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Abstract

We present a procedure that can estimate —
with statistical consistency guarantees — any
local-maxima of a density, under benign dis-
tributional conditions. The procedure esti-
mates all such local maxima, or modal-sets, of
any bounded shape or dimension, including
usual point-modes. In practice, modal-sets
can arise as dense low-dimensional structures
in noisy data, and more generally serve to
better model the rich variety of locally dense
structures in data.

The procedure is then shown to be competi-
tive on clustering applications, and moreover
is quite stable to a wide range of settings of
its tuning parameter.

1 INTRODUCTION

Mode estimation is a basic problem in data analysis.
Modes, i.e. points of locally high density, serve as a
measure of central tendency and are therefore impor-
tant in unsupervised problems such as outlier detec-
tion, image or audio segmentation, and clustering in
particular (as cluster cores). In the present work, we
are interested in capturing a wider generality of modes,
i.e. general structures (other than single-points) of lo-
cally high density, that can arise in modern data.

For example, application data in R? (e.g. speech,
vision, medical imaging) often display locally high-
density structures of arbitrary shape. Such an exam-
ple is shown in Figure [l While there are many quite
reasonable ways of modeling such locally high-density
structures, we show that the simple model investigated
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Figure 1: Medical imaging: high-resolution image of
an eye with structures of blood capillaries. The aim
in diabetic-retinopathy is to detect and delineate such
capillary structures towards medical diagnostics.

in this work yields a practically successful procedure
with strong statistical guarantees. In particular, our
model simply allows the unknown density f to be lo-
cally maximal (or approximately maximal), not only
at point-modes, but also on nontrivial subsets of R%.
In other words, we make no a priori assumption on the
nature of local maxima of the ground-truth f.

We will refer to connected subsets of R? where the
unknown density f is locally maximal as modal-sets
of f. A modal-set can be of any bounded shape and
dimension, from 0-dimensional (point modes), to full
dimensional surfaces, and aim to capture the rich va-
riety of dense structures in data.

Our main contribution is a procedure, M(odal)-cores,
that consistently estimates all such modal-sets from
data, of general shape and dimension, with minimal
assumption on the unknown f. If the ground-truth
f is locally maximal at a point-mode, we return an
estimate that converges to a point; if instead a modal-
set is a surface, we consistently estimate that surface.
Furthermore we have no a priori assumption on the
number of modal-sets, besides that it is finite. Fig-
ure [2] shows a typical simulation on some arbitrary
high-density structures.

The procedure builds on recent developments in topo-
logical data analysis [T}, 2 [3] 4 [5, [6] [7], and works by
carefully traversing a hierarchy of k-NN graphs which
encode level sets of a k-NN density estimate. We show
that, under mild uniform continuity assumptions on f,
the Hausdorff distance between any modal-set and its
estimate vanishes as n — oo (Theorem |1} Section ;
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Figure 2: A first simulation on arbitrary shapes. (Top-
Left) Points-cloud generated as three 1-dimensional
rings + noise. (Top-Right) The 3 rings, and (Bottom)
their estimate (as modal-sets) by M-cores.

the estimation rate for point-modes matches (up to
logn) the known minimax rates. Furthermore, under
mild additional conditions on f (Holder continuity),
false structures (due to empirical variability) are cor-
rectly identified and pruned. We know of no other such
general consistency guarantees in the context of mode
estimation, especially for a practical procedure.

Finally, the present procedure is easy to implement
and yields competitive scores on many clustering appli-
cations (Section ; here, as in mode-based clustering,
clusters are simply defined as regions of high-density
of the data, and the estimated modal-sets serve as the
centers of these regions, i.e., as cluster-cores. A wel-
come aspect of the resulting clustering procedure is its
stability to tuning settings of the parameter k (from
k-NN): it maintains high clustering scores (computed
with knowledge of the ground-truth) over a wide range
of settings of k, for various datasets. Such stability to
tuning is of practical importance, since typically the
ground-truth is unknown, making it difficult to tune
the various hyperparameters of clustering procedures
in practice. The performance of the present procedure
seems rather robust to choices of its hyperparameters.

In the next section we put our result in context with
respect to previous work on mode estimation and
density-based clustering in general.

Related Work

o Much theoretical work on mode-estimation is con-
cerned with understanding the statistical difficulty of
the problem, and as such, often only considers the case
of densities with single point-modes [8, 9] 10, 1T}, 12,
13]. The more practical case of densities with multiple

point-modes has received less attention in the theoret-
ical literature. However there exist practical estima-
tors, e.g., the popular Mean-Shift procedure (which
doubles as a clustering procedure), which are however
harder to analyze. Recently, [14] shows the consistency
of a variant of Mean-Shift. Other recent work of [15]
derives a method for pruning false-modes obtained by
mode-seeking procedures. Also recent, the work of [16]
shows that point-modes of a k-NN density estimate fj
approximate the true modes of the unknown density
f, assuming f only has point-modes and bounded Hes-
sian at the modes; their procedure, therefore operates
on level-sets of fi (similar to ours), but fails in the
presence of more general high-density structures such
as modal-sets. To handle such general structures, we
have to identify more appropriate level-sets to oper-
ate on, the main technical difficulty being that local-
maxima of fi can be relatively far (in Hausdorff) from
those of f, for instance single-point modes rather than
more general modal-sets, due to data-variability. The
present procedure handles general structures, and is
consistent under the much weaker conditions of conti-
nuity (of f) on a compact domain.

A related line of work, which seeks more general struc-
tures than point-modes, is that of ridge estimation
(see e.g. [I7, [18]). A ridge is typically defined as
a lower-dimensional structure away from which the
density curves (in some but not all directions), and
can serve to capture various lower-dimensional pat-
terns apparent in point clouds. Also, related to ridge-
estimation, is the area of manifold-denoising which
seeks to understand noise-conditions under which a
low-dimensional manifold can be recovered from noisy
observations (see e.g. [I9] for a nice overview), often
with knowledge of the manifold dimension. In con-
trast to this line of work, the modal-sets defined here
can be full-dimensional and are always local maxima
of the density. Also, unlike in ridge estimation, we
do not require local differentiability of the unknown f,
nor knowledge of the dimension of the structure, thus
targeting a different set of practical structures.

e A main application of the present work, and of mode-
estimation in general, is density-based clustering. Such
clustering was formalized in early work of [20] 2T, 22],
and can take various forms, each with their advantage.

In its hierarchical version, one is interested in estimat-
ing the connected components (CCs) of all level sets
{f > A} 5o of the unknown density f. Many recent
works analyze approaches that consistently estimate
such a hierarchy under quite general conditions, e.g.
1, &2, 3, @, [5, 6, [7].

In the flat clustering version, one is interested in esti-
mating the CCs of { f > A} for a single \, somehow ap-
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propriately chosen [23], 24] 25| 26|, 27, [28]. The popular
DBSCAN procedure [29] can be viewed as estimating
such single level set. The main disadvantage here is in
the ambiguity in the choice of A, especially when the
levels A of f have different numbers of clusters (CCs).

Another common flat clustering approach, most re-
lated to the present work, is mode-based clustering.
The approach clusters points to estimated modes of
f, a fixed target, and therefore does away with the
ambiguity in choosing an appropriate level A of f
130 BT 321 (33, (34, 351 36, B7]. As previously discussed,
these approaches are however hard to analyze in that
mode-estimation is itself not an easy problem. Pop-
ular examples are extensions of k-Means to categor-
ical data [38], and the many variants of Mean-Shift
which cluster points by gradient ascent to the closest
mode. Notably, the recent work [39] analyzes cluster-
ing error of Mean-Shift in a general high-dimensional
setting with potentially irrelevant features. The main
assumption is that f only has point-modes.

2 OVERVIEW OF RESULTS

2.1 Basic Setup and Definitions

We have samples X{,,) = {X1,..., X;,} drawn i.i.d. from
a distribution F over R? with density f. We let X
denote the support of f. Our main aim is to estimate
all local maxima of f, or modal-sets of f, as we will
soon define.

