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Abstract

This paper introduces the method of composite quantile factor model for factor
analysis in high-dimensional panel data. We propose to estimate the factors and factor
loadings across multiple quantiles of the data, allowing the estimates to better adapt
to features of the data at different quantiles while still modeling the mean of the
data. We develop the limiting distribution of the estimated factors and factor loadings,
and an information criterion for consistent factor number selection is also discussed.
Simulations show that the proposed estimator and the information criterion have good
finite sample properties for several non-normal distributions under consideration. We
also consider an empirical study on the factor analysis for 246 quarterly macroeconomic

variables. A companion R package cqrfactor is developed.
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1 Introduction

Factor model is a useful statistical tool to describe data with unobserved and systematic
components. Detailed textbook discussions on classical factor analysis for data with a fixed
or small number of variables can be found in Lawley and Maxwell (1971); Anderson (2003).
Following the important work in Stock and Watson (1998, 2002a,b); Bai and Ng (2002); Bai
(2003) on high-dimensional panel data, the research on factor analysis in panel data has
been extended to many directions, and there now exists a large body of literature on factor
analysis for high-dimensional panel data. See Bai and Wang (2016) for a review on recent
developments in this burgeoning field.

At the heart of factor analysis for high-dimensional panel data is the use of principal com-
ponent analysis (PCA) method. The estimates for factors are chosen to be the normalized
eigenvectors of the sample covariance matrix of the data, based on which we can estimate the
factor loadings using the least-squares (LS) method. These eigenvectors coincide with the
solutions in PCA, and the procedure’s simplicity greatly contributes to its wide popularity
as a research tool in empirical macroeconomics and finance.

Despite its simplicity, the PCA-based procedure typically imposes some higher-order
moment conditions on the factor and error terms (see, e.g., the assumptions in Stock and
Watson (2002a); Bai (2003)) in order to obtain desirable asymptotic results. However, the
sample covariance matrix on which PCA operates may be irrelevant for data with infinite
(or very large) variances and PCA becomes invalid. Weakening or even removing these
conditions will be appealing since many data in applications such as finance are either heavy
tailed or of unknown nature. Two approaches for robust factor analysis have emerged in
recent literature. Chen et al. (2021) introduce the quantile factor models (QFM), where
both the factors and factor loadings are quantile-dependent. At the quantile position 0.5,
QFM estimator can be interpreted as the least absolute deviation (LAD) estimator that
may be robust to certain error distributions. Ando and Bai (2020) provide a more general

framework that adds a regression component with heterogeneous coefficients. By assuming



the factors and errors follow a joint elliptical distribution, He et al. (2022) propose a second
approach to replacing the sample covariance matrix in PCA with the spatial Kendall’s tau
matrix that can handle non-normal distributions with large or infinite variances, a situation
in which the standard PCA fails.

This paper studies another approach to robust factor analysis and we term it composite
quantile factor models (CQFM). Our approach is inspired by the interesting work in Zou
and Yuan (2008). Zou and Yuan (2008) notice that, in a linear regression with infinite
error variance, the parameter estimator will no longer have root-n consistency or asymptotic
normality; a robust procedure such as LAD can be used but its relative efficiency to the LS
estimator can be very small. The authors propose to estimate the regression coefficients by
simultaneously minimizing the standard quantile regression objective function at multiple
quantile positions and call this procedure composite quantile regression (CQR). Zou and
Yuan (2008) demonstrate the good finite sample properties of the CQR estimator for several
non-normal error distributions.

Although factor analysis is different from linear regression, they are intrinsically con-
nected (see, e.g., Stock and Watson (1998) for the use of LS method in deriving the solution
to the factor model). If CQR works in linear regression, we conjecture a variant of it will also
work in factor model. This paper studies the extension of CQR to the estimation of factor
model by simultaneously minimizing the objective function at multiple quantiles. The re-
sulting estimates are shown to have good finite sample properties under various non-normal
error distributions. Because the CQFM visits different quantiles of data during estimation,
the estimated factors can usually pick up more skewness (and kurtosis) information about
the data, often resulting a better fit of the model. It is important to point out that, although
CQFM uses the method of quantile regression, its estimates are for the mean factor model.
This sets our paper apart from the work in Ando and Bai (2020); Chen et al. (2021), where
the goal is to estimate parameters at a specific quantile position.

We make the following contributions to the growing literature on panel factor analysis.



