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Abs t rac t 

By p l a c i n g var ious r e s t r i c t i o n s on the 
h e u r i s t i c es t imato r i t i s poss ib le t o 
c o n s t r a i n the h e u r i s t i c search process t o f i t 
s p e c i f i c needs. This paper in t roduces a new 
r e s t r i c t i o n upon the h e u r i s t i c , c a l l e d the 
"bandwidth" c o n d i t i o n , t ha t enables the 
ordered search to b e t t e r cope w i t h t ime and 
space d i f f i c u l t i e s . I n p a r t i c u l a r , the 
e f f e c t o f e r r o r w i t h i n the h e u r i s t i c i s 
considered i n d e t a i l . 

Beyond t h i s the bandwidth c o n d i t i o n 
q u i t e n a t u r a l l y a l lows f o r the extens ion o f 
the h e u r i s t i c search to MIN/MAX t r e e s . The 
r e s u l t i n g game p l a y i n g a lgo r i t hm a f f o rds many 
d e s i r a b l e p r a c t i c a l f ea tu res not found in 
minimax based techniques, as w e l l as 
ma in ta in i ng the t h e o r e t i c a l framework of 
ordered searchs. The development of t h i s 
a l g o r i t h m provides some a d d i t i o n a l i n s i g h t to 
the genera l problem of search ing game t rees 
by showing tha t c e r t a i n , somewhat s u r p r i s i n g 
changes in the cos t est imates are requ i red to 
p r o p e r l y search the t r e e . Fur thermore, the 
use of an ordered search of MIN/MAX t rees 
b r i ngs about a r a t h e r p rovoca t i ve depar ture 
from the convent iona l approach to computer 
game p l a y i n g . 

KE/WORDS: A r t i f i c i a l I n t e l l i g e n c e , t ree 
search ing , game p l a y i n g , h e u r i s t i c search, 
a lpha-beta minimax, game t r e e s , MIN/MAX 
t r e e s . 

I n t r o d u c t i o n 

The h e u r i s t i c search (Hart1 , N i l sson ) 
has become an impor tan t aspect of a r t i f i c i a l 
i n t e l l i g e n c e because o f i t s wide area o f 
a p p l i c a t i o n ( N i l s s o n 2 , PohL3) and because of 
the t h e o r e t i c a l framework on which i t i s 
based. This framework is in la rge p a r t due 
to var ious res t r i c t i o n s imposed upon the 
h e u r i s t i c t ha t guides the search and the 
r e s u l t i n g e f f e c t on the search a lgo r i t hm 
i t s e l f . 

In order to d iscuss some of these 
r e s t r i c t i o n s i t i s necessary t o i n t roduce the 
f o l l o w i n g n o t a t i o n . For a node n of a t ree or 
g raph , the f o l l o w i n g func t i ons are de f ined as 
p a r t of the problem. 
k(m,n) = the arc cos t from node m to node n. 
g(n) = the minimum arc cos t from the roo t 

to node n. 
h(n) =the minimum arc cos t from node n to 

a g o a l , 
f (n )=g (n )+h (n ) the minimum arc cos t from the 

r o o t to a goal v i a node n. 

* research p a r t i a l l y sponsored by O f f i c e of 
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Since some of these func t ions are not 
known du r inq the ac tua l search, we must be 
guided by est imates of these func t i ons . 
g*(n) = an es t imate of g ( n ) . NOTE: g ' (n )«g (n ) 

f o r a t r e e . 
h ' (n ) = an es t imate of h ( n ) . This is the 

" h e u r i s t i c " . 
f ' (n)=g ' (n)+h' (n) an est imate of f ( n ) . 

At each step of the h e u r i s t i c search the 
most promis ing node, the one w i t h mimimum 
f ' ( ) v a l u e , i s expanded. In t h i s way the 
h e u r i s t i c h' 0 orders the search. Using 
N i l s s o n ' s termino logy any node which has beed 
expanded is c a l l e d CLOSED, and any node not 
ye t expanded is labe led OPEN. The open 
nodes are mainta ined on a l i s t c a l l e d the 
OPEN l i s t . With t h i s no t i on of the 
h e u r i s t i c search, we can see the e f f e c t of 
c e r t a i n r e s t r i c t i o n s placed upon the 
h e u r i s t i c . 

The most impor tant r e s t r i c t i o n on the 
h e u r i s t i c h ' O i s the " a d m i s s i b i l i t y " 
c o n d i t i o n (Ha r t 1 , N i l s s o n 2 ) : 
I f h ' (n ) < h(n) f o r a l l nodes n, then the 
h e u r i s t i c " search w i l l always f i n d a minimal 
cost (opt imal ) g o a l . 

Another impor tant r e s t r i c t i o n on the 
h e u r i s t i c i s the "cons is tency" c o n d i t i o n 
( N i l s s o n ^ ) : 
I f h ' ( m ) - h ' ( n ) < k(m,n) then a l l nodes 
expanded by the heur i s t i c search have 
g ' (n )=g(n ) even i f the graph is not a t r e e . 
This a l lows f o r cons iderab le s i m p l i f i c a t i o n 
of the a l g o r i t h m . 

This paper in t roduces another 
r e s t r i c t i o n on the h e u r i s t i c , which a l lows 
the h e u r i s t i c search to b e t t e r cope w i t h the 
p r a c t i c a l problems of t i n e and space. 