We first require the following notions of distance be-
tween sets.

Definition 1. For M C X, =z € X, let
d(xz, M) = infyep ||z —2'||. The Hausdorff dis-
tance between A,B C X is defined as d(A,B) :=
max{sup,¢ 4 d(z, B),sup,cp d(y, A)}.

A modal set, defined below, extends the notion of a
point-mode to general subsets of X where f is locally
maximal. These can arise for instance, as discussed
earlier, in applications where high-dimensional data
might be modeled as a (disconnected) manifold M +
ambient noise, each connected component of which in-
duces a modal set of f in ambient space R” (see e.g.
Figure .

Definition 2. For any M C X and r > 0, define the
envelope B(M,r) := {z : d(x, M) < r}. A connected
set M is a modal-set of f if Vo € M, f(x) = fu
for some fized fpr, and there exist v > 0 such that
f(z) < far for all x € B(M,r)\M.

Remark 1. The above definition can be relaxed to €g-
modal sets, i.e., to allow f to vary by a small ¢y on
M. Our results extend easily to this more relazed defi-
nition, with minimal changes to some constants. This

is because the procedure operates on fi, and therefore
already needs to account for variations in fr on M.
This is described in the Appendiz.

2.2 Estimating Modal-sets

The algorithm relies on nearest-neighbor density esti-
mate fi, defined as follows.

Definition 3. Let ri(x) := min{r : |B(z,r) N X},;)| >
k}, i.e., the distance from x to its k-th nearest neigh-
bor. Define the k-NN density estimate as

k

n-vg - rp(z)d’

fk(l‘) =

where vq is the volume of a unit ball in R?.

Furthermore, we need an estimate of the level-sets of
f; various recent work on cluster-tree estimation (see
e.g. [6]) have shown that such level sets are encoded
by subgraphs of certain modified k-NN graphs. Here
however, we directly use k-NN graphs, simplifying im-
plementation details, but requiring a bit of additional
analysis.

Definition 4. Let G(\) denote the (mutual) k-
NN graph with vertices {x € X fe(z) >
A} and an edge between x and x' iff ||z — 2'|| <
min{rg(x), rp(z')}.

G(A) can be viewed as approximating the A-level set
of fi, hence approximates the A-level set of f (implicit
in the connectedness result in the Appendix).

Algorithm [1f (M-cores) estimates the modal-sets of the
unknown f. It is based on various insights described
below. A basic idea, used for instance in point-mode
estimation [16], is to proceed top-down on the level
sets of fr (i.e. on G(\), A — 0), and identify new
modal-sets as they appear in separate CCs of a level

A

Here however, we have to be more careful: the CCs of
G (M) (modal-sets of fj, for some A) might be singleton
points (since fj might take unique values over sam-
ples € X)) while the modal-sets to be estimated
might be of any dimension and shape. Fortunately, if
a data point z, locally maximizes fj, and belongs to
some modal-set M of f, then the rest of M N .X{,,) must
be at a nearby level; Algorithm [I| therefore proceeds
by checking a nearby level (A — 98, A) from which it
picks a specific set of points as an estimate of M. The
main parameter here is S5 which is worked out explic-
itly in terms of k£ and requires no a priori knowledge
of distributional parameters. The essential algorith-
mic parameter is therefore just k, which, as we will
show, can be chosen over a wide range (w.r.t. n) while
ensuring statistical consistency.
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Definition 5. Let 0 < § < 1. Define Cs5,, =
1610g(2/6)v/dTog m, and define i — 4S5,

If § = 1/n, then Cs,, = V/d - (logn)3/2. We note that
the above definition of S; is somewhat conservative
(needed towards theoretical guarantees). Since Cj,y,
behaves like a constant, it turns out to have little effect
in implementation.

A further algorithmic difficulty is that a level G())
might have too many CCs w.r.t. the ground truth.
For example, due to variability in the data, f; might
have more modal-sets than f, inducing too many CCs
at some level G()). Fortunately, it can be shown that
the nearby level A — 96, A will likely have the right
number of CCs. Such lookups down to lower-level act
as a way of pruning false modal-sets, and trace back to
earlier work [3] on pruning cluster-trees. Here, we need
further care: we run the risk of over-estimating a given
M if we look too far down (aggressive pruning), since
a CC at lower level might contain points far outside of
a modal-set M. Therefore, the main difficulty here is
in figuring out how far down to look and yet not over-
estimate any M (to ensure consistency). In particular
our lookup distance of 98\ is adapted to the level A
unlike in aggressive pruning.

Finally, for clustering with M-cores, we can simply as-
sign every data-point to the closest estimated modal-
set (acting as cluster-cores).

Algorithm 1 M-cores (estimating modal-sets).

. — Csa
Initialize M := ). Define 3 = 4 N

Sort the X;’s in decreasing order of fj, values (i.e.
Je(Xi) > fi(Xig1)).
for:=1tondo
Define A := fi(X;).
Let A= CC of G(A — 98;\) containing X;. (i)
if A is disjoint from all cluster-cores in M then
Add M :={z € A: fr(z) > XA — BrA} to M.
end if
end for - -
return M. // Fach M € M is a cluster-core
estimating a modal-set of the unknown f.

2.3 Consistency Results

Our consistency results rely on the following mild as-
sumptions.

Assumption 1. f is continuous with compact support
X. Furthermore f has a finite number of modal-sets
all in the interior of its support X .

We will express the convergence of the procedure ex-
plicitly in terms of quantities that characterize the be-

havior of f at the boundary of every modal set. The
first quantity has to do with how salient a modal-
set, i.e, whether it is sufficiently separated from other
modal sets. We start with the following definition of
separation.

Definition 6. Two sets A, A’ C X are r-separated,
if there exists a set S such that every path from A to
A" crosses S and sup,ep(s, f(2) < infreava f(2).

In simple terms, the definition says that there is a
sufficiently wide valley in the density f between A and
A’. For modal-set estimation, we also need such valleys
to be sufficiently deep, which will be captured by the
curvature of f at any modal-set.

The next quantities characterize the change in f in a
neighborhood of a modal set M. The existence of a
proper such neighborhood Aj;, and appropriate func-
tions ups and lp; capturing smoothness and curvature,
follow from the above assumptions on f. This is stated
in the next proposition.

Proposition 1. Let M be a modal-set of f. Then
there exists a CC Ap; of some level-set XM= {z :
f(@) > Ay}, containing M, such that the following
holds.

e A, isolates M by a valley: Ap; does not inter-
sect any other modal-set; and Ay and XM \An
are rg-separated (by some Syy) for some ry > 0
independent of M.

e A,y is full-dimensional: Ay; contains an envelope

B(M,ry) of M, for some rpr > 0.

e f is both smooth and has curvature around M :
there exist functions uy; and Ly, increasing and
continuous on [0,7rr], upr(0) = 1 (0) = 0, such
that Vo € B(M,rpr),

I (d(z, M)) < far = f2) < unr(d(z, M)).

Finally, our consistency guarantees require the follow-
ing admissibility condition on k& = k(n). This con-
dition results, roughly, from needing the density esti-
mate fi to properly approximate the behavior of f in
the neighborhood of a modal-set M. In particular, we
intuitively need fj values to be smaller for points far
from M than for points close to M, and this should
depend on the smoothness and curvature of f around
M (as captured by uys and lpy).