First, we introduce CQFM as a new method to perform factor analysis on the mean fac-
tor model that can capture features of data at different quantiles. Second, we develop the
asymptotic distribution results for the estimated factors and factor loadings; an informa-
tion criterion is also developed to consistently select the factor number. Third, we provide
extensive simulation evidence to show that CQFM works well for several non-normal error
distributions. A special case of CQFM is when one chooses to optimize the objective func-
tion at a single quantile position, say 0.5. This reduces CQFM to the QFM in Chen et al.
(2021). In several simulation examples, we demonstrate the advantage of CQFM as a result
of using information at multiple quantiles. We also develop an R package cqrfactor that
implements the CQFM method in this paper. The cqrfactor package can be downloaded
from https://github.com/xhuang20/cqrfactor.

The rest of the paper is organized as follows. Section 2 sets up the objective function
for CQFM and discusses the estimation procedure and the asymptotic results. Section 3
discusses the information criterion for the selection of factor numbers. Section 4 presents all
simulation results. Section 5 applies CQFM method to the modeling of the quarterly macroe-
conomic data in McCracken and Ng (2020). Section 6 concludes. The online supplement

contains all proofs, additional figures and tables.

2 Model estimation and the asymptotic results

2.1 The model and the algorithm

Let Y;; be the observation at time ¢ for the ith cross-section unit. Consider the following
factor model:
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where Fp, is an r X 1 vector of factors, A\g; is an r x 1 vector of factor loading, and &;; is the

error term. Both Fy; and \y; are unobserved, and the goal is to estimate them jointly. We
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assume the number of factors () is known. An information criterion will be developed to

estimate 7 consistently in Section 3. Rewrite eq. (1) in matrix form to have
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where Y;; and ¢; are elements of Y and e, respectively, and
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Let 7 be a quantile position with 0 < 7 < 1 and by, be the 1007% quantile of ¢;;. For the
quantile factor model, we seek the estimates for by, Fo;, and \y; that minimize the following

QFM objective function:
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i=1 t=1
where p,(u) = u(T — I(u < 0)) is the check function in quantile regression. The estimates
from eq. (4) depend on 7 and can be written as 13,5(7) and 5\2-(7), an approach adopted in
Ando and Bai (2020); Chen et al. (2021).

In CQFM, instead of estimating the model at a single quantile position 7, we estimate
the model simultaneously at multiple quantiles by choosing a sequence of K quantiles, 0 <
T < Ty <--- <7k <1, and minimizing the following objection function:
| KN
7 2o 2 D oY — b = XiF), (5)

k=
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where b,, estimates by, , the 1007.% quantile of ;. Let ;\Z and Ft be the estimators for Ag;
and Fy, in eq. (5). Unlike the solutions to eq. (4), A; and F} are not dependent on any specific
quantile position, and they estimate parameters in the mean factor model. By minimizing
the objective function across multiple quantiles, the estimators can adapt to data features

at different quantiles while still giving estimates for the mean of the process. We usually



select equally spaced quantiles with 7, = KLH for k=1,2,--- , K and K is an odd number
such as 5 or 7. This will always include the 50% quantile in estimation, but an even number
of quantiles also works for eq. (5). The number K can be viewed as a tuning parameter of
CQFM. In the special case of K = 1, i.e., when a single quantile position is used in eq. (5),
CQFM reduces to the quantile factor model. Our R package can estimate both CQFM and
QFM.

There is no closed-form solution to the minimization exercise in eq. (5), l;Tk, 5\1', and F}
need to be obtained through an iterative algorithm. Since A\; and F; appear as a product

in eq. (5), they are not separately identifiable. We use the following normalization for

identification purposes:

T
1 A
T Z \F) = I, an identity matrix of dimension 7,

N
1 .
¥ E Aid; = X5, a diagonal matrix with decreasing diagonal elements.

We describe the steps of the algorithm below. Let s denote the iteration step and the ranges
of the subscripts i, t, k are the same as those appear in eq. (5).

) to get the initial

Step 1. Choose a random starting value for Ft(o) for all t. Use Flt(0
estimates for )\50) and b\,

Step 2. Given bS™ Y and A" ™ | obtain £ that minimizes eq. (5).
Step 3. Given b2 and F{”, obtain A!” that minimizes eq. (5).
Step 4. Given )\ES) and Ft(s), obtain b(Ti) that minimizes eq. (5).

Step 5. Repeat Steps 2 to 4 for s = 1,2,--- until estimates converge. Normalize the

final solution according to eq. (6).

A few remarks follow.

Remark 1. The minimization exercise in eq. (5) is non-convex in the parameters. However,
o . ~1 -1 . . .
it is convex, for example, when we solve A" given 68" and £V, Our simulation experi-

ence indicates the final solution is not sensitive to the starting values of Ft(o). Our R package
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cqrfactor allows the user to supply different random seeds to initialize Ft(o)

, making it easy
to check the solution’s sensitivity to starting values. This iterative strategy is also used in

several other papers such as Bai (2009); Chen et al. (2021).