The "Bandwidth" Cond i t ion 

When using the h e u r i s t i c search to so lve 
complex problems, bo th t ime and space 
d i f f i c u l t i e s a r i s e because the number of 
nodes in the search t ree increases 
e x p o n e n t i a l l y . The time requ i red to search 
the t ree or graph can be reduced on ly by 
using a h e u r i s t i c t h a t more c l o s e l y es t imates 
h ( ) . I t may be i m p r a c t i c a l to f i n d such a 
h e u r i s t i c t h a t never v i o l a t e s the 
" a d m i s s i b i l i t y " c o n d i t i o n . For many 
problems, an example of which w i l l be g iven 
s h o r t l y , i t i s o f t e n eas ie r t o f i n d a 
h e u r i s t i c t ha t es t imates the f u t u r e cos t 
w e l l , b u t o c c a s i o n a l l y overest imates i t . I n 
these cases i t is reasonable to make use of 
t h i s i nadmiss ib le h e u r i s t i c t o order the 
search and then to choose from one of two 
a l t e r n a t i v e s . 
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1) Bound the e x t r a cos t of the r e s u l t i n g 
goal by the e x t r a cos t in 
ove res t ima t i ng h ( ) . We may consider 
accept ing a non-op t ima l s o l u t i o n , i f i t 
is much eas ie r to f i n d than an op t ima l 
one. 
2) Con t i nue the search beyond the 
expansion of a g o a l , reduc ing the added 
cost bound u n t i l an op t ima l goal is 
found. 

In e i t h e r case the search process w i l l run 
f as te r than an admiss ib le search s ince the 
new h e u r i s t i c is a more accurate es t ima to r of 
h (> . 

The "bandwidth" c o n d i t i o n requ i res t h a t : 
h ( n ) - d < h' (n) < h(n)+e 

The above c o n s t r a i n t s , one- of which is a 
loosening o f the a d m i s s i b i l i t y c o n d i t i o n , can 
be used to p rov ide a t h e o r e t i c a l l y sound 
method of coping w i t h bo th the space and t ime 
d i f f i c u l t i e s encountered i n s o l v i n g la rge 
problems. We a l so assume tha t the bandwidth 
h e u r i s t i c i s exact f o r any g o a l . I t i s c l e a r 
that when e=0 and d>h(n) f o r a l l nodes t ha t 
the bandwidth c o n d i t i o n reduces to the 
a d m i s s i b i l i t y c o n d i t i o n . The bandwidth 
c o n d i t i o n i s s i m i l a r t o P o h l ' s 4 "bounded 
e r r o r " . However, our approach w i l l be to 
study the r e l a t i o n between t h i s e r r o r bound 
as app l i ed to each node of the search and how 
i t e f f e c t s the cos t o f the goa l found by the 
search. We w i l l a lso demonstrate t ha t 
bandwidth h e u r i s t i c s can be used e f f e c t i v e l y 
t o f i n d op t ima l g o a l s , i n s p i t e o f the 
p o s s i b i l i t y o f o v e r - e v a l u a t i o n . 

The upper bound a l lows us to compute the 
ex t ra cos t of a non-opt imal goal found by 
us ing h ' ( ) to guide the search . We can bound 
t h i s added cos t (Har r i s 5) by no t i ng t ha t some 
node n* on the path to the op t ima l goal is 
OPEN when the non-opt imal goal p was se lec ted 
fo r expansion. Thus, 

f ' ( p ) < f ' ( n * ) p chosen be fo re n* 
g ( p ) + h ( p ) < g ( n * ) + h ' ( n * ) d e f i n i t i o n of f ' () 
g(p)+h(p) < - g ( n * ) + h ' ( n * ) s ince h ' ( p )=h (p )=0 
q{p)+h(p) < g (n * )+h (n* )+e bandwidth bound 
f (p ) < f ( n * ) + e d e f i n i t i o n o f f ( ) 
f (p) < f (p*)+e n* on path to p* 

p r o v i d i n g the des i red bound on the added cost 
of goal p. Such a goal is c a l l e d e -op t ima l 
and the a l g o r i t h m e - a d m i s s i b l e . 

Knowing t h i s bound a l lows us to use 
h e u r i s t i c s t h a t may not s a t i s f y the 
a d m i s s i b i l i t y c o n d i t i o n w i t h o u t fea r o f 
encounter ing some degenerate case tha t cou ld 
add an a r b i t r a r y a d d i t i o n a l cost to the 
r e s u l t i n g g o a l . In t h i s sense bandwidth 
heur is t i c s are eas ie r to f i n d than 
admiss ib le h e u r i s t i c s s ince they are al lowed 
to overes t imate the t rue f u t u r e c o s t . 

The lower bound of the bandwidth 
c o n d i t i o n a l lows us to save space by 
dropping nodes from the open l i s t w i t h o u t 
su r render ing the a d m i s s i b i l i t y o f the 
a l g o r i t h m . We can e l i m i n a t e any nodes m from 
the search i f there e x i s t s a node q t ha t 
s a t i s f i e s the c u t o f f c o n d i t i o n : 

f ( q ) < f ' (m)-(e+d) . 