Definition 7. k is admissible for a modal-set M if
(we let uy; denote the inverse of upr):

24sup,cy f(z) \° 7+d 2
m“{(mmmmﬁhmwm>’2+}'%ﬂ

d
vg - fm  _1 Csn
s i (v (vigg)) o

IN
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Remark 2. The admissibility condition on k, al-
though seemingly opaque, allows for a wide range of
settings of k. For example, suppose up(t) = ct®
for some c,a > 0. These are polynomial tail condi-
tions common in mode estimation, following e.qg. from
Hélder assumptions on f. Admissibility then (ignor-
ing log(1/9)), is immediately seen to correspond to the
wide range

C1-logn < k < Cy - n2/@atd),

where C1,Cy are constants depending on M, but inde-
pendent of k and n. It’s clear then that even the simple
choice k = ©(log?n) is always admissible for any M
for n sufficiently large.

Main theorems. We then have the following two
main consistency results for Algorithm [I} Theorem
states a rate (in terms of lp; and ups) at which any
modal-set M is approximated by some estimate in M ;
Theorem [2| establishes pruning guarantees.

Theorem 1. Let 0 < 6 < 1. The following holds with
probability at least 1 — 4§, simultaneously for all modal-
sets M of f. Suppose k is admissible for M. Then
there exists M € M such that the following holds. Let
l]T/[l denote the inverse of ly;.

— . (8Cs.n,
d(M,M>§lMl< fz fM),

which goes to 0 as Cs,/Vk — 0.

If k is admissible for all modal-sets M of f, then M
estimates all modal-sets of f at the above rates. These
rates can be instantiated under the settings in Re-
mark suppose Iy (t) = c1t*t, up(t) = et®, f1 > B;
then the above bound becomes d(M, M) < k=1/2x
for admissible k. As in the remark, k = O(log®n)
is admissible, simultaneously for all M (for n suffi-
ciently large), and therefore all modal-sets of f are
recovered at the above rate. In particular, tak-
ing large k = O(n?*/atd) optimizes the rate to
O(n~/Caatard)) - Note that for a; = a = 2, the
resulting rate (n='/(4+9) is tight (see e.g. [12] for
matching lower-bounds in the case of point-modes

Finally, Theorem [2| (pruning guarantees) states that
any estimated modal-set in M , at a sufficiently high
level (w.r.t. to k), corresponds to a true modal-set of f
at a similar level. Its proof consists of showing that if
two sets of points are wrongly disconnected at level A,
they remain connected at nearby level A— 98, A (so are
reconnected by the procedure). The main technicality
is the dependence of the nearby level on the empirical
A; the proof is less involved and given in the Appendix.

Theorem 2. Let 0 < 6 < 1. There exists A\g =
Xo(n, k) such that the following holds with probability
at least 1 — 5. All modal-set estimates in M chosen
at level A > Ao can be injectively mapped to modal-sets

{M PAM > MiN{eeny, ) fi(x)>A—BiA) f(a:)}, provided k
is admissible for all such M.

In particular, if f is Holder-continuous, (i.e. ||f(x) —
F@| < cllx —2'||* for some 0 < a <1, ¢>0) then
o =220, provided Cy logn < k < Con2/(etd)  for
some C4,Cy independent n.

Remark 3. Thus with little additional smoothness
(o = 0) over uniform continuity of f, any estimate
above level \g — 0 corresponds to a true modal-set
of f. We note that these pruning guarantees can be
strengthened as needed by implementing a more ag-
gressive pruning: simply replace G(A — 9B \) in the
procedure (on line (1)) with G(A — 96\ — €) using a
pruning parameter € > 0. This allows \g — 0 faster.
However the rates of Theorem [I| (while maintained)
then require a larger initial sample size n. This is dis-
cussed in the Appendix.

3 ANALYSIS OVERVIEW

The bulk of the analysis is in establishing Theorem [1]
The key technicalities are in bounding distances from
estimated cores to an unknown number of modal-sets
of general shape, dimension and location.

The analysis considers each modal-set M of f sepa-
rately, and only combines results in the end into the
uniform consistency statement of Theorem |1} The fol-
lowing notion of distance from the sample X, to a
modal-set M will be crucial.

Definition 8. For any =z € X, let r,(x) =
d({z}, X)), and rn(M) 1= sup,eps ro().

We require a notion of a region X, that isolates a
modal-set M from other modal-sets. In other words,
Xy containing only points close to M but far from
other modes. To this end, let Sj; denote the separat-
ing set from Proposition

Definition 9. Xy, := {z : 3 a path P from z to 2’ €
M such that PN Sy = 0}.

For each M, define &y := argmax,cx, nx,, fe(x), a
local maximizer of f on the modal-set M. 'fhe anal-
ysis (concerning each M) proceeds in the following
steps:

e Isolation of M: when processing &y, the proce-
dure picks an estimate M that contains no point
from (or close to) modal-sets other than M.
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e Integrality of M: the estimate M picks all of the
envelope B(M,r,(M)) N X,

o Consistency of M: it can then be shown that
M — M in Hausdorff distance. This involves
two directions: the first direction (that points of

M are close to M) follows from integrality; the

second direction is to show that points in M are
close to M.

The following gives an upper-bound on the distance
from a modal-set to the closest sample point. It follows
from Bernstein-type VC concentration on masses of
balls. The proof is given in the Appendix.

Lemma 1 (Upper bound on r,). Let M be a modal-
set with density fa; and suppose that k is admissible.
With probability at least 1 — 9,

2C5.,v/dlogn 1/d
ro(M) < | ——— .
n-vg - fm
From Lemma [I| above, for any modal-set M of f, for
n sufficiently large, there is a sample point in X}, i.e.,
Xy N Xy # 0. The next lemma conditions on the
existence of such a sample.

The proofs for Lemma [2] and [3] are given in the Ap-
pendix but we give proof sketches here.

Lemma 2 (Isolation). Let M be a modal-set and k be
admissible for M. The following holds with probability
at least 1 — 5. Suppose there exists a sample point in
X, and define &y = argmax, ey, nx,, fu(z). When

Zp 18 processed in Algorithm an estimate M is
added to M satisfying M C Xyy.

Proof sketch. First we choose 7 > 0 depending on the
smoothness and decay around M. It suffices to show
that (i) B(M,7) and X\X)y; are disjoint in the k-NN
graph when 2 is being processed in Algorithm [I] and
(ii) £y € B(M,7). To show (i), we use the k-NN
bounds to justify that the k-NN graph does not contain
any points from B(Sys,7) or X \B(M, 7). Thus, any
path from &, to Xp\B(M,7) must contain an edge
with length greater than 7. We then show there is no
such edge. To show (ii), we argue that &j; cannot be
far away from M and is in fact within distance 7 from
M. O

The above Lemma [2 establishes the existence of an es-
timate M of M containing no point from other modes.
The next lemma establishes that such an estimate M
contains all of M N X{,;.

Lemma 3 (Integrality). Let M be a modal-set with
density far, and suppose k is admissible for M. The

following holds with probability at least 1 — §. First,
Xy does contain a sample point. Define Ty =
argmax,c v, nx,,, Jk (z). When processing & pr in Algo-

m’thm suppose we add M to M, then B(M, r(M))N
X € M,

Proof sketch. Let A := B(M,r,(M)) and ¢ := (1 —

C&\/};" )2 far. We begin by showing that A N Xin) 1s con-

nected in G(\o) as follows. Let ry := (k/(nvghg))'/¢
which is the k-NN radius corresponding to a point
with fi, value o, and 7, := (k/(2nvafa))"/¢ which
will be smaller than the k-NN radius of any sample
point. Next, we show that B(x,r,) contains a sample
point for any x € B(A,ry). Now, for any two points
z,2’ € AN Xy,), we use this fact to argue for the ex-
istance of a sequence of sample points starting with
2 and ending with 2’ such that the distance between
adjacent points is less than r, and all the points in the
sequence lie in B(A,r,). We then show that each pair
of adjacent points is an edge in G(A\g) and thus ANX,
is connected in G(Xg). Finally, we argue that A < Ag
and thus A N X7, is connected in G()) as well. O

Combining isolation and integrality, we obtain:

Corollary 1 (Identification). Suppose the conditions
of Lemmas [4 and [3 hold for modal-set M. Define
fu = maxgeny,nx,, fe(z). With probability at least
1 — 4, there exists M € M such that B(M,r,(M))N

Proof. By Lemma |2 there exists M € M which con-
tains only points in Xy with maximum f;, value of fyy.
Thus, we have M C {x € Xy N Xy = fr(x) > far —

Bifary. By Lemma 8| B(M,r,(M))n X,y € M. O

Here, we give a sketch of the proof for Theorem 1 which
can be found in the Appendix.

Proof sketch of Theorem 1. Let 7 = lz_vzl (83%’" fM).

There are two directions to show: max d(x, M) <

PN xe]\/i
7 and sup ey d(z, M) < 7.

For the first direction, by Corollary |1f we have_ M -
{o € X ¢ folx) = fu — Befu} where fy =

MAXye X NX ) fr(z). Thus, it suffices to show

fel@) > sup  fulx) + Befu. (1)

inf >
xEB(M,rn(M)) Xn\B(M,7)

Using known upper and lower bounds on fj in terms
of f, we can lower bound the LHS by approximately
far — upr(r) (for some r < 7) and upper bound the
first term on the RHS by approximately fas — las (7).
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The remaining difficulty is carefully choosing an ap-
propriate r.

For the other direction, by Corollary M contains
all sample points in B(M,r,(M)). Lemma [l| and the
admissibility of k£ implies that r,(z) < 7 which easily
gives us the result. O

4 EXPERIMENTS

4.1 Practical Setup

The analysis prescribes a setting of 8, = O(1/Vk).
Throughout the experiments we simply fix 5 = 2/ VE,
and let our choice of k be the essential parameter. As
we will see, M-cores yields competitive and stable per-
formance for a wide-range of settings of k. The imple-
mentation can be done efficiently and is described in
the Appendix.

A Python/C++ implementation of the code at [40].

4.2 Qualitative Experiments on General
Structures

Figure 3: Diabetic Retinopathy: (Top 3 figures) An
unhealthy eye, (Bottom 3 figures) A healthy eye. In
both cases, shown are (1) original image, (2) a fil-
ter applied to the image, (3) modal-sets (structures of
capillaries) estimated by M-cores on the correspond-
ing filtered image. The unhealthy eye is character-
ized by a proliferation of damaged capillaries, while a
healthy eye has visually fewer capillaries. The analysis
task is to automatically discover the higher number of
capillary-structures in the unhealthy eye. M-cores dis-
covers 29 structures for unhealthy eye vs 6 for healthy.

We start with a qualitative experiment highlighting
the flexibility of the procedure in fitting a large vari-
ety of high-density structures. For these experiments,
we use k = % -log? n, which is within the theoretical
range for admissible values of k (see Theorem 1| and

discussion of Remark .

We consider a medical imaging problem. Figure|3|dis-
plays the procedure applied to the Diabetic Retinopa-
thy detection problem [4I]. While this is by no means

an end-to-end treatment of this detection problem, it
gives a sense of M-cores’ versatility in fitting real-world
patterns. In particular, M-cores automatically esti-
mates a reasonable number of clusters, independent of
shape, while pruning away (most importantly in the
case of the healthy eye) false clusters due to noisy data.
As aresult, it correctly picks up a much larger number
of clusters in the case of the unhealthy eye.

4.3 Clustering applications

We now evaluate the performance of M-cores on clus-
tering applications, where for clustering: we assign
every point z; € X[, to argmin d(z;, M), i.e. to
the closest estimated modal-set.

MeM

We compare M-cores to two common density-based
clustering procedures, DBSCAN and Mean-Shift, as
implemented in the sci-kit-learn package. Mean-Shift
clusters data around point-modes, i.e. local-maxima
of f, and is therefore most similar to M-cores in its
objective.

Clustering scores. We compute two established
scores which evaluate a clustering against a labeled
ground-truth. The rand-index-score is the 0-1 accu-
racy in grouping pairs of points, (see e.g. [42]); the mu-
tual information-score is the (information theoretic)
mutual-information between the distributions induced
by the clustering and the ground-truth (each cluster
is a mass-point of the distribution, see e.g. [43]). For
both scores we report the adjusted version, which ad-
justs the score so that a random clustering (with the
same number of clusters as the ground-truth) scores
near 0 (see e.g. [42], [43)).

Datasets. Phonemes [44], and UCI datasets: Glass,
Seeds, Iris, and Wearable Computing. They are de-
scribed in the table below.

Dataset n d Labels| Description

Phonemes| 4509 | 256| 5 Log-periodograms of
spoken phonemes

Glass 214 | 7 6 Properties of different
types of glass

Seeds 210 7 3 Geometric measure-
ments of wheat kernels

Iris 150 4 3 Various measurements
over species of flowers

Wearable | 10000 12 | 5 4 sensors on a human
body, recording body
posture and activity

Results. Figure[reports the performance of the pro-
cedures for each dataset. Rather than reporting the
performance of the procedures under optimal-tuning,
we report their performance over a range of hyper-
parameter settings, mindful of the fact that optimal-
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Figure 4: Comparison on real datasets (along the rows) across different hyperparameter settings for each algo-
rithm (along the columns). The hyperparameters being tuned are displayed at the bottom of the figure for each
clustering algorithm. Scores: the blue line with triangular markers is Adjusted-Mutual-Information, and the
dotted red line is Adjusted-Rand-Index.

tuning is hardly found in practice (this is a general Conclusion
problem in clustering given the lack of ground-truth
to guide tuning).

For M-cores we vary the parameter k. For DBSCAN
and Mean-Shift, we vary the main parameters, respec-
tively eps (choice of level-set), and bandwidth (used in
density estimation). M-cores yields competitive per-
formance across the board, with stable scores over a
large range of values of k (relative to sample size).

We presented a theoretically-motivated procedure
which can consistently estimate modal-sets, i.e. non-
trivial high-density structures in data, under benign
distributional conditions. This procedure is easily im-
plemented and yields competitive and stable scores in
clustering applications.

Such stable performance to large changes in k is quite Acknowledgements
desirable, considering that proper tuning of hyperpa- e are grateful to Sanjoy Dasgupta for useful discus-
rameters remains a largely open problem in clustering. sions in the beginning of this project. Finally, part of

this work was presented at the Dagstuhl 2016 seminar
on Unsupervised Learning, and we are thankful for the
useful feedback from participants.
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Appendix

As discussed in the main text, the results are easily extended to handle more general modal-sets where the
density can vary by ¢y. We therefore will be showing such more general results which directly imply the results
in the main text.

We give a generalization of modal-sets where the density is allowed to vary by ¢y > 0, called eg-modal sets,
which will be defined shortly. In order to estimate the ej-modal sets, we derive Algorithm [2] which is a simple
generalization of Algorithm [} Algorithm [1] is Algorithm 2] with the setting ¢ = 0 and € = 0. Changing € to
larger values will allow us prune false modal-sets away more aggressively, which will be discussed in Appendix[F]

Throughout the Appendix, we restate analogues of the results in the main text for the more general ej-modal
sets and Algorithm [2| It will be understood that these results will imply the results in the main text with the
setting ¢g = 0 and € = 0.

In Appendix [G] we formalize common situations well-modeled by modal-sets. In Appendix [H| we give implemen-
tation details.

A ¢p-modal sets

Definition 10. For ¢y > 0, connected set M 1is an eg-modal set of f if there exists fyr > €9 such that
sup,en f(2) = far and M is a CC of the level set XM= .= {z: f(x) > far — €0}

We require the following Assumption [2on ep-modal sets. Note that under Assumption[I]on modal-sets, Assump-
tion |2| on eg-modal sets will hold for €g sufficiently small.

Assumption 2. The eg-modal sets are on the interior of X and fas > 2¢qy for all eg-modal sets M.

Remark 4. Since each eg-modal set contains a modal-set, it follows that the number of eg-modal sets is finite.