Remark 2. When solving eq. (5) in steps 2 to 4, we use the majorization-minimization
(MM) algorithm for quantile regression described in Hunter and Lange (2000). This is one

of the several popular methods for solving a quantile regression problem.

Remark 3. In step 5, there is no unique way to define the convergence of the algorithm.
Between steps s and s + 1, one can check the difference in the loss function eq. (5) to see if
it is small enough; alternatively, one can check the (average) absolute change in parameter

estimates between steps s and s + 1.

2.2 Asymptotic results of the estimators

We make the following assumptions to derive the asymptotic results.

Assumption 1. The factors Fy; are random with % Z?zl Fot — E(Fy) = 0and % Zle For Fj, —
Yr = I, as T — oo. The factor loadings have the limit % Zfil A0iNy; — 2y, & diagonal

matrix with o; > 0j; > 0if 7 < 7.

Assumption 2. The distribution of the error term ¢;; has an absolutely continuous cumula-
tive function F. with a continuous density function f. that is uniformly bounded away from

0 and oo.

Assumption 3. The error terms ¢;; are i.i.d. and are independent of the factors Fj; across

all 7 and ¢.

Assumption 1 is almost identical to Stock and Watson (2002a, Assumption F1) and Chen
et al. (2021, Assumption 1(i)) and can help identify both Fj and Ag. See Bai and Ng (2013)
for a more detailed discussion on the identification in factor models. Assumption 2 is a stan-

dard one in quantile regression. This assumption is made for the unconditional distribution



of g;. If we consider the conditional distribution of €;; given Fp; in Assumption 2, all expec-
tations in the proof will be conditional. The i.i.d. requirement in Assumption 3 is strong.
However, this assumption simplifies the presentation of the asymptotic results and allows us
to make direct comparison of our asymptotic results to the cross-section regression result in
Zou and Yuan (2008); in addition, the simple form of our asymptotic results facilitates the
efficiency comparison between the CQFM-based factors and the PCA-based factors in Bai
(2003) (see a remark following Theorem 1 for a discussion). We can modify Assumption 3
so that it is conditional on F{,, and the asymptotic covariance in Theorem 1 will have the
standard sandwich form. We discuss this in a remark following Theorem 1. Our simulation
section includes results for errors with heteroskedasticity and AR(1) structure, and CQFM
continues to give good results especially when the sample size is large.

The following theorem gives the asymptotic distribution of the estimated factors and

factor loadings.

Theorem 1. Under Assumptions 1 to 3, the asymptotic distribution of v/ N (Ft — Fo) is

N(O, ZCQFM,F) Wlth

ZkKlzl Zgﬂ min(de ] Tkz)(l - maX(Tkl ) Tkz) -1

(SL £.000)) "

YCQPM,F =

the asymptotic distribution of \/T(S\Z — Aoi) is N (0, Xcqrm,n) with

K K .
Zklzl Zk}g:l mln(TknTkz)(l - maX(Tkm Tkz) -1

(S5 2.00)) v

YcQFMA =

The format of the limiting distributions in Theorem 1 resembles the result for linear

regression coefficients in Zou and Yuan (2008, Theorem 2.1).

Remark 4. When K = 1, CQFM reduces to the quantile factor model. Results in Theorem 1

are comparable to those in Ando and Bai (2020). Use the asymptotic distribution for factor



loadings as an example. At quantile position 7, its asymptotic variance is

Ando and Bai (2020, Theorem 2): 7(1 —7)[;y. Vio-Lig (7)

1,0,7 4,0,7

where both Vo, and I';o; are defined in their theorem and “V;q.,”

is similar to Xp, in

Theorem 1. This sandwich estimator for covariance is commonly found in other papers on

quantile regression with panel data such as Kato et al. (2012); Galvao and Kato (2016);

Chen et al. (2021). In Theorem 1 with K = 1, based on eqs. (S.41) and (S.43), we have
T(1—1)

-1 -1
Soaria = (1= D) (f-00)%n) Sn(fl0)5n) =T ®

which matches the result in Ando and Bai (2020). Our result is made simpler by the i.i.d.
errors in Assumption 3 that allow us to separate f.(by,, ) from Xp, in the term f.(bor, )XR,;
other papers typically consider the distribution of ¢;; conditional on either some regressors
or the factors, see, for example, the term “T'; o, = T! Zle Git(0])zit0rzit0-" in Ando and
Bai (2020, Theorem 2), where the conditional density function g;(0]-) cannot be taken out
of the summation sign as 7' — oo. This simplification can also be found in Koenker (2005,
Theorem 4.1) for the linear quantile regression with i.i.d. errors. If the distribution of &; is

conditional on Fy;, Yoqra,a Will have a format similar to eq. (7).

Remark 5. If the true factor and factor loading, Fy, and \g;, do not meet the normalization
conditions in eq. (6), F, and )\; estimate a rotation of the corresponding true values. Our
proof can be adapted to incorporate a rotation matrix. To simplify the presentation of the
asymptotic results, we assume factors and loadings are identifiable under the normalization

assumptions and omit the rotation matrix in Theorem 1, similar to Ando and Bai (2020).

Remark 6. Although the asymptotic results in Theorem 1 are developed for the panel
mean factor model while those in Ando and Bai (2020); Chen et al. (2021) are for panel

quantile factor model, all proofs are related to techniques in quantile regression. Ando and



Bai (2020) give a proof based on the uniform consistency of parameter estimates and higher-
order moment conditions on the error term; Chen et al. (2021) derive the asymptotic results
based on a smoothed quantile objective function by replacing the indicator function with
a differentiable kernel function. In our proof, we replace the objective function with an
asymptotic quadratic form of the parameters and solve N — N and Fy, — Fy, directly from
the first-order conditions, similar to the proof strategy in Zou and Yuan (2008) for CQR and

Koenker (2005) for quantile regression.

Remark 7. To compare the relative efficiency between CQFM and PCA-based solutions, we
compute the asymptotic relative efficiency (ARE) of CQFM relative to PCA — the ratio of
their asymptotic variances. Consider the estimator for Fy. In CQFM, its variance is given in
Theorem 1; for PCA-based factor analysis, the variance is given in Bai (2003, Theorem 1(i)).
We will simplify the variance expression for F} in Bai (2003, Theorem 1(i)) to facilitate the
comparison. The notation for factor estimator is “F}” in Bai (2003), while we use FtPCA to
denote the same estimator. An r X r rotation matrix, H = (AjAg/N)(F}FFCA /T)Vk, is
introduced in Bai (2003, p. 158) to describe the indeterminacy of the solutions, where Vyr
is a diagonal matrix that contains the eigenvalues of (NT)~!Y'Y’. For our purpose, it will
be desirable to set H = I, so that v/ N(FFCA — H'Fy,) in Bai (2003, Theorem 1(i)) becomes
VN (ﬁ’tPCA — Fit), matching the format in Theorem 1. Replacing Fy in H with the estimator
FPCA and using the normalization FYCYFPCA /T = [ we obtain Vyr = AjAg/N — X,
where the convergence result follows Assumption B in Bai (2003). This result, combined
with equation (7) in Bai (2003, p. 150), suggests the variance of v N(FF* — H'Fy,) in Bai
(2003, Theorem 1(i)) can be written as o2, if €; is i.i.d. and independent of Fp,, where
o2 is the variance of €;; and is assumed to be a finite number. This result greatly simplifies

the efficiency comparison between CQFM and PCA-based factor analysis. Define the ARE
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of CQFM relative to the PCA-based factor analysis as

2 K 2
ARE(K) B 0. ( Zk:l fE(bOTk)> (9)
" ZkKlzl Zé{zzl min<77€17 Tk2)(1 - maX(TkuTkQ) 7

which is identical to equation (3.1) in Zou and Yuan (2008). As a result, we can apply (Zou
and Yuan, 2008, Theorem 3.1) to show that the ARE for the factor estimator from CQFM
in eq. (9) has a relative efficiency of at least 0.7026 with respect to that of the PCA-based
factor analysis when K — oo. This result suggests that, compared to PCA, CQFM factors
will have about 30% efficiency loss in the worst scenario. This is a conservative theoretical
result. In our simulations (see Table 3 and Table S.3 in the supplement), the mean squared
error (MSE) of the estimated component X, F} are mostly smaller or much smaller than that

of PCA-based estimate. Efficiency loss, if any, is small based on our simulation study.

Remark 8. To compute Xcqrw,r and Xcqgr,y, we first note that quantities such as 73, and
Tk, along with K| are chosen beforehand by the researcher. X, can be replaced with the
normalized diagonal matrix NA /N while ¥, is I,. There is no unique way to estimate the
density f.(bos,) (and its inverse). Since f.(by,,) is the density of € at 1007,% quantile and
the estimate for IA)T,c is available, we can first obtain the residuals £;;, and use a consistent
nonparametric density estimator for the residuals to obtain fg(l;m) Because of the i.i.d.

error assumption, this simple estimate for Ycqrm,r and Xcqrm,y is always positive definite.

Remark 9. In a quantile factor model, the conditional quantile at 7, can be written as

Qv (1) = Aoi () For (k) + bory,, (10)

where the factors and factor loadings vary with 7. But our factor model in eq. (1), when
used inside eq. (5), have constant factors and factor loadings across selected quantiles. This
is not a misspecification since our goal is to estimate the Ag; and Fi; in the mean of eq. (1)

but not Ag;(7x) and Fo:(7%) in eq. (10). Much like in a standard linear regression, in addition
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to the least-squares method, one can use the lasso, principal components regression, LAD,
Huber loss regression, CQR, etc., for estimation, there are several ways to estimate the
mean factor model, and CQFM is one of the alternatives. While still permitting the quantile
model in eq. (10) for the data, CQFM combines the mean factor model in eq. (1) with the
composite quantile loss in eq. (5). A single quantile loss in eq. (4) gives estimates that adapt
to data at a particular quantile. By using multiple quantiles, CQFM is designed to give
the mean estimates that can adapt to data at multiple quantiles. Our simulation results
demonstrate that this approach works well for several examples of data with asymmetry,

heteroskedasticity and time series correlation.

3 Factor number selection

The number of factors is assumed to be known in Theorem 1. We discuss the selection of
factor number in this section. Since the important work in Bai and Ng (2002) on consis-
tent factor number selection, there has been continued development of new methods in the
literature. See Bai and Ng (2007); Amengual and Watson (2007); Hallin and Liska (2007);
Onatski (2009); Lam and Yao (2012) for panel mean regression models and Ando and Bai
(2020); Chen et al. (2021) for panel quantile regression models.

Denote r the estimated number of factors. To work with eq. (5), we propose the following

information criterion (IC):

1C() =108 | 5 30303 pr (Vi = b () = AV Ei)
+7rxq(N,T), (11)
where
(N, T) = (NN+TT) log ( NN+TT) , (12)

and we use by, (1), \i(r) and Fy(r) to denote estimates based on r number of factors. This
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information criterion is similar to the one used in Ando and Bai (2020) and /C,; in Bai and

Ng (2002, p. 201). Theorem 2 shows the consistency of IC(r). Let Cxr = min(N, T).

Theorem 2. Under Assumptions 1 to 3, as N, T — oo, if ¢(N,T) — 0, the information

criterion in eq. (11) selects the number of factors consistently.
See the online supplement for the proof.

Remark 10. The condition for ¢(/N,T") in Theorem 2 defines a class of penalty functions,
and eq. (12) is an example of possibly many other penalty functions. The IC with eq. (12)
works quite well for most of the simulation examples in our study. However, it fails when
the error term follows a ¢ distribution with 1 degree of freedom (¢;). In this case, we propose

another ¢(N,T) function that works well with the ¢; distribution

¢(N. T) = log (log ( NN+TT)) (NN+TT) | (13)

This penalty function also meets the requirement for ¢(N,T') in Theorem 2, but it converges

to 0 faster and, consequently, imposes less penalty than eq. (12) . Its performance for the ¢,

error distribution is reported in Table S.4 in the online supplement.

4 Monte Carlo simulation

In this section, we use Monte Carlo simulation to study the finite sample properties of the
CQFM method. To compare CQFM to other methods, we use the R code in He et al. (2022)
to compute the robust two-step (RTS) factors and the matlab code in Chen et al. (2021) to
compute the QFM factors at quantile position 0.5 (QFM(0.5)) and also the estimated factor
numbers. When space permits, we also add the PCA results.

The number of quantiles in CQFM is an additional tuning parameter, and we choose
K =5 for demonstration purposes, which corresponds to the quantiles of 0.17,0.33,0.5,0.67

and 0.83. A convergence criterion of 1072 is used in the MM algorithm.
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4.1 Data simulation

Consider the following 3-factor data generating process (DGP):

3
Yii = E AoijForj + it

j=1

where FOt,l = 0.8F0t_1’1 + €1t, Fot’Q = O.5th_1’2 + €at, th,g = 0.2F0t_173 + €3t, and both e and
Aoi; are i.i.d. N(0,1). This is identical to the DGP in Chen et al. (2021, Section 5.1) except
that we consider several asymmetrical i.i.d. errors. They are summarized in Table 1. Let v,

and 7, be the skewness and excess kurtosis coefficient, respectively.

Table 1: Description of the 5 asymmetric error distributions

Error distribution parameter setting

1. skewed normal (sn) e =0,0. =1, =0.99

2. skewed t e =0,0.=1,7=0.99,v =3

3. asymmetric Laplace location= 0, scale= 0.5, asymmetry= 4
4. log-normal w=0,0=15

5. mixture of skewed normal 0.9 - sn(0,1,0.99) + 0.1 - sn(0,9,0.99)

The R package sn is used to simulate the skewed normal and skewed ¢ distributions in
Table 1. If one specifies the skewness parameter directly, the sn package restricts |y;| <
0.99527; we set v, = 0.99 for the first two error distributions. The asymmetric Laplace error
term is generated using the rlaplace function in the R package LaplacesDemon. The three
numbers, 0,0.5,4 correspond to the location, scale, and kappa parameter in the rlaplace
function in R. For the asymmetric Laplace distribution, a kappa value of 4 implies a skewness
of about —1.99. Next, we consider a more skewed log-normal distribution with mean and
s.d. equal to 0 and 1.5, respectively. These are the parameter values for the log-normal
density, which implies the error term ¢; has its mean, s.d., and skewness equal to 3.08, 8.97
and 33.47. For both the asymmetric Laplace distribution and the log-normal distribution,

we subtract the theoretical mean from the simulated errors so that all error terms have zero
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mean. Finally, we consider a mixture of skewed normal distribution, where sn(0,1,0.99)
and sn(0,9,0.99) denote the skewed normal distribution with p. = 0,0. = 1, = 0.99 and
e = 0,0. = 3,71 = 0.99, respectively. The weights for the mixture normal are 0.9 and 0.1.

We consider five different sample sizes: (N,T") = (50, 100), (100, 50), (100, 200), (200, 100)
and (300,300). For each error distribution and sample size, we report the value of an
evaluation metric based on 100 replications for every estimation method.

Tables S.2 to S.4 in the online supplement report the results for 5 symmetric error distri-
butions, including N (0, 1), ¢ distribution with 1 degree of freedom, etc. Tables S.5 to S.10

report the results for the following heteroskedasticity and AR(1) asymmetric errors:

3

heteroskedasticity Yj; = Z Noi i For; + [2 + cos(2m X AgiaFora)] X €, (14)
j=1
3

AR(l) error Y;t = Z /\Oi,jFOt,j + Eit with Eit = 0~55i,t—1 + Uit (15)
=1

where A\g; 4 and Fiy 4 areii.d. N(0,1) and €;; and u;; are asymmetric errors defined in Table 1.

CQFM is found to have good finite properties in these cases too.

4.2 Estimation of the factor and factor loading

Similar to Chen et al. (2021, Table 1), Table 2 reports the average adjusted R? from regress-
ing Fo1, Fora, and Fy 3 on the 3 estimated factors from the RTS, QFM(0.5), and CQFM
methods. Results in Table 2 assess how well the estimated factors span the space spanned
by the true factors. Table S.1 in the supplement expands Table 2 to include the PCA results.

For the first two error distributions with small skewness in Table 2, all three methods
perform well. Their differences in the adjusted R? mostly appear in the third digit. Still, we
see CQFM performs slightly better than RTS and QFM. In the case of asymmetric Laplace
error, the difference between CQFM and the other two methods start to grow larger. For
example, for the sample size (50, 100), the adj. R? associated with Fpy, 3 is 0.8682 for QFM,
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Table 2: Adj. R? of regressing 3 true factors on the estimated factors

2 2 2 2 2 2 2 2 2
(T N) RI,RTS RQ,RTS R3,RTS RI,QFM RQ,QFM R3,QFM Rl,CQFM R2,CQFM R3,CQFM
)

gyt ~ skewed normal

(50,100)  0.9950 0.9914 0.9893 0.9915 0.9857 0.9821 0.9951 0.9917  0.9898
(100,50)  0.9909 0.9828 0.9786 0.9847 0.9712 0.9645 0.9911 0.9832 0.9790
(100,200) 0.9978 0.9961 0.9949 0.9960 0.9928 0.9908 0.9979 0.9962 0.9952
(200,100) 0.9959 0.9921 0.9898 0.9926 0.9856 0.9816 0.9961 0.9924 0.9903
(300,300) 0.9986 0.9975 0.9967 0.9974 0.9953 0.9938 0.9987  0.9976 0.9969

gt ~ skewed t

(50,100)  0.9950 0.9916 0.9895 0.9936 0.9895 0.9866 0.9954  0.9923 0.9903
(100,50)  0.9908 0.9828 0.9790 0.9885 0.9783 0.9737  0.9914  0.9840 0.9804
(100,200) 0.9978 0.9960 0.9949 0.9972 0.9950 0.9936 0.9981 0.9964 0.9954
(200,100) 0.9959 0.9921 0.9899 0.9947 0.9900 0.9871 0.9962 0.9928 0.9908
(300,300) 0.9986 0.9975 0.9967 0.9983 0.9968 0.9958 0.9988 0.9978 0.9971

gi¢ ~ asymmetric Laplace

(50,100)  0.9569 0.9254 0.9085 0.9482 0.9108 0.8682 0.9759 0.9590 0.9518
(100,50)  0.9277 0.8698 0.8438 0.9151 0.8443 0.8062 0.9573 0.9221 0.9057
(100,200) 0.9826 0.9673 0.9577 0.9777 0.9566 0.9341 0.9911 0.9834 0.9784
(200,100) 0.9664 0.9375 0.9204 0.9571 0.9143  0.8900 0.9823 0.9663 0.9572
(300,300) 0.9891 0.9797 0.9739 0.9843 0.9704 0.9613 0.9946 0.9900 0.9874

gy ~ log-normal

(50,100)  0.5958 0.3578 0.2543 0.9541 0.8272 0.6834 0.9889 0.9823 0.9769
(100,50)  0.5637 0.3286 0.2245 0.9216 0.7739  0.5421 0.9781 0.9598 0.9512
(100,200) 0.8045 0.5902 0.4469 0.9754 0.8402 0.5698 0.9964  0.9932 0.9914
(200,100) 0.7470 0.5382 0.4320 0.9687 0.8033 0.4895 0.9931 0.9863 0.9826
(300,300) 0.8950 0.7967 0.7229 0.9881 0.8448 0.4473 0.9980 0.9963 0.9952

€; ~ mixture of skewed normal

(50,100)  0.9908 0.9851 0.9807 0.9899 0.9835 0.9788 0.9937  0.9900 0.9870
(100,50)  0.9829 0.9694 0.9609 0.9816 0.9670 0.9586 0.9880 0.9785 0.9731
(100,200) 0.9960 0.9929 0.9908 0.9954 0.9920 0.9893 0.9974  0.9954 0.9941
(200,100) 0.9926 0.9858 0.9818 0.9914 0.9837 0.9789 0.9952 0.9908 0.9880
(300,300) 0.9976 0.9955 0.9941 0.9971 0.9946 0.9929 0.9985 0.9972 0.9964

Notes: Each number is the average of adjusted R? over 100 replications of regressing one of the
three true factors on the estimated factors based on the RTS, QFM(0.5), and CQFM method,
respectively. We choose 7 = 0.5 for the QFM method and K = 5 for the CQFM method.
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while it is 0.9518 for CQFM. The log-normal error distribution poses the greatest challenge
to the other methods, as the regression yields much lower adj. R2s compared to those of
CQFM, and increasing sample size from (50, 100) to (300,300) does not seem to help.

To further investigate the accuracy of the estimates, we compute the mean squared error

(MSE) of the estimated components and report them in Table 3. The MSE is defined as

N T
1 .
MSE = ~— SN (NFo — ME).

i=1 t=1

Table 3 clearly indicates that CQFM always yields the smallest MSE for the 5 error distri-
butions. Depending on the error distribution, CQFM’s reduction in MSE can be huge — its
MSE can be a fraction of that of PCA.

We can draw several conclusions based on Tables 2 and 3. First, compared to QFM
at a single quantile position 7 = 0.5, the higher adj. R? and smaller MSE of CQFM
suggests that there is some benefit in performing the estimation at multiple quantile positions
simultaneously. Second, CQFM continues to work well in cases such as the asymmetric
Laplace and log-normal errors, implying that CQFM can be a useful alternative to PCA in
certain cases.

The online supplement also includes the adj. R* and MSE results (Tables S.2 and S.3)

for 5 symmetric error distributions. Overall, CQFM continues to provide robust estimates.

4.3 Estimation of the factor number

Next, we study the performance of the information criterion in eqs. (11) and (12). Table 4
reports the average estimated factor number and the frequency of correct factor number
estimation. Both CQFM and PCA perform well in majority of the cases. For log-normal
error, all methods fail in small sample. However, CQFM yields better results when sample
size is large with Prob(7 = 3) = 82% in the case of (300, 300).

For the 5 symmetric error distributions in Table S.4, our proposed IC with eq. (12)
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Table 3: MSE under asymmetric errors

g;t ~ skewed normal gt ~ skewed t

TN
(T.N) RTS QFM CQFM PCA RTS QFM CQFM PCA

(50,100)  0.101 0.157  0.097  0.090 0.099 0.114  0.090 0.089
(100,50)  0.092 0.155 0.088 0.089 0.092 0.114  0.084 0.089
(100,200) 0.048 0.085 0.048  0.045 0.048 0.058 0.044  0.045
(200,100) 0.046 0.084  0.043  0.045 0.046 0.058 0.041  0.045
(300,300) 0.021 0.040  0.020 0.020 0.021 0.026 0.019  0.020

g;4 ~ asymmetric Laplace g4 ~ log-normal

(50,100)  0.836 1.139  0.458  0.801 19.888 4.124  0.214 36.456
(100,50)  0.794 1.134  0.439  0.799 14.344 4.157  0.211 36.752
(100,200) 0.390 0.747  0.198 0379 6.727 4.294  0.084 26.414
(200,100) 0.382 0.744  0.196  0.381 4.865 4.283 0.076  26.531
(300,300) 0.167 0.440 0.080 0.165 1.726 4.377  0.038 17.464

€ ~ mixture of skewed normal

(50,100)  0.176 0.182  0.120  0.161
(100,50)  0.168 0.182  0.113  0.164
(100,200) 0.086 0.097  0.058  0.081
(200,100) 0.083 0.097  0.053  0.081
(300,300) 0.037 0.046  0.025  0.036
Notes: Each number is the average MSE over 100 replications for the RTS,

QFM(0.5), CQFM, and PCA method, respectively. We choose 7 = 0.5 for the
QFM method and K = 5 for the CQFM method.

continues to work well except for the ¢; error. In this case, the rank-based approach in Chen
et al. (2021) gives good results when sample size is large. After standardizing the data and

using eq. (13) in eq. (11), CQFM also gives satisfactory results when the sample size is large.

5 Empirical application

In this section, we use the quarterly macroeconomic data set, FRED-QD, in McCracken

and Ng (2020) to study the properties of CQFM factors. We use the version “2023-06.csv”,
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Table 4: Average estimated factor number and frequency of correct estimation

(T,N)  QFM CQFM PCA QFM CQFM PCA
avg. T Prob(r = 3)

g ~ skewed normal

(50,100) 2.52 3 3  0.61 1 1
(100,50) 2.55 3 3 0.6 1 1
(100,200)  2.94 3 3 095 1 1
(200,100)  2.92 3 3 092 1 1
(300,300) 3 3 3 1 1 1
gir ~ skewed t
(50,100) 2.52 3 3 0.59 1 1
(100,50) 2.55 3 3 0.61 1 1
(100,200)  2.94 3 3 095 1 1
(200,100)  2.92 3 3 092 1 1
(300,300) 3 3 3 1 1 1
€; ~ asymmetric Laplace
(50,100) 2.66 1.8 2.9 0.66 0.14 0.9
(100,50) 2.75 1.74 291 0.71 0.12 0.91
(100,200)  3.31 3 3  0.64 1 1
(200,100)  3.37 3 3 057 1 1
(300,300)  3.95 3 3 0.05 1 1

€t ~ log-normal

(50,100) 271 121 351 057  0.02 0.16
(100,50)  2.95 121 349 056 001 02
(100,200) 3.46 242 338 042 027 0.16
(200,100)  3.57 23 321 037 028 023
(300,300) 4 319 3.83 0 082 021

g;+ ~ mixture of skewed normal

(50,100)  2.54 3 3 06 1 1
(100,50)  2.61 3 3 0.64 1 1
(100,200)  2.95 3 3 0.96 1 1
(200,100)  2.92 3 3 0.92 1 1
(300,300) 3 3 3 1 1 1

Notes: To estimate r, we use the rank minimization method in Chen et al. (2021) for QFM
at 7 = 0.5, the IC in egs. (11) and (12) for CQFM, and the IC),; in (Bai and Ng, 2002,
p. 201) for the PCA method. Avg. 7 is based on 100 replications.
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which contains 258 quarterly observations from 1959/3/1 to 2023/3/1 for 246 macroeco-
nomic variables. The data link is: https://research.stlouisfed.org/econ/mccracken/
fred-databases/. We use the matlab code in McCracken and Ng (2020) to prepare the
data, including transforming all variables to stationary time series based on the tcode in Mc-
Cracken and Ng (2020), removing outliers, and using the EM algorithm to fill in missing val-
ues. The final data set has 255 quarterly observations and 246 variables (T' = 255, N = 246).

The number of estimated factors varies across different methods. For example, the CQFM
estimate is 1 (3 if eq. (13) is used); the rank minimization method in Chen et al. (2021)
reports 4 factors at 7 = 0.5; the IC); and IC,y in Bai and Ng (2002, p. 201) give 12 and
8 factors, respectively. Since our focus is on the property of the estimated factor, we follow
Stock and Watson (2012) and choose the number 6 across different methods. The scree plot
in Figure S.1 reveals why the proposed IC with eