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Abstract 

The E-Resolut ion inference p r i n c i p l e described 
in t h i s paper is a s ing le - in fe rence l og i c system 
f o r the f i r s t - o r d e r predicate ca lcu lus w i t h equality. 
Special axioms f o r equa l i t y ( i . e . , axioms f o r sym­
metry, r e f l e x i v i t y , t r a n s i t i v i t y , and s u b s t i t u t i -
v i t y ) are not requi red to be added to the o r i g i n a l 
set of c lauses. Other advantages of E-Resolut ion 
are the r e l a t i v e l y small number of in termediate 
clauses which must be re ta ined in a proof and the 
d i s t i n c t p o s s i b i l i t y that search s t ra teg ies s u i t ­
able f o r Resolut ion w i l l also be su i tab le f o r E-
Resolu t ion. Although i t is not known whether or 
not E-Resolut ion is complete, t h i s top ic is cur ­
r e n t l y being inves t iga ted by the author. 

Key terms: automatic theorem-proving, equality 
s u b s t i t u t i o n , E-Resolut ion, f i r s t -
order predicate ca lcu lus w i t h 
e q u a l i t y , theorem-proving. 

I . I n t r oduc t i on 

E-Resolut ion Is a technique f o r automat ica l ly 
generat ing proofs of theorems in the f i r s t - o r d e r 
pred icate ca lcu lus w i t h equa l i t y . The mechanism by 
which s u b s t i t u t i o n of equals fo r equals is handled 
is au tomat ica l ly par t o f E-Resolut ion, o r " b u i l t - i n . " 
The completeness of E-Resolution has no t , as y e t , 
been proven, and it is therefore not known whether 
or not the system is complete. However, the author 
i s c u r r e n t l y i nves t i ga t i ng t h i s t op i c . 

E-Resolution incorporates and combines some 
ideas s im i l a r to those used In Paramodulation, 
k -modu la t ion , 1 0 and S i b e r t ' s t h e s i s , 9 but is d i f ­
fe ren t from a l l th ree. Some of the features which 
enhance i t s usefulness are: 

(a) I t is not necessary to add specia l axioms fo r 
equa l i t y to the o r i g i n a l set o f c lauses, i . e . , 
axioms fo r symmetry, r e f l e x i v i t y , t r a n s i t i v i t y , 
and s u b s t i t u t i v i t y . 

(b) The mechanism of equa l i t y s u b s t i t u t i o n is not 
ac t i va ted u n t i l i t s success could help produce 
a reso lven t . This causes the number of i n t e r ­
mediate clauses which must be re ta ined in the 
proof of a theorem to be held to a minimum. 

(c) The system is a d i r e c t extension of J. A. 
Robinson's Resolut ion p r i n c i p l e 4 and is de­
signed so tha t (hopefu l ly ) search techniques 
developed f o r Resolut ion can be used, w i thou t 
extensive m o d i f i c a t i o n , in E-Resolut ion. At 
leas t t h i s seems to be the case f o r set of 
support s t ra tegy , 11 maximal c lash resolut ion,5 , 7 
and merging. 1 
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The system is programmed in LISP and is running 
on the CDC 6600 as the main p o r t i o n of a theorem 
proofchecker f o r Set Theory.2 It has been used 
to prove several modest theorems invo l v ing equality 
s u b s t i t u t i o n . 

The fo l l ow ing sect ions serve to fo rma l l y de­
scr ibe E-Resolut ion. Sect ion I I introduces d e f i ­
n i t i o n s which w i l l be used l a t e r . Sect ion I I I 
develops the E-Resolution system, and Sect ion IV 
i l l u s t r a t e s E-Resolution through examples. F i ­
n a l l y , Sect ion V discusses search s t r a t e g i e s . 

I I . D e f i n i t i o n s 

The fo l l ow ing d e f i n i t i o n s are preparatory to 
the matter o f de f i n i ng E-Resolut ion. I t i s as­
sumed tha t the reader Is f a m i l i a r w i t h the nota­
t i o n used in [4] and [ 6 ] . Such terms as atom, 
l i t e r a l , c lause, wel l - formed expression, s u b s t i t u ­
t i o n , disagreement se t , Herbrand un iverse, e t c . 
are def ined there . 

I t is w e l l known tha t any set of sentences in 
the f i r s t - o r d e r pred icate ca lcu lus w i t h equa l i t y 
can be converted to c lausa l form, i . e . , an equiva­
l en t set of c lauses, each of which is a d i s junc t 
o f l i t e r a l s . In the f o l l ow ing d e f i n i t i o n s , we 
borrow heav i l y from [ 8 ] . 

Equa l i t y atoms. An equa l i t y atom is an atom 
whose predicate symbol is the specia l symbol " = " . 
Rather than w r i t i n g an equa l i t y atom as " - 2 a b " , we 
w i l l use the more readable "a - b". Note that the 
pred icate symbol "=" is always of degree 2. Analo­
gous to the above, " = a b " is known as an i nequa l i t y 
atom and w i l l be w r i t t e n as "a = b" . We w i l l some­
times speak of equa l i t y l i t e r a l s and i nequa l i t y 
l i t e r a l s . An equa l i t y l i t e r a l is an equa l i t y atom 
or a negated i n e q u a l i t y atom. An i nequa l i t y l i t ­
e r a l is an i nequa l i t y atom or a negated equa l i t y 
atom. 

I n t e r p r e t a t i o n . An i n t e r p r e t a t i o n I of a 
set S of clauses is a set of l i t e r a l s such that 
f o r each atomic formula F that can be formed from 
a pred icate symbol of degree n occurr ing in S and 
n terms from the Herbrand universe Hg of S, ex­
a c t l y one of the l i t e r a l s F or F is In I. An 
i n t e r p r e t a t i o n I is said to s a t i s f y a ground clause 
C i f a t leas t one l i t e r a l in C is also in I , and 
to f a l s i f y a ground clause C if the complement of 
every l i t e r a l in C is in I . An i n t e r p r e t a t i o n I 
is said to s a t i s f y a non-ground clause C i f i t 
s a t i s f i e s every ground instance of C over Hg, and 
is said to f a l s i f y a non-ground clause C i f I t 
f a l s i f i e s at leas t one ground Instance of C over 
Hg. An i n t e r p r e t a t i o n I is said to s a t i s f y a set 
S o f clauses i f i t s a t i s f i e s every clause in S, 
and is sa id to f a l s i f y a set o f clauses i f i t f a l ­
s i f i e s at l eas t one clause in S. Q represents the 
empty c lause, and is not s a t i s f i e d by any 
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V I . Search Strategies 

As s ta ted e a r l i e r , i t appears that set of 
support s t ra tegy , maximal c lash r e s o l u t i o n , and 
merging, as w e l l as other search s t ra teg ies s u i t ­
able f o r Resolut ion may a l l be used wi thout ex­
tensive mod i f i ca t i on in ob ta in ing E-Resolution 
p roo fs . For example, maximal clash r e s o l u t i o n is 
used in the theorem proof-checker discussed in 
[ 2 ] . 

The reasoning behind the statements in the 
above paragraph is s imple. Note that E-Resolution 
proceeds exac t ly as does Resolut ion u n t i l ( i n Reso­
l u t i o n ) two terms cannot be u n i f i e d . At t h i s point, 
E-Resolut ion makes a divergence. It checks to see 
if indeed these two terms which could not be u n i ­
f i e d , can be e q u i - u n i f i e d . I f t h i s is the case, 
then a (poss ib ly empty) set of l i t e r a l s , which are 
the by-product of e q u i - u n i f i c a t i o n , w i l l be unioned 
w i t h the r e s u l t o f reso lv ing ( i n the s t r a i g h t Re­
s o l u t i o n sense) the two clauses cu r ren t l y under 
i n v e s t i g a t i o n . Regardless of whether the two 
terms are e q u i - u n i f i a b l e or no t , E-Resolution be­
gins again at exac t ly the same po in t where the d i ­
vergence was i n i t i a t e d and proceeds from t h i s 
po in t exac t ly as would Resolu t ion, dependent upon 
whether the terms were u n i f i a b l e or no t . The only 
r e a l d i f fe rence is the set o f by-product l i t e r a l s , 
which accumulate as a r e s u l t of e q u i - u n i f i c a t i o n , 
i n E-Resolut ion. 

Although no proof is given of the asse r t i on , 
it seems t rue that f o r many of the same reasons 
tha t the above-mentioned s t ra teg ies do not de­
s t roy completeness in Reso lu t ion, they do not 
destroy completeness in E-Resolut ion. 

Summary 

E-Resolut ion may be compared to other methods 
f o r handl ing equa l i t y subs t i t u t i ons in Resolut ion, 
namely, Demodulation, 10 Paramodulation, and the 
system described by S iber t .9 

The Demodulation system is the forerunner of 
the more genera l , more powerful Paramodulation 
system. In the generat ing of equa l i t y t rees by 
ETG, a p o r t i o n of the technique used is very 
s i m i l a r to Paramodulation and Demodulation and in 
f a c t was i nsp i red by the basic techniques of these 
two systems. However, in E-Resolut ion the only 
equa l i t y subs t i t u t i ons which r e s u l t in a new clause 
are those which w i l l produce an E-resolvent , a l ­
though many intermediate subs t i t u t i ons may be made 
in order to f i n d the E-resolvent . In Paramodula­
t i o n , by con t ras t , equa l i t y subs t i t u t i ons may r e ­
s u l t in new clauses which w i l l not produce r e s o l ­
ven ts . This is the concept in E-Resolut ion which 
r e s u l t s in generat ion of on ly a minimum number of 
new clauses. 

The S iber t system is more s i m i l a r to E-Resolu­
t i o n than are Paramodulation and Demodulation. 

However, i t is f e l t by the author that E-Resolu­
t i o n is a more e f f i c i e n t system and, aa such, in 
i t s present form is more p r a c t i c a l f o r use on a 
machine. However, many of the concepts i n t r o ­
duced by Siber t are basic to the problem of Reso­
l u t i o n w i t h equa l i t y and were used as a foundat ion 
fo r E-Resolut ion. 

A disadvantage of E-Resolut ion and an area 
in which f u r t he r research would no doubt increase 
g rea t l y the e f f i c i e n c y o f a system u t i l i z i n g i t , 
is the time which must be spent by ETG f r u i t l e s s l y 
const ruc t ing an equa l i t y t ree when, in f a c t , the 
a and B terms given it are not equal . In genera l , 
t h i s cond i t ion w i l l ac tua l l y occur more times than 
w i l l the cond i t ion where they are equal. However, 
the fo l l ow ing process w i l l r e c t i f y t h i s problem: 
the t ree l eve l bound k may be set to some low 
l eve l i n i t i a l l y . A bound may also be set on the 
number of E-resolvent sets which may be generated, 
i . e . , a maximum n such that En + 1(S) is not genera­
ted. Now, in generat ing E n (S) , one saves a l l 
equa l i t y trees associated w i t h non-equ i -un i f i ab le 
l i t e r a l s o f l eve l k . I f Q is not in E n (S) , then 
one increases k to k' and r e s t a r t s the E-Resolut ion 
process, each time extending and saving the equal­
i t y trees associated w i t h non-equ i -un i f i ab le 
l i t e r a l s a t l e v e l k ' . I f [ J i s not i n E n (S) , 
ra ise the maximum E-reso lu t ion l e v e l n to n' and 
generate En (S) . I f Q] is not In En (S) , then 
k' is increased to k", e tc . 

Acknowledgements. The author would l i k e to 
express apprec ia t ion to Dr. W. W. Bledsoe fo r 
much guidance, encouragement, and consu l ta t ion 
given to him throughout the preparat ion of the 
E-Resolution system and the mate r ia l presented 
here. The author would also l i k e to acknowledge 
the valuable consu l ta t i on given to him dur ing h is 
research e f f o r t s by Messrs. Robert Anderson and 
Forest Baskett . 

References 

1. Andrews, Peter B., Resolut ion w i t h Merging, 
J. ACM 15, 3 ( Ju l y , 1968), 367-381. 

2. Bledsoe, W. W., Theorem Proof Checking in Set 
Theory, in p repara t ion . 

3. Morse, A. P., A Theory of Sets, Academic Press, 
New York, 1965. 

4. Robinson, J. A . , A Machine-oriented Logic 
Based on the Resolut ion P r i n c i p l e , J. ACM 12, 
( Jan . , 1965), 23-41. 

5. Robinson, J. A . , Automatic Deduction w i t h 
Hyper-Resolut ion, I n t . J. Comp. Math. 1, 1965, 
227-234. 

6. Robinson, J. A . , The Generalized Resolut ion 
P r i n c i p l e , I n Machine I n t e l l i g e n c e I I I , 
D. Michie ( e d . ) , Edinburgh Un ive rs i t y Press, 
1968, 113-127. 

7. Robinson, J. A. A Review of Automatic Theorem 
Prov ing, Proc. Symp. in Appl ied Mathematics, 
Amer. Math. Soc., Providence, R. I . , 1967. 

-293-



8. Robinson, G. , and L. Wos, Paramodulation and 
Theorem-proving in F i r s t - o r d e r Theories w i t h 
Equa l i t y . To appear in Machine I n t e l l i g e n c e 
IV , D. Michie (ed.) 

9. S i b e r t , E. E., A Machine-or iented Logic I nco r ­
pora t ing the Equa l i t y R e l a t i o n , Doctora l 
Thesis, Rice U n i v e r s i t y , Houston, 1967. 

10. Wos, L . , G. Robinson, D. Carson, and L. Sha l la , 
The Concept of Demodulation in Theorem-proving, 
J. ACM 14 (Oc t . , 1967), 698-709. 

1 1 . Woe, L . , G. Robinson, and D. Carson. E f f i ­
ciency and Completeness of the Set of Support 
Strategy in Theorem-proving, J. ACM 12 (1965), 
536-541. 

-294-