The following extends Proposition [I| to show the additional properties of the regions around the ep-modal sets
necessary in our analysis. The proof is in Appendix [B]

Proposition 2 (Extends Proposition. For any eg-modal set M, there exists Apg, Anr, Tars g, Ung, s, Sar such
that the following holds. Ay is a CC of XM = {x : f(x) > Ay} containing M which satisifies the following.

e A, isolates M by a valley: Ap; does not intersect any other eg-modal sets and Ay and X/\M\AM are
rs-separated by Sy with rs > 0 where rs does not depend on M.

o Ay is full-dimensional: Ay; contains an envelope B(M,ryr) of M, with rp > 0.

e f is smooth around some maximum modal-set in M: There exists modal-set My C M such that f has
density far on My and far — f(z) < up(d(x, My)) for x € B(Moy,rar)

e f is both smooth and has curvature around M: up; and lp; are increasing continuous functions on [0,7],
upr(0) = 1p(0) =0 and upr(r), Ia(r) > 0 for r >0, and

Iv(d(z, M) < far — €0 — f(x) <upr(d(x, M))Ve € B(M,rar).

Next we give admissibility conditions for eg-modal sets. The only changes (compared to admissibility conditions
for modal-sets) are the constant factors. In particular, when ¢y = 0 and € = 0 it is the admissibility conditions for
modal-sets. As discussed in the main text, a larger € value will prune more aggressively at the cost of requiring
a larger number of samples. Furthermore, it is implicit below that € < I (min{ras, rs}/2). This ensures that we
don’t prune too aggressively that the estimated €y-modal sets merge together.

1

Definition 11. k is admissible for an ey-modal set M if (letting u;}, Ly be the inverses of uar, lar)

2
-_ { (2406,n(supx626 flz) + 60)) ,27+dC§,n}

Iy (min{ras,rs}/2) — €

d
<ps o) (uM1 (O‘S’"g e 60))) .
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Algorithm 2 M-cores (estimating ep-modal-sets)

Initialize M := . Define 8, = 46\’;5.
Sort the X;’s in descending order of f; values.
for i=1tondo
Define X := fr(X;).
Let A be the CC of G(A — 98\ — €9 — €) that contains X;.

I~

if A is disjoint from all cluster-cores in M then _
Add M :={z € A: fi(x) > X — BrA — €} to M.
end if
end for
return M.

B Supporting lemmas and propositions

Proof of Proposition[3. Let M be an ey-modal set with maximum density f; and minimum density fas —€o (i.e.
far —€o < f(z) < fur for @ € M). Define X* := {x: f(x) > A}. Let A1, ..., A, be the CCs of X/M~< (there are
a finite number of CCs since each CC contains at least one modal-set and the number of modal-sets is finite).
Define rmyin 1= mina, 24, infrea, 2ren; [2— 2’|, which is the minimum distance between pairs of points in different
CCs. Next, define the one-sided Hausdorff distance for closed sets A, B: dp (A, B) := max,ec 4 mingep |z — yl.
Then consider g(t) := dg (XM=t Y fa—co),

Since f is continuous and has a finite number of modal-sets, g has a finite number of points of discontinuity
(i.e. when fp — g — t is the density of some modal-set) and we have g(t) — 0 as ¢ — 0. Thus, there exists
0 < Am < fam — € such that g(far — €0 — Ay) < irmin and there are no modal-sets or ep-modal sets with
minimum density in [Ay, far — €0). For each A;, there exists exactly one CC of X* | A such that A; C A’
Since g(far — €0 — Anr) < irmin, it follows that A} C B(A;, irmin.). Thus, the A.’s are pairwise separated by
distance at least %rmin. Moreover, there are no other CCs in X'/ ~¢ because there are no modal-sets with
density in [Aar, far — €0)-

Then, let Aj; be the CC of X containing M. Then Aj; contains no other ey-modal sets and it is %rmin—
separated by X*¥\ M by some set Sys (i.e. take Sy = {x : d(x, Apyr) = %rmin}). Since there is a finite number
of modal-sets, it suffices to take 75 to be the minimum of the corresponding %rmin for each ep-modal set. This
resolves the first part of the proposition.

Let h(r) := infyep(ar,r) f(x). Since f is continuous, h is continuous and decreasing with h(0) = far — €o > Ans.
Take rp; > 0 sufficiently small so that h(ras) > Apr. This resolves the second part of the proposition.

Take My to be some modal-set with density fp; in M. One must exist since M has local-maxima at level fj.
For each r, let ups(r) := max{far — €0 — infrep(ar,ry f(2), fir — infrep(agy,ry f(2)}. Then, we have fis — f(z) <
ups(d(x, My)) and far — €0 — f(z) < upr(d(x, M)). Clearly ups is increasing on [0, 7] with up(0) = 0 and
continuous since f is continuous. If u,; is not strictly increasing then we can replace it with a strictly increasing
continuous function while still having up(r) — 0 as r — 0 (i.e. by adding an appropriate strictly increasing
continuous function). This resolves the third part of the proposition and the upper bound in the fourth part of
the proposition.

Now, define gas(t) := d(X =<0t 0 Ay, M) for t € [0, 1(far — €0 — Aar)]. Then, gpy is continuous, gar(0) = 0
and is strictly increasing. Define [j; to be the inverse of g;. Clearly [, is continuous, strictly increasing, and
Ipm(r) = 0asr — 0. From the definition of gy, it follows that for x € B(M,rnr), far —eo — f(z) > Ip(d(x, M)
as desired. 0

We need the following result giving guarantees on the empirical balls.

Lemma 4 ([2]). Pick 0 < § < 1. Assume that k > dlogn. Then with probability at least 1 — ¢, for every ball
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B c R we have

Remark 5. Throughout the paper, there are results which are qualified to hold with probability at least 1 —§.
This is understood to be precisely the event that Lemma[{) holds.

Lemma [5] of [16] establishes convergence rates for fy.
Definition 12. For x € R? and € > 0, define #(e, ) := sup {r SSUPLep(am () — f(@) < e} and 7(e,x) :=
sup {1 b e o) S(2) = S(') < e

Lemma 5 (Bounds on fi). Suppose that C:;E" < % Then the follow two statements each hold with probability
at least 1 —§:

fr(z) < (1 —i-QC\’;’g) (f(x) +e),

for all z € R? and all € > 0 provided k satisfies vq - 7(e,z)? - (f(z) +¢€) > £ — C(s’n%.

Cé,n
Vi
for all x € R? and all € > 0 provided k satisfies vq - 7(e,2)% - (f(z) — €) > % + C(;’n%.

Lemma 6 (Extends Lemma. (Upper bound on ry,) Let M be an eg-modal set with mazimum density far and
suppose that k is admissible. With probability at least 1 — 9,

2Cs n\/dlogn 1/d
] .

n-vq- (fm —€o

)= (1= 552 @) - 0,

(M) < (

1/d
Proof of Lemma[6 Define ro := <QC‘5”7 ‘dlogn) and r := (4k/(nvgfar))'/¢. Since k is admissible, we have

nva-(fm—e€o)

that uar(ro) < uar(r) < (fmr — €0)/2. We have

Csnv/dlogn

F(B(x,70)) > varo® (far — €0 — uar(ro)) > varo®(far — €0)/2 = -

By Lemma [4f this implies that F, (B(z,79)) > 0 with probability at least 1 — ¢ and therefore we have r,(z) <
To- O]

C Isolation Results

The following extends Lemma [2] to handle more general ep-modal sets and pruning parameter €.

Lemma 7 (Extends Lemma . (Isolation) Let M be an eg-modal set and k be admissible for M. Suppose

0 < & <ly(min{ras,7s}/2) and there exists a sample point in Xpr. Define &y := argmax,cx,,nx,, fe(z). Then
the following holds with probability at least 1 — &: when processing sample point &y in Algorithm [4 we will add

M to M where M does not contain points outside of Xps.

Proof. Define fur := fu(#ar), A = far and 7 := min{rys,rs}/2. It suffices to show that (i) X\Xy, and B(M,T)
are disconnected in G(A — 95k A — €g — €) and (ii) &y € B(M, 7).
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In order to show (i), we first show that G(A — 98, A — €y — €) contains no points from B(Sys,7s/2) and no points
from Xp\B(M,7). Then, all that will be left is showing that there are no edges between B(M,7) and X\X);.

We first prove bounds on f; that will help us show (i) and (ii). Let F' := fa — eo — Ip(77/2). Then for
all z € Xy \B(M,7), we have #(F — f(x),x) > 7/2. Thus the conditions for Lemma |5| are satisfied by the

mhnmgbﬂnyofkandlwnaaﬁxx)<:(14-20&")1i Now,

vk
Cﬁ nN o 06 n =
sup  fi(x) < (1+2—2)F = (14+2—2)(fmr — €0 — I (7/2))
€Xar\B(M,F) vk vk

CJ n\3 7 06 n — ~

<(l1+2— —(142—=) (0 +Im(7/2)) < A — 9B\ — €9 — €,

( \/E)fM ( \/E)(O m(7/2)) BrA — €o
where the second inequality holds by using Lemma [5|as follows. Choose z € My and € = Cs.n far- Then #(e, x) >

2Vk
u~!(e). The conditions for Lemma old by the admissibility of k and thus fa > fi(2) > (1 — Cs../Vk)? fur.
B

that fa < (1 + 2C5.,,/Vk) far; combine this admissibility of & to obtain
the last inequality. Finally, from the above, we also have sup,cx,\ p(a,r) Jf5(%) < far, implying (ii).

Furthermore it follows from Lemma

Next, if # € B(Sar,75/2), then #(F — f(x),x) > 7/2 and the same holds for B(Sys,7s/2):

sup fe(x) <A =98\ — g — €.
z€B(SMm,rs/2)

Thus, G(A — 98k A — €g — €) contains no point from B(Sys,7s/2) and no point from Xy \B(M,T).

All that remains is showing that there is no edge between B(M,7) and X\Xy;. It suffices to show that any
such edge will have length less than rg since B(Sy,rs/2) separates them by a width of r,. We have for all
x € B(M,7),

F(B(z,7)) > vgr® inf  f(z') >

+ ngn—.
z' € B(x,2T)

n

koo VE
n

Thus by Lemma [4] we have ry(z) < 7 < ry, establishing (i).

D Integrality Results

The goal is to show that the M € M refered to above contains B(M,r, (M)). We give a condition under which
B(M,r,(M)) N X, would be connected in G(A) for some A. It is adapted from arguments in Theorem V.2 in
[6].

Lemma 8. (Connectedness) Let M be an €g-modal set and k be admissible for M. Then with probability at least
1 -0, Xn contains a sample point and B(M,r,(M)) N X, is connected in G(N) if

A< (1 - (;%LYUM — €0)-

2
Proof. We first show that B(M,r,(M)) N X}, is connected in G(A) when A < (1 - C:%") (fm — €). For

simplicity of notation, let A := B(M,r,(M)). It suffices to prove the result for A = (1 — %)Q(fM —¢p). Define

ra = (k/(nvgA\))V/¢ and r, = (k/(2nvafar))/?. First, we show that each = € B(A,r)), there is a sample point
in B(x,r,). We have for x € B(A,r)),

F(B(z,75)) > vdr‘j inf fh) > vdrg(fM —eg—up(ro +rx+1rn(M)))

z'€B(z,ro+1))
Csn, v/dlogn
> vard(far — €o) (1 - \;E) > C&,nTg.
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Thus by Lemma {4 we have that with probability at least 1 — §, B(x,r,) contains a sample uniformly over
HAS B(A7 ’I“)\>.

Now, let x and 2’ be two points in A N X[,,;. We now show that there exists = x¢,z1,...,7, = 2’ such that
x; — Tig1l|] < 1o and z; € ,To). For arbitrary v € (0,1), we can choose © = 2z, 21,...,2p = @’ where
N d B(A For arbitrary v € (0,1 h , = 1/ wh
[|zit1 — zi]| < ~ro. Next, choose « sufficiently small such that

d
vy ((1_7)74"> inf  f(z) > Conydlogn V‘“Og”’
2 z€B(A,ro) n

then there exists a sample point z; in B(z;, (1 — ¥)r,/2). Moreover we obtain that

[[iv1 — zil| < |wigr — zigall + [z — 2il| + (|2 — 24| < 7o

All that remains is to show (x;,z;41) € G(\). We see that z; € B(A,r,). However, for each © € B(A4,r,), we
have

Csn S ﬁ—&- Cé,n\/E.
Vk) T n n

Thus rg(xz;) < ry for all i. Therefore, x; € G()\) for all z;. Finally, ||x;41 — z;|| < 7o < min{rg(z;), re(ziv1)}
and thus (z;,7;11) € G()\). Therefore, AN X|,) is connected in G()), as desired.

F(B(z,7r3)) > vgrs inf (@) > varS(far — €o) (1 —
2’ €B(z,ro+7))

Finally, to show that X; contains a sample point, it suffices to have r,(z) < rp; for some x € M. Indeed,
we have r,(M) < rp(x) < (k/(2nvafa))? < rar where the second inquality follows from the earlier fact that
B(x,ro) contains a sample point for all points in A and the last inequality follows from the admissibility of k. [

The following extends Lemma [3] handle more general ¢p-modal sets.

Lemma 9 (Extends Lemma (3 ' (Integrality) Let M be an ep-modal set with density frr, and suppose k is
admissible for M. Let &y := argmaX,e y,, nx,, fx(x). Then the following holds with probability at least 1 — 4.

First, Xar does contain a sample point. When processing sample point Tar in Algorzthml zf we add M to /\/l
then B(M,r,(M)) N Xp,) € M.

Proof. By Lemma l Xy contains a sample point and B(M,r,(M)) N X, is connected in G(Ag) when Ao <
(1— C:‘}”) (far—€o). Define fas := fi(&a7) and A := far. It suffices to show that B(M, 7 (M) N Xy, is connected
in G(A — 98k A — €). Indeed, we have that

C&,n ? N C&,n 2 C&,n C(S,n 2
(1-T) ez (1= ) (14022 ) - (- )
> A= PrA—€e) > A—96A —eg — €,

where the first inequality follows from Lemma [5| as desired. O

E Theorem [1]

Combining the isolation and integrality, we obtain the following extention of Corollary [I]

Corollary 2 (Extends Corollary ' (Identification) Suppose we have the assumptions of Lemmas lj and@ for
€o-modal set M. Define fM = MaXze Xy NX|, fre(z) and X = fM With probability at least 1 — §, there exists
M € M such that B(M,r,(M))N Xp,) € MC {x € Xy N Xpyp: fr(®) > X = Bred —eo}

Proof. By Lemma [7} there exists MeM which contains only points in Xy with maximum fj value of fM.
Thus, we haveMC{xGXMﬂX : fr(x )>fM kaMfeo} By Lemma |9, B(M,r,(M)) N Xy, € M. O

The following extends Theorem [I] to handle more general e)-modal sets and pruning parameter €.
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Theorem 3 (Extends Theorem |l ' Let § > 0 and M be an ey-modal set. Suppose k is admissible for M and
0 <& <lpy(min{ry,rs}/2). Then with probability at least 1 — §, there exists M € M such that

— 8Cs n
d(M, M) gq;( } fM)

which goes to 0 as C’g,n/\/E — 0.

Proof. Define 7 = [} (8?/%’" fM) . There are two directions to show: max__z7d(z, M) < 7 and sup,.¢,, d(z, M)

€M
7 with probability at least 1 — ¢.

We first show max ﬁd(x M) < 7. By Corollary I we have M € M such that M C {r € Xn : fu(z) >
Far = Befar — €0} where fay = maXzex,,nx, fe(z). Hence, it suffices to show

inf T > su T +B n +e. 5
IEB(Mo,Tn(M))fk( ) XM\BFMT)JC( )+ Brfu +€o 2)

Define r := (4/ farva)/4(k/n)'/ . For any = € B(Mo,r +7rn(M)), f(x) > far —um(r +rp(M)) = F. Thus, for
any x € B(My,r,(M)) we can let € = f(x) — F' and thus 7(¢,z) > r and hence the conditions for Lemma are
satisfied. Therefore, with probability at least 1 — 4,

inf o) > (1

z€B(Mo,rn (M))

Coin —up(r+r
ﬁ)w st (r 4 T (M), 3)

For any z € Xp/\B(M,7/2), f(z) < far — €0 — lar(7/2) == F. Now, for any 2 € X\B(M,7), let € :== F' — f(x).
We have (e, x) > 7/2 = 1, (8Cs5.,/Vk) /2 > 13/ (uar(2r)) /2 > r (since Iy is increasing and Iy; < ups) and thus
the conditions for Lemma [5] hold. Hence, with probability at least 1 — 4,

swp  fulr) < (

x€Xp\B(M,7)

CjE) (U — €0 — Lt (7). (4)

Thus, by and applied to (2) it suffices to show that

(1 - ng) (s — unt(r 4 ra(M))) > ( jz) (ar — o — () + Bufar + <o (5)
which holds when
C&n

I (7) > upr(r + o (M) + =22 far + Bifar (6)

7

The admissibility of k ensures that 7, (M) < r < rj;/2 so that the regions of X we are dealing with in this proof
are confined within B(My,rys) and B(M,ry)\M.

By the admissibility of k, uas(2r) <

. This gives

306 n
\[

15C5s
2vk

Ly (7) = — far > up(2r) +

I 2> un(r + (M) +

Far + Brfar,

where the second inequality holds since Cs,,/vk < 1/16, u is increasing, r > r,,(M), and ]?M < (1 + 2?‘}") fur
by Lemma Thus, showing @, as desired.

This shows one direction of the Hausdorff bound. We now show the other direction, that sup,c,; d(z, M) <7

It suffices to show for each point € M that the distance to the closest sample point r,(x) < 7 since M contains
these sample points by Corollary [2l However, by Lemma |§| and the admissibility of k, r,(x) < 7 as desired. O
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F Theorem [2I

We need the following Lemma [I0] which gives guarantees us that given points in separate CCs of the pruned
graph, these points will also be in separate CCs of f at a nearby level. [6] gives a result for a different graph and
the proof can be adapted to give the same result for our graph (but slightly different assumptions on k).

Lemma 10 (Separation of level sets under pruning, [6]). Fiz € > 0 and let 7(¢) := inf,cga min{7 (¢, ), 7(e, 2)}.
Define A := max,cga f(x) and assume € > 2e¢ + Bi(Af +€) and let G(N\) be the graph with vertices in G()\) and
edges between pairs of vertices if they are connected in G(A — €y). Then the following holds with probability at
least 1 — 9.

Let Ay and Ay denote two disconnected sets of points é(/\) Define Ay :==1inf x4, f(x). Then Ay and Ay are
disconnected in the level set {x € X : f(z) > Ar} if k satisfies

SEES
E

va(r(€)/2)" (A =€) = = + Cs

n
and

B> max{8ACE, /(As — ). 2%7C3,}.

Proof. We prove the contrapositive. Let A be a CC of {x € X' : f(z) > Ay} with A\ = mingeanx,,, f(z). Then
it suffices to show AN X, is connected in G(X') for A" := minzecanx,,, fr(z) — €.

We first show AN X[, is connected in G(A) for A = (A\y —€)/(1+ Cs.n/Vk) and all that will remain is showing
N <A

Define 7, := (k/(2nvafar))'/¢ and ry := (k/(nvg)))*/?. Then from the first assumption on k, it follows that
rx < r(e)/2. Now for each = € B(A,r)), we have

F(B(x,7,)) > vgre inf f(@) > vard(Af —€) > Cs.,,
z'€B(x,ro+ry)

Vdlogn
—

Thus, by Lemma [4| we have with probability at least 1 — § that B(z, () contains a sample point.

Now, in the same way shown as in Lemma 8 we have the following. If z and 2’ be two points in A N X}, then
there exists © = x¢, 21, ...,z = 2’ such that ||x; — z;41|| < ro and z; € B(A,1,).

Next is showing (z;, z;+1) € G(X). We see that x; € B(A,r,). However, for each x € B(A,r,), we have

C(S,n\/E

F(B(x,7y)) > vgrs inf f@) > oAy —e) > §+ .

z'€B(x,ro+7x)

Thus ri(x;) < ry for all i. Therefore, x; € G(A) for all z;. Finally, ||z;41 — zi|| < 7o < min{rg(x;), re(xis1)}
and thus (z;,7;11) € G(X). Therefore, AN X[,) is connected in G(N).

All that remains is showing X' < X\. We have

. Cs _
!/ — . _ < sn _ <
A meglr}'I)I([n] fr(x) —é& < (1 +2 N ) (Af+e€) —é <A,

where the first inequality holds by Lemma [5| and the second inequality holds from the assumption on &y, as
desired.

O

We state the pruning result for more general choices of €. Its proof is standard and given here for completion.
(See e.g. [14]).
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Theorem 4 (Extends Theorem . Let 0 <0 <1 and € > 0. There exists Ao = Ao(n, k) such that the following
holds with probability at least 1 — §. All eg-modal set estimates in M chosen at level A > Ao can be injectively
mapped to eg-modal sets {M g > min{xex[n]:fk(x)zA—ﬁkA} f(x)}, provided k is admissible for all such M.

In particular, if f is Holder-continuous, (i.e. ||f(z)— f(a")|] < ¢|lx —2'||* for some0 < a<1,¢>0)andé=0,
then g — 0 as n — oo, provided Cylogn < k < Con?®/2o+d) " for some Cy,Cy independent of n.

Proof. Define r(€) := inf,cge min{7(e, x), 7(e, ) }. Since f is uniformly continuous, it follows that r(0) = 0, r is
increasing, and r(e) > 0 for € > 0.

Thus, there exists /N\n’k’g > 0 such that
k
n-vg-r((8Bk ke +€)/3)

)\n7k7€ =

Define

Ao == max{\, x.c, 328 sup f(z) + 4é}.
zeX

Let us identify each estimated ep-modal set M with the point Zp := max_ gz fr(x). Let us call these points
modal-points. Then it suffices to show that there is an injection from modal-points to the ep-modal sets.

Define G'()) to be the graph with vertices in G(A — 8¢ \) and edges between vertices if they are in the same CC
of G(A — 98K\ — €) and X[n] ={z: fr(z) > \}. Let A;\ := A; OX[ j for i =1,...,m to be the vertices of the

CCs of G'(\) which do not contain any modal-points chosen thus far as part of estimated modal-sets.

Fix level A > 0 such that Ay := 1nfzeXA f(z) > Xo/2. Then the conditions are satisified for Lemma

with € = (88 + €)/3. Suppose that A; j, ...7A  are in ascending order according to A; ¢ :=min, 5 f(z).

Starting with ¢ = 1, by Lemma. 0L X >/ can be partitioned into disconneced subsets A; and X*/\ A; containing
respectively A1 A and U, A; . Assign the modal-point argmax, ¢ g, frx(z) to any ep-modal set in A;. Repeat

the same argument successively for any A, , and Ui, +1A i» until all modal-points are assigned to distinct
€o-modal sets in disjoint sets A;.

Now by Lemma ! X*f can be partitioned into disconnected subsets A and X*/\ A containing respectively
Ay = U 1A1 \ and X f\A,\ Thus, the modal-points in A, were assigned to eg-modal sets in A.

Now we repeat the argument for all A’ > X to show that the modal-points in X [?L]\A » can be assigned to distinct
€o-modal sets in XYM\ A*. (We have N, := ming s flx) > Ap).
(]

Finally, it remains to show that A > Ag implies Ay > A\g/2. We have A\g/4 > 88, A+, thus r(Ao/4) > r(8BkA+€).
It follows that

va(r(Mo/4)* - (No/4) > % + C&n?~

Hence, for all z such that f(z) < A\g/2, we have

fel) < (14 26\%

To see the second part, suppose we have C,Cy > 0 such that C; logn < k < Con?®/(+d)  This combined with
the fact that () > (¢/C)Y* implies A9 — 0, as desired.

)(f (@) + Ao/4) < Ao

O

G Point-Cloud Density

Here we formalize the fact that modal-sets can serve as good models for high-density structures in data, for
instance a low-dimensional structure M + noise.
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Lemma 11. (Point Cloud with Gaussian Noise) Let M C R? be compact (with possibly multiple connected-
components of differing dimension). Then there exists a density f over R such that the density is uniform in
M and has Gaussian decays around M i.e.

f(a) = 5 exp(—d(x, M)’/ (20%)),

where o > 0 and Z > 0 depends on M,o. Thus, the modal-sets of f are the connected-components of M.

Proof. Since M is compact in R?, it is bounded. Thus there exists R > 0 such that M C B(0, R). It suffices to
show that for any o > 0,

/]Rd exp(—d(z, M)?/(20%))dx < co.

By a scaling of = by o, it suffices to show that

/ g(x)dz < oo,
Ra

where g(z) := exp(—id(z,M)?). Consider level sets X* := {z € R? : g(z) > A}. Note that X* C
B(M,/2log(1/)\)) based on the decay in g around M. Clearly the image of g is (0, 1] so consider partitioning
this range into intervals [1,1/2],[1/2,1/3],.... Then it follows that

e (L 1Y = VolB(M, y/2T0g(n))
[ atwrae < 3 voirn (L n)gz L

n=2 n=2
ZVOI (0, R—|— V/2log(n 7§:vd(R+ V/2log(n)))4
- (n—1)n N (n—1)n
n=2
R4 —|— (21og(n))¥/?
- 201
Z n — 1 < 00,
n=2
where the last inequality holds by AM-GM. As desired. O

H Implementation

In this section, we explain how to implement Algorithm [2| (which supersedes Algorithm [1|) efficiently. Here we
assume that for our sample X}, we have the k-nearest neighbors for each sample point. In our implementation,
we simply use kd-tree, although one could replace it with any method that can produce the k-nearest neighbors
for all the sample points. In particular, one could use approximate k-NN methods if scale is an issue.

This section now concerns with what remains: constructing a data structure that maintains the CCs of the
mutual k-NN graph as we traverse down the levels. At level X in Algorithm [2] we must keep track of the mutual
k-NN graph for points x such that fi(z) > A — 98\ — g — €. Thus as A decreases, we add more vertices (and
corresponding edges to the mutual k-nearest neighbors). Algorithm [3| shows what functions this data structure
must support. Namely, adding nodes and edges, getting CCs of nodes, and checking if a CC intersects with the
current estimates of the eg-modal sets.

We implement this data structure as a disjoint-set forest data structure. The CCs can be represented as disjoint-
sets of forests. Adding a node corresponds to making a set while adding an edge corresponds to a union operation.
We can identify the verticies with the roots of the corresponding set’s trees and thus getConnectedComponent
and componentSeen can be implemented in a straightforward way.

In sum, the bulk of the time complexity is in preprocessing the data. This consists of obtaining the initial £-NN
graph, i.e. distances to nearest neighbors; this one time operation is of worst-case order O(n?), similar to usual
clustering procedures (e.g. Mean-Shift, K-Means, Spectral Clustering), but average case O(nklogn). After this
preprocessing step, the estimation procedure itself requires just O(nk) operations, each with amortized O(a(n))
where « is the inverse Ackermann function. Thus, the implementation provided in Algorithm [ is near-linear in
k and n.
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Algorithm 3 Interface for Mutual k-NN graph construction

InitializeGraph() // Creates an empty graph
addNode(G, node) // Adds a node
addEdge(G, nodel, node2) // Adds an edge
getConnectedComponent (G, node) // Get the vertices in node’s CC

componentSeen(G, node) // checks whether node’s CC intersects with the estimates. If not, then marks the
component as seen.

Algorithm 4 Implementation of M-cores (Algorithm
Let kNNSet(z) be the k-nearest neighbors of x € X,).
M {}

G < InitializeGraph()
Sort points in descending order of fj values

Let p+ 1
fori=1,...,n do
A+ fk(Xi)

while p < n and fi(X,) > A — 98X —¢p — € do
addNode(G, X,,)
for z € kNNSet(X,) NG do
addEdge(G, z, X,)
end for
p<p+1
end while
if not componentSeen(G, X;) then
toAdd <+ getConnectedComponent(G, X;)
Delete all = from toAdd where fi(z) < A — BiA
M — M + {toAdd}
end if
end for
return M

I Additional Simulations

I.1 Modal-sets

l.‘l‘ — LT | .

Figure 5: Deunsity (left image) with modal-sets of varying dimension, shape, and level. Middle image displays
the estimated modal-sets, and the right image displays the estimated modal-sets when £, = 3/ vk (instead of
the default value By = 2/Vk). Parameter settings: n = 20000, k = 200.
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Mixture of Gaussians in 2 Dimensions
T T

24 T
k=0lleg™2 Nl
" k=0in" 035
v k= 0in ™ 0.66E)
15f v --- k=0{n"0.E) |
3 —  Thearetical Optimal Rake
. S
i
£ o1o0p -l ]
=] . " e
v
=]
[
05} ST el
0.0 1 1 1 1
] 2000 4000 G000 8000 10000

Figure 6: Simulation on a simple mixture of two gaussians. Shown are the performances of MCores estimating
two point modes under different settings of k as a function of n. Plotted are the theoretical minimum and
maximum settings for k (k = log?n and k = n?/3, respectively), as well as in a setting in between (k = 0.5-/n),
and a setting faster (k = 0.54 - n%-%). The constants were chosen so that the values for k were identitical at the
starting setting of n. Also shown is the theoretically optimal estimation rate n~/%; the actual value is unknown
since the constant factors are unknown, but it serves to illustrate the expected rate of decay. Each datapoint is
the average of 10 different random samplings from the distribution.
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Figure 7: Simulation on a density which is generated by sampling a point on a one-dimensional curve (an arc
that is 1/6 of a unit circle) and adding orthogonal Gaussian noise. Shown are the performances of MCores
estimating the modal-set (one-dimensional curve) under different settings of k with fixed n = 5000 . Also shown
is the theoretical error bound k~1/4; again it is only for purposes of displaying expected rates of decay. Each

datapoint is the average of 10 different random samplings from the distribution.
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1.2 Clustering
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Figure 8: Toy cluster-shapes handled by various procedures. The means or modes (used as cluster centers) by
K-Means or Mean Shift are shown as larger dotted points. Parameter settings: n = 1000,k = 50. We compare
M-cores to state-of-the-art procedures, under default settings, on standard toy cluster shapes. This is motivated
by common practice where clustering procedures are used as black-box routines, i.e. under default settings
(implementing various rule of thumbs) provided by software packages; this is because it is difficult to properly
tune clustering procedures, given the absence of labels. The data and procedures are from the popular sci-kit-
learn software package. M-cores uses fixed settings as described earlier. For the other procedures, we employed
the automatic tuning used by the sci-kit-learn package; K-Means and Spectral Clustering are additionally given
the correct number of clusters. Results are shown in Figure [8| along with running times. M-cores compares well
across the board, with relatively good time efficiency (all the procedures are in Python and C++).
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