

=1

(23) N
< 2E|f|? +4E

2
i B SCCERIENCTEN) %Z )TV, (GE)

2

+8E || (G')'VF, (G ;i ) VE,(G(z")

2

N

ALE(f() = f*) +4E||(G}) T VE,(Gy) - % > (9Gj (1)) VEF, (Glay))
j=1

=:T5
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HLI6(LE(f(Z) = f7) + LeE(f (2x) = [7)), (36)

where the last step comes from Lemma 1 and ”vf(z)llz < f(z) — f~
Note that T can be bounded by

T =BG VE(GY) — D (06 (@) VEL(Gln)
]*m )
(2\<3) E|[(G}) VF;, (G % Z )TVE;, (G
m : m 2
+2E Z (0G(21)) TV Ey, (Glay %Z G, (a1)) TV E, (Gr)
= A
Ry %Z 0G;(x))T|| +2BAE|VF, (Glax) — VFy, (Gi)|?
& m 2
< 2BRE|(G)T -3 ( > ((0Gs;(E) " = (0Gg, (17k))T)> _%Z(an(l'k))T
1<j<B =1
4 J
VRBRIRE |G - 5 3 (Gaygy(®) — Gy (aw) — Glan)
1<j<A
m 2
S-S (((aGBkm@))T<0G5km<xk>ﬂ ((é')TiZ(aGmk))T))
1<j<B j=1
2
2 ~
2Bl || 3™ (G (@) — Gty (a0)) — (Gla) — )
1<j<A

Using the same technique as in (27), the above inequality continues as

= F]EZ

1<;<B

2 ~
BALFE > G (@) = Gy (@) + (Glax) = G

1<5<A

2

(0Gs,(5(w1)) T — (0Gis, () + ((é’f—;ya@@kw)

Jj=1

(7)a(9)7(23) 2BF 2 *||12 *
< 52 O SLG(E|T — 2" + Ellag — o)

1<5<B
232L . .
+—E D SBG(E|T — " |” + Ellak — 2*|?)
1<j<A
BYLY: | BLL3
= 16( =E+ Cj4F> (E[lZ — 2*|* + E[|zy, — 2*|?)
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32 (B%L: B}L? . . .
W( %GJF AF)(E(f(:c)—f)+1E(f(xk)—f))~

Now we continue to bound 75 in (36) using the bound for 75 above:

(36)

Ty < ALE(f(z) — f*) +4T5 + 16(Ls(f(Z) — f*) + LE(f(xr) — 7))
= 20LE (55) F) + 16LR(f(zy) — f*) + AT
< 20LsE f*) + 16 LE(f (xx) — )

(f
(f(2)
B2 2 2
128 < % BGL ) (E(f(Z) — f*) + E(f(x) — f9))

B (128 < BL% N BGAL%> + 16Lf) E(f(xx) — f*)

ff
128 (B%4L%  BALL% . x
+ (W < =+ = ) +20Lf> E(f(z) — 7). (37)

Now we have T bounded. Finally we put the bounds of T5, T} in (37) and (34) into (31) and note
that using the same procedure in the proof of Theorem 1 (see (28)) we have

8 B2
(€4 )

T < (1 = 2*[* + lax — 27|?). (38)

We obtain:

El|zy41 — *|?

31 N
S Bllay — | — 2971 + 12T

(34),(37) . 8BZ L? 3 .
< Bl o -2y (2P + SR o >—f>)

4

2712 4 172
+7° <128 (BFLG+B clr >—|—16Lf>E
pr \ B
2712 2
+? <128 (BFLG - BGL > +20Lf> E(f
pe \ B
(38) . 8B2ZL2 (8B?Z - . 3 .
Bl -2 (—GF( BBa ke — 2| + s — @ |2)>+E(f(xk)—f)>
1y A 4
128 / B%L2  BAILA
2 (140 [ Brlg Gtr e
(2 (P + P42 ) a0y ) B @0 - 1)
128 / B%2L2 BALA
g (12 rlg GLF N ek
<W< =l e >+20Lf>E(f(x) )
(33) . 128 B4 1.2 . N .
< Enxk—an—zv( S U@ - +f(xk)—f)+E(f(xk)—f)>

128 [/ B2L? B4L2
2 F~G G™F 16L E o px
+v (Mf ( 5t >+ 6Ls | E(f(zx) — f")
128 / B%2L2  BAILA .
Ty (( e F)+20Lf) E(f(2) - /*)
pe \ B A
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= Ellzy —2"|?

3y 256yBiL%: (128 (B%L% BiL% .
el [y R 16Ls ) | E -
( 2 M?A s B + A +16Ly (f(zk) = f7)

256yBLL% 5 (128 (B%L%  BLL% 5
— e r — 20Ls ) |E — ).
+< W24 U A ) T (f(@) = f%)

Summing from k =0 to £k = K — 1, we obtain

Elog —2** < E[|Z - 2"

K-1
3y  256yBAL? 128 (BRLE | BLLS .
(5 (5 (5« 25 o)) S
f k=0

256y B4 L2 128 (B%L2, BALZ N .
+<M22 Byt (e + =0 ) +20Ly ) | KE(f(2) = 7).
f

Discarding the LHS and note that |7 — z*|? < i—f(f(i) — f*), we obtain

4 2 4
= KLWJFMJFV (L8 (Bhza + 2o 4 20Ly)
e E(f(xk) - f*) < 172 2 172 ]E(f<f) f*)7
K 3y 256yBLLL 5 (128 (BZLEL | BL L
k=0 5 7#?2 £ — v (Mf ( S ) + 16Lf)
completing the proof. O

Proof to Corollary 2

Proof. To appropriately choose parameters v, K, A, and B, the key is to ensure the coefficient
83 <1 in Therom 2:

Ba
256vB& L2 BZ L% BE, L2
by T T merE o (1 (s 4 Pt ) 4 20Ly)
T T3y 256vBLL2 5 (128 (BRLL L2 B4L :
b 2 ﬁ -7 m G G F ) 4 16Lf

We choose A, B, and ~ satisfying (39), (40), (41), and (42):

256y B4 L2

# < J (39)
qu 4

1024B} L%,

= A
Hi

WV

ASBIE o
py B 16

N

\Y
U:J
N
&~
Qw

=B

/Lf A 16

7
|
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Then we have the following bound on the coefficient

2 256784 L 128 L3
Ry - qu ( ( F)+20Lf>
/—
3 256734L2 128 [ B2 L
T () )
+7 +
Kp,f
< Heaw
2 47 16
2 7
_ Eg t
- 17+
16
B 32 7
N 1TKpgy 17
We then choose K satisfying
32 2

- S
17K pgy 17
which is equivalent to

16

K —_—.
Kyy

Thus choosing v, A, and K appropriately in the following to satisfy all conditions derived above

1
7T 320L;
K > 16 5120L
Hfy My
1024 B¢, L3, 2048 1024B¢ L% 32BALL3
A > max 2G Y BGL2 = max QG £ GF
I 0 1y SupLy
272
B > 2048BFL2 B 3QBFLG’
fuf SupLy
we will obtain a 9/17 linear convergence rate with % = 19—7 from Theorem 2. Ol
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