I t i s c l e a r from the bounding argument 
above t h a t we must i nsu re t h a t the path to 
the op t ima l goal w i l l not be dropped from the 
search t r e e . Assume t h a t i t i s ; then fo r 
some node q we have the f o l l o w i n g . 

f ' (q) < f' ( n * ) - (e+d) 
f ( q ) - d < f (n*)+e-(e+d) 
f ( q ) < f ( n * ) 
f ( q ) < f ( p * ) 

the drop c r i t e r i o n 
bandwidth bounds 
c o l l e c t terms 
n* on path to p* 

Y i e l d i ng a c o n t r a d i c t i o n s ince p* is an 
op t ima l g o a l . We can determine a bound on the 
ex t ra cost f o r a goal p by comparing f ( p ) to 
f ' ( s ) -e f o r a l l open nodes s, s ince one of 
these nodes is the n* used above. If we are 
not s a t i s f i e d w i t h t h i s r e s u l t , we can 
cont inue u n t i l the bound is lowered to a 
d e s i r a b l e l i m i t . 

Knowing t h i s bound, we may be s a t i s f i e d 
w i t h the e -op t ima l g o a l , or we may wish to 
cont inue the search fo r the op t ima l g o a l . 
This can be done s ince a l l open nodes w i l l 
e v e n t u a l l y have es t imated cos t g rea te r than 
f ( p * ) + e where p* is the minimum cost goal 
expanded by the search . In e i t h e r case the 
use of a bandwidth h e u r i s t i c speeds the 
search by b e t t e r e s t i m a t i n g f u t u r e c o s t , and 
a l lows the dropping of obv ious ly bad open 
nodes to conserve s to rage . 

For many problems it may be i m p r a c t i c a l 
to f i n d a s i n g l e h e u r i s t i c t h a t can 
adequa t e l y f u l f i 1 1 bo th of the bandwidth 
c r i t e r i a at one t i m e . In these cases we can 
de f i ne two h e u r i s t i c s , one to s a t i s f y each 
bound. 

h ( n ) - d < h2 ' ( n ) & h1' (n) < h(n)+e 

For o ther cases we may wish e and d to 
themselves be func t i ons of the node n. The 
ex tens ion to these o ther cases is 
s t r a i g h t f o r w a r d . 

Example: The T r a v e l i n g Salesman Problem 

As an example of the p r a c t i c a l va lue of 
bandwidth h e u r i s t i c s cons ider the T rave l i ng 
Salesman Problem of f i n d i n g the minimum 
mileage tou r o f a se t o f c i t i e s . Since the 
search t ree f o r an N - c i t y problem has { N - D I 
nodes i t i s i m p r a c t i c a l t o f i n d the op t ima l 
tour f o r l a rge N. Recent ad hoc techniques 
{L in 6 ) f i n d "good" s o l u t i o n s b u t can 
es t imate the e r r o r on ly e m p i r i c a l l y . 

The f o l l o w i n g h e u r i s t i c s can be used to 
f i n d "good" (e -op t ima l ) s o l u t i o n s . A l l o f 
the h e u r i s t i c s make use of the reduced 
mi leage m a t r i x de f i ned by the p a r t i a l tour 
r ep resen t i ng a node. For t h i s problem i t i s 
convenient to use two h e u r i s t i c s h1' & h2' to 
f u l f i l l the bandwidth c o n d i t i o n . An 
admiss ib le h e u r i s t i c hO' w i l l be used to 
mot i va te the d e f i n i t i o n s o f h i ' and h 2 ' . 
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FOR A 6-CITY PROBLEM PARTIAL TOUR: 1 3 
CITIES TO LEAVE: 3 2 4 5 6 
CITIES TO ENTER: 2 4 5 6 1 

REDUCED MILEAGE MATRIX 

ENTER 
2 4 5 6 1 

L 3 5 8 3 9 X 
E 2 X 4 6 9 5 
A 4 4 X 3 7 2 
V 5 6 3 X 9 5 
E 6 9 7 9 X 4 

hO'-max(3+4+2+3+4,4+3+3+7+2)=19 

An admiss ib le h e u r i s t i c hO' would be the 
maximum of the sums of the row and column 
minima. The h e u r i s t i c hO' is admiss ib le s ince 
any tou r must use one element from each row 
and column and can do no b e t t e r than the 
minimum element. Thus hO1(n) < h(n) f o r a l l 
nodes n. A more accurate h e u r i s t i c would be 
one t ha t accounts f o r the l i k e l i h o o d tha t the 
minimum elements of a l l the rows cannot a l l 
be used to form a t o u r . This can be done by 
t ak ing the weighted average of the two 
sma l les t elements in each row. 

hi '=w(3+4+2+3+4)+(l-w)(5+5+3+5+7) 

Th is h e u r i s t i c g ives some weight to the 
a l t e r n a t i v e cho ices . I f i t i s indeed 
poss ib le to use on ly the minimum elements, 
then t h i s h e u r i s t i c w i l l overest imate the 
t rue f u t u r e c o s t . However f o r the m a j o r i t y 
of nodes i t w i l l p rov ide a much more accurate 
es t imate of the f u t u r e cos t and thus p rov ide 
a b e t t e r guide f o r the search . I t i s because 
t h i s h e u r i s t i c p rov ides a more r e a l i s t i c 
es t imate of h( ) tha t the search a l go r i t hm 
runs f a s t e r than the admiss ib le search . Of 
course the r e s u l t i n g s o l u t i o n may be more 
c o s t l y , but we can bound t h i s added cost by 
knowing how f a r we can overes t imate a 
p a r t i c u l a r node. 

The h e u r i s t i c h 2 ' is an es t imate on how 
b i g h(n) can get f o r a p a r t i c u l a r node n. 
For the T r a v e l i n g Salesman Problem, g iven any 
p a r t i a l t o u r , we need on ly es t imate the cost 
o f the r e s t o f the tou r from t h i s p o i n t to 
c a l c u l a t e t h i s bound. Using the reduced cost 
m a t r i x we could s imply sum the major 
d i a g o n a l , or f o r a lower and the re fo re b e t t e r 
es t imate we could take the minimum choice 
from each c i t y u n t i l a tour i s complete. 
Each of these w i l l have d=0 s ince we know the 
minimum f u t u r e cos t must be lower than or 
equal to the cos t of a p a r t i c u l a r t o u r . 
T y p i c a l l y h2 ' i s on ly c a l c u l a t e d when there 
is a need to drop nodes. 

Thus f o r each node n, we know t h a t we 
can do no worse than h 2 ' ( n ) . Knowing t h i s we 
can drop any node m if there e x i s t s a node q 
such t h a t f2 * ( q X f l ' ( m ) - ( e + d ) s ince any tour 
through m must cos t more than a tour throuqh 
q. 

Searching Game Trees 

Given the success of ordered searches in 
so many domains it seems reasonable to extend 
the h e u r i s t i c search to game p l a y i n g . The 
advantages of o rde r i ng the search should be 
as apparent in game p l a y i n g as in the 
T r a v e l i n g Salesman Problem. Un fo r t una te l y 
spec ia l problems occur which r e q u i r e 
s i g n i f i c a n t changes in the cost f unc t i ons in 
order to ma in ta in c e r t a i n d e s i r a b l e 
p r o p e r t i e s . 

We would l i k e to be able to make the 
op t ima l move from a given board 
c o n f i g u r a t i o n . This would r e q u i r e be ing able 
to prove t ha t we can win or t i e from an 
a r b i t r a r y board c o n f i g u r a t i o n , s ince someone 
must be able to fo rce a win or t i e in a 2-
person 0-sum game. I t is not t h a t we cannot 
devise a lgo r i thms to per form t h i s proof 
( N i l s s o n 2 ) , but t h a t f o r any i n t e r e s t i n g game 
the a lgor i thms are i m p r a c t i c a l . 

I f we develop admiss ib le a lgor i thms f o r 
game t r e e s , such as N i l s s o n ' s ordered search 
procedure f o r AND/OR t r e e s , c r i t i c s respond 
tha t such an a lgo r i t hm is i m p r a c t i c a l f o r any 
i n t e r e s t i n g game such as checkers or chess. 
On the other hand, a lgor i thms tha t run in a 
reasonable amount of time are c r i t i c i z e d 
because they d o n ' t always make the "bes t " 
move, and t ha t they lack the t h e o r e t i c a l 
framework of the admiss ib le a l go r i t hms . 

The use of a bandwidth h e u r i s t i c a l lows 
us to work somewhere between these two 
extremes. We begin by reduc ing our aim in 
two ways; f i r s t , by l ook ing f o r an (e+d)-
op t ima l goal i ns tead of an op t ima l one and 
second, by l ook ing on ly f o r the f i r s t move 
towards such a g o a l . The bandwidth h e u r i s t i c 
search can achieve these more modest goa l s . 

The standard technique f o r f i n d i n g a 
good move from a c u r r e n t board p o s i t i o n in 2-
person games is the a lpha-beta minimax 
(Samuel7 ) and i t s v a r i a t i o n s (S lag le 8 , 
N i l s s o n 2 ) . I t i s h e l p f u l t o note some o f the 
poss ib le shor tcominqs of minimaxing to 
mot iva te an improved technique. The 
f o l l o w i n g de t r imen ta l f a c t o r s a r i s e when 
min imaxing. 

1) The minimax technique i m p l i c i t l y 
assumes tha t the opponent is us ing the same 
eva lua t i on of board p o s i t i o n s as the program 
when i t minimizes on a l t e r n a t e p l y l e v e l s . 
This assumption must be made in order to 
determine what move the opponent w i l l make at 
each o f these l e v e l s . I t i s c l ea r t ha t t h i s 
is an unwarranted assumption t ha t can lead to 
ser ious e r r o r s i n p l a y . 

2) Related to t h i s problem is the f a c t 
t ha t minimaxing makes permanent dec is ions on 
the bas is o f comparing board e v a l u a t i o n s . I f 
the eva lua to r mis -orders two boards the 
minimax w i l l never recover . Me are forced to 
admit t h a t the eva lua to r must misorder some 
nodes or e l se we cou ld p lay o p t i m a l l y w i t h no 
t ree search a t a l l . I n l i g h t o f the 
inaccuracy o f the board e v a l u a t o r , i t seems 
unwarranted to make i r r e v o c a b l e dec is ions 
based upon i t . 
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3) Minimaxing i n d i c a t e s what l i n e of 
p lay looks most p romis ing in a p a r t i c u l a r 
s u b - t r e e , but does not p rov ide an e r r o r 
est imate of how good the move is w i t h respect 
t o the e n t i r e move t r e e . I t i s d e s i r a b l e t o 
prov ide such a d e f i n i t i o n of a "good" move. 

4) s ince minimaxing regenerates a 
p o r t i o n of the move t ree each time the 
program i s to move there i s l i t t l e 
cons is tency in p lay from move to move. Whi le 
s u b s t a n t i a l savings in computat ion can be 
obta ined by o rde r i ng the genera t ion of the 
t ree ( a l p h a - b e t a ) , there i s l i t t l e tendency 
to cont inue a p a r t i c u l a r l i n e of a t tack on 
the next move because the new search is based 
s o l e l y upon values generated from 2 l e v e l s 
deeper in the t r e e . Since these values tend 
to vary somewhat from t h e i r ancestors the 
l i n e of p lay suggested e a r l i e r may not be 
f o l l o w e d . 

The bandwidth h e u r i s t i c search p rov ides 
a means of coping w i t h each of these problems 
inheren t to min imaxing. Before p resen t i ng 
the a l g o r i t h m in d e t a i l , some d e f i n i t i o n s are 
r e q u i r e d . F i r s t we de f i ne the cos t f unc t i ons 
based upon one cos t u n i t per move. For OPEN 
nodes of the search t r e e : 
g ' (n )=g (n ) cost from the r o o t to node n 
h ( n ) - d h' (n) h(n)+e es t imate of f u t u r e 

cost 
f ' (n )=h ' (n )+g* (n) t o t a l es t imated cos t v i a 

node n 

For te rm ina l nodes of the search t r e e : 
h*(WIN)=0 & h'(LOSS) >N+(e+d) 

From t h i s i t i s c l ea r t h a t h ' ( ) es t imates the 
number of moves to a w i n . No te t ha t t h i s 
means a low value is good f o r the program, 
the oppos i te of the minimax e v a l u a t o r . 
Specia l care is taken when e s t i m a t i n g l o s i n g 
nodes s ince h(LOSS) cannot be bounded. The 
value o f N is a r b i t r a r y . 

For CLOSED nodes of the search t ree 
these func t ions are de f ined r e c u r s i v e l y . 

node n on a MAX l e v e l : 
Def ine node m to be t h a t son of n t ha t is 
the bes t es t imated move f o r the opponent. 
That i s , f < m ) f ' ( k ) f o r a l l sons k o f n . 

h' ( n ) - h ' (m) g' (n )=g ' (m) f ' ( n ) = h ' (n)+g' (n) 

Node n on a MIN l e v e l : 
Def ine node m as the bes t es t imated move f o r 
the program. That i s , f ' ( m ) f ' (k) f o r a l l 
sons k of n. 

h' ( n ) - h ' (m) g' (n)=g' (m) 

This l a s t d e f i n i t i o n requ i res f u r t h e r 
exp lana t ion but i s a b s o l u t e l y requ i red t o 
extend one of the d e s i r a b l e fea tures of 
regu la r h e u r i s t i c searchs to MIN/MAX t r e e s . 
A d e t a i l e d d i scuss ion o f t h i s d e f i n i t i o n 
takes place in a f o l l o w i n g s e c t i o n . 

A node n is s a i d to be access ib le i f a l l 
the opponen ts moves on the path to n 
represent the bes t move f o r him in terms of 
t rue c o s t . That i s , f o r each MIN node m on 
the path to n, h(m)>h(b) f o r a l l b ro the rs b 
of m. 

The Bandwidth H e u r i s t i c Search A lgo r i t hm 

A l i n k e d search t ree is mainta ined us ing 
the f o l l o w i n g node s p e c i f i c a t i o n . 

Closed nodes of the search t ree 
t y p i c a l l y con ta in the 3 p o i n t e r s p lus values 
f o r f ' ( n ) , g ' ( n ) and poss ib l y h ' ( n ) . 
T y p i c a l l y the l i n k e d l i s t o f b ro the rs i s 
sor ted in i n c reas i ng o r decreasing order f o r 
MAX or MIN l e v e l s r e s p e c t i v e l y . T ip nodes of 
the search t ree must a lso con ta in the board 
c o n f i q u r a t i o n or a l i s t of moves from which 
the board can be c o n s t r u c t e d . 

The bandwidth h e u r i s t i c search proceeds 
as f o l l o w s . 

1) Se lec t a node p fo r expansion by 
f o l l o w i n g the f i r s t son chain to a t i p 
node ( the node p ) . 

2) If p is a goal node (a Win) , s top and 
make the 1st move towards p. 

3) If p is a te rm ina l node (a Loss ) , r es i gn 
or p lay towards p expec t ing to l o s e . 

4) Double expand p (on both a MIN and MAX 
l e v e l ) us ing the drop c r i t e r i o n to avo id 
the needless genera t ion of the grandsons 
of p ( s i m i l a r to the alpha beta 
c u t o f f ) . Note: a check must be made t h a t 
a te rm ina l node is not generated on the 
f i r s t expansion o f p . 

5) Evaluate h ' ( ) and c a l c u l a t e f ' () f o r a l l 
grandsons of p. Add the generated nodes 
to the search t r e e . 

6) Reca lcu la te f ' ( p ) us ing r e c u r s i v e 
d e f i n i t i o n o f f ' ( ) . 

7 ) Reca lcu la te f ' ( ) f o r a l l ancestors o f p 
and a l t e r the b r o t h e r l i s t s to ma in ta in 
the o rde r . 

8) Drop a l l nodes n (and the subt ree below 
n) if f o r b a b ro the r of n 
n on a MAX l e v e l and f ' ( b ) > f * ( n ) + ( e + d ) 
n on a MIN l e v e l and f ( b ] < f ' < n ) - ( e + d ) 

9) Go to (1) 

The e r r o r of the final r e s u l t can be 
bounded in a manner s i m i l a r to our e a r l i e r 
argument (Ha r r i s 5 ) , F i r s t i t i s shown t h a t 
the path to the op t ima l access ib le goa l is 
not dropped from the search t r e e . The proo f 
i n d i c a t e s t h a t it cannot be dropped on a MAX 
l e v e l because i t i s o p t i m a l , and i t cannot b e 
dropped from a MIN l e v e l because i t is 
a c c e s s i b l e . When a goal p is se lec ted f o r 
expansion i t was at some l e v e l compared to 
the op t ima l p a t h . The maximum inaccuracy in 
t h i s comparison is one bandwidth or (e+d) . 
Thus we can bound the added cos t i n t roduced 
by the imprec i s ion w i t h i n the h e u r i s t i c . 
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A l t e r n a t i n g D e f i n i t i o n o f f ' ( ) 

In the standard h e u r i s t i c search bhe 
purpose of the cost f u n c t i o n g ' ( ) is to add a 
b r e a d t h - f i r s t component to the search. A 
p a r t i c u l a r path i n the t ree w i l l cont inue t o 
be expanded on ly i f the decrease in h ' ( ) 
outweighs the increase in g ' . I n order to 
keep t h i s des i r a b l e tendency f o r the 
bandwidth search i t i s necessary t o a l t e r the 
common d e f i n i t i o n s f o r h' () , g* {) and f' () 
f o r c losed nodes. Consider the f o l l o w i n g 
case. 

I f f ' ( n ) = g ' ( n ) + h ' tn) f o r a l l l eve l s i n 
the t ree then the l e f t - m o s t path would be 
expanded ad i n f i n i t u m even though there was 
not an improvement from the opponents p o i n t 
of v iew. We must fo rce a breadth f i r s t 
component to the opponent 's choices as w e l l 
as the program's cho ices . To do t h i s we must 
a l t e r the f a c t t ha t on MIN l e v e l s qoinq 
deeper in the t ree makes the opponents moves 
look b e t t e r i ns tead o f worse. This is 
c l e a r l y the oppos i te of the case f o r the 
program's cho ices , and of h e u r i s t i c searches 
i n g e n e r a l . I n f a c t t h i s breadth f i r s t 
tendency is c r i t i c a l to prove tha t any 
h e u r i s t i c search i s admiss ib le (N i lsson 2 ) . 
The new d e f i n i t i o n f ()=h' ( ) - g ' t) on MIN 
l e v e l s w i l l enable us to extend t h i s needed 
tendency to the searching of MIN/MAX t r e e s . 
The r e c u r s i v e d e f i n i t i o n s o f h ' ( ) and g ' ( ) 
a l low us to backup the knowledge gained at 
the t i p nodes to the middle of the t ree where 
i t can be compared w i t h i n t e r s e c t i n g pa ths . 
I f we do not use t h i s a l t e r n a t i n g d e f i n i t i o n 
o f f ' ( ) the search w i l l tend t o i n v e s t i g a t e 
on ly 1 or 2 of the opponents moves at each 
l e v e l . Given the inaccurac ies i nhe ren t to the 
h e u r i s t i c , i t i s c l e a r t ha t we must p rov ide 
f o r a more conserva t i ve search. 

F ind ing Bandwidth H e u r i s t i c s 

Before cons ide r ing the bandwidth 
h e u r i s t i c search any f u r t h e r we must answer 
two quest ions which immediately come to 
mind. F i r s t , can we r e a l l y f i n d a bandwidth 
h e u r i s t i c f o r a game such as chess or 
checkers? Second, do we r e a l l y expect the 
a l go r i t hm to h a l t by expanding a goal each 
t ime the computer is to make a move? 

The f i r s t ques t i on should be rephrased 
to ask "For what values of e & d can we f i n d 
a bandwidth h e u r i s t i c f o r a game such as 

chess?" I t is c l ea r t ha t f o r l a rge e & d 
bandwidth h e u r i s t i c s can e a s i l y be found , and 
in f a c t the minimax board eva lua to rs s a t i s f y 
the cond i t i ons f o r some e & d. 

For complex games such as chess it is 
u n l i k e l y t ha t h e u r i s t i c s t ha t can be proved 
to s a t i s f y the bandwidth cond i t i ons can be 
found. In t h i s case the e - a d m i s s i b i l i t y o f 
the a l g o r i t h m becomes academic. However, the 
p r a c t i c a l advantages of the bandwidth search 
process remain u n a f f e c t e d . The e and d then 
become parameters of the searh to vary the 
dens i t y o f the search t r e e . 

The loosening of the a d m i s s i b i l i t y 
condi t i o n to the bandwidth condi t i o n was 
o r i g i n a l l y meant to s i m p l i f y the task of 
f i n d i n g a s u i t a b l e h e u r i s t i c f o r a s p e c i f i c 
problem, not make i t more d i f f i c u l t . The 
main d i s t i n c t i o n made by the bandwidth search 
i s t h a t i t r e a d i l y admits t ha t there are 
inaccurac ies in the h e u r i s t i c , and t h a t we 
must cope w i t h these in a more s u b t l e way 
than a s i n q l e comparison of h e u r i s t i c 
va lues . 

The answer to the second ques t ion 
i n d i c a t e s the change in out look imp l ied by 
the bandwidth search. The a l go r i t hm is not 
meant to s t a r t and stop each move as is the 
case when min imaxing. The bandwidth 
h e u r i s t i c search expands the move t ree 
con t i nuous l y , even w h i l e i t i s the opponent 's 
tu rn to move. Of course as a c t u a l moves are 
made the unused sec t ions of the search t r e e 
can be d i sca rded . The a l go r i t hm on ly 
suggests moves when i t is fo rced to s top 
because of time or space c o n s t r a i n t s . Under 
these cond i t i ons programs can p lay as w e l l as 
c u r r e n t techniques w i t h a_ near zero response 
t ime , s ince much o? the t r e e search could' 
take p lace w h i l e the opponent is t h i n k i n g l 
The expansion of a goal must take p lace at 
some t ime du r i ng the game, bu t probably not 
before move dec is ions have to be made. 

We mus t t he re fo re devise a d e c i s i o n 
procedure fo r p i c k i n g a move when the 
a lgo r i t hm has not h a l t e d , bu t t ime or space 
c o n s t r a i n t s fo rce us to make a move. The 
f i r s t quess one might have is to make the 
move towards the node to be expanded nex t . 
That i s , the access ib le node w i t h the minimum 
() va lue . However t h i s is very dangerous 
s ince t h i s node could be a misevaluated l i n e 
of p lay tha t would be d iscarded immediately 
a f t e r i t s expansion, A sa fer technique 
would be to move towards the op t ima l 
access ib le node as determined by h ' ( ) va lues . 
This g ives a s t rong b ias toward l i n e s of p lay 
t ha t have been looked i n t o deep ly , s ince no 
cost is assigned to a move. I t a lso a l lows 
the program to save more of the move t ree f o r 
use next move, as w e l l as keeping the program 
from makinq ser ious mis takes . 

Let us now view the bandwidth search in 
l i g h t of our d i scuss ion of min imaxing. The 
bandwidth sea rch , as would any ordered 
search , uses h e u r i s t i c values as a means of 
gu id ing the search , no t as an end in 
de termin ing the bes t move. That is the 
e r r o r due to a m iseva lua t ion of two nodes is 
not c r i t i c a l , as w i t h the minimax based 
a l g o r i t h m s , s ince the m iseva lua t ion can be 
co r rec ted a f t e r f u r t h e r expansion. The 
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bandwidth search q u i t e n a t u r a l l y f o l l o w s 
forces or obvious l i n e s of p lay to an 
a r b i t r a r y depth i n the move t r e e . I t i s not 
r e s t r i c t e d to an a p r i o r i depth bound. 

Since the a c c e s s i b i l i t y of a node is 
def ined in terms of TRUE cos t the bandwidth 
search does not assume the opponent eva luates 
boards in a manner s i m i l a r to the program. 
The bandwidth search does assume t h a t the 
opponent is t r y i n g to win the game in the 
fewest moves p o s s i b l e . This is a much more 
p l a u s i b l e assumption than the one mentioned 
above f o r min imax ing. 

Since the bandwidth search r e f i n e s i t s 
es t imate o f a c c e s s i b i l i t y as the t ree is 
expanded the misorder ing of nodes by the 
h e u r i s t i c is not c r i t i c a l . The search may 
expand along the wrong path f o r a t ime bu t is 
capable of r e t u r n i n g to expand along the 
c o r r e c t p a t h . Indeed i t must r e t u r n t o 
examine the b e t t e r l i n e o f p lay i f the 
misorder ing is more than a bandwidth from the 
t rue values of the nodes. 

A "good" move is de f i ned as the f i r s t 
move towards an (e+d) -op t ima l access ib le 
g o a l . I f the cos t o f t h i s expanded goal i s 
less than N then the program must win from 
t h i s p o s i t i o n . I f the va lue i s g rea te r than 
N+(e+d) then the program can expect to l o s e . 
However, i f the va lue i s i n the " u n c e r t a i n t y 
zone" [N,N+(e+d)] as i t w i l l be most o f the 
t ime, then i t is unknown who can win and the 
game should be con t i nued . 

In essence, we are say ing t ha t the 
h e u r i s t i c should be accura te on a coarse 
s c a l e , b u t may not necessa r i l y be accurate on 
a f i n e s c a l e . That i s , f o r h ' 0 values 
s u f f i c i e n t l y f a r apar t the o r d e r i n g o f the 
h e u r i s t i c should be the same as the h ( ) 
o r d e r i n g . S u f f i c i e n t l y f a r apar t i s , o f 
course , de f i ned as one bandwidth (e+d) . On a 
f i n e scale we admit the inaccuracy of the 
h e u r i s t i c and reserve judgement u n t i l the 
nodes have been expanded f u r t h e r . Thus, when 
h ' ( ) values appear in the " u n c e r t a i n t y zone" , 
a l l i s not l o s t , we must s imply cont inue to 
expand the search t r e e u n t i l the h e u r i s t i c 
values become more exac t . 

Emp i r i ca l Resul ts 

I n o rder t o b e t t e r i s o l a t e the e f f e c t o f 
the bandwidth search/ ex tens ive t es t s were 
conducted us ing the games of chess and Four 
Score, an i n t e r e s t i n g v a r i a n t of three 
d imensional t i c - t a c - t o e . In bo th cases 
e x i s t i n g programs t h a t used a f i x e d ordered 
a lpha-beta minimax were mod i f i ed to use the 
bandwidth h e u r i s t i c sea rch . The new ve rs i on 
then competed aga ins t the o l d program as w e l l 
as human opponents. When two programs 
competed i d e n t i c a l t ime and space c o n s t r a i n t s 
were imposed on each/ and bo th programs used 
the i d e n t i c a l h e u r i s t i c e v a l u a t o r . s ince a l l 
the programs are d e t e r m i n i s t i c i t i s on ly 
poss ib le to p lay two unbiased games, one w i t h 
each program go ing f i r s t . 

For chess the bandwidth search 
no t i ceab l y improved the p l a y of the program 
and e a s i l y won bo th games, p l a y i n g w h i t e once 
and b lack once. At no t ime in e i t h e r game 

d i d the minimax program mount a se r ious 
o f f e n s i v e a t t ack a l though i t s defense was 
acceptab le . In order to more accu ra te l y 
assess the improvement in chess p lay a l o c a l 
chess master , r a t e d at 2200, was asked to 
p lay each proqram u n t i l he had some f e e l f o r 
t h e i r r a t i n g s . His es t imate was 1100-1200 
f o r the mininax program, and 1400-1500 f o r 
the bandwidth search program. 

The bandwidth search fa red w e l l in Four 
Score c o m p e t i t i o n , w inn ing w h i l e moving f i r s t 
and second. When p l a y i n q f i r s t i t was able to 
e f f e c t an 8 move combinat ion in the middle 
geane, which was beyond the ho r i zon of the 
minimax, Four Score has no s tandard ized 
r a t i n g scheme, thus no meaningfu l numeric 
comparison i s p o s s i b l e . 

Since i t i s known tha t minimax chess 
proqrams can exceed the 1200 r a t i n g of our 
program, i t i s c l e a r t h a t the chess h e u r i s t i c 
used in t h i s experiment i s not the bes t 
p o s s i b l e . Since the bandwidth search makes 
more ex tens ive use of the h e u r i s t i c than does 
min imaxing, i t seems i n t u i t i v e , a l though 
unsupported, t h a t the bandwidth search should 
improve at l e a s t as f a s t as the minimax 
search , f o r every improvement in the 
h e u r i s t i c . 

Double Expansion 

I t i s poss ib l e t o d e f i n e an ordered 
search a long the sane l i n e s as the Bandwidth 
Search w i t h o u t us ing double expans ion. The 
f o l l o w i n g case demonstrates a more s u b t l e 
e f f e c t t ha t would cause a s i n g l e expansion 
a l go r i t hm to order the search i n c o r r e c t l y . 

When the h e u r i s t i c is o v e r l y s e n s i t i v e to the 
l a s t move, the s i n q l e expansion search can 
a c t u a l l y reverse the i n i t a l o r d e r i n g o f the 
nodes. Move [2] w i l l be considered nex t 
s ince i t was expanded l a s t , even though move 
[1] i s the b e t t e r p lay as i n i t i a l l y 
i n d i c a t e d by the heu r i s t i c . This problem 
becomes more acute as the number of poss ib l e 
moves i nc reases , s ince the e n t i r e l i s t o f 
moves can be reversed on a MIN l e v e l be fo re 
p rog ress ing beyond the next MAX l e v e l . 



Conclusion References 

The "bandwidth" cond i t i ons fo r the 
h e u r i s t i c search p rov ide a convenient means 
f o r coping w i t h the p r a c t i c a l c o n s t r a i n t s o f 
time and space, as w e l l as f o r ma in ta in ing 
the a d m i s s i b i l i t y o f the search. 

For game t rees the bandwidth cond i t i ons 
lead to an e f f e c t i v e search procedure t ha t 
has many d e s i r a b l e fea tu res over the 
convent iona l minimax techniques. Moreover, 
the bandwidth search b r i ngs about a t o t a l l y 
d i f f e r e n t view of computer game p l a y i n g . 
Ins tead of regenera t ing sec t ions of the move 
t ree each time the program is to move, the 
bandwidth search expands the move t r e e over a 
continuum of t ime. This a l lows f o r more 
coherent p lay from move to move, as w e l l as 
the c a p a b i l i t y o f " t h i n k i n g " w h i l e the 
opponent is making h i s move. The bandwidth 
search minimizes the c r i t i c a l dependence upon 
the h e u r i s t i c and e l im ina tes the need f o r 
f i x e d , a p r i o r i l i m i t a t i o n s o f the search 
process. 

Another impor tan t aspect o f t h i s 
approach to game p l a y i n g is the c a p a b i l i t y of 
the program to i n t e r a c t w i t h a human par tner 
in o r d e r i n g the search o f the move t r e e . M l 
of these areas remain open f o r f u t u r e 
research . 
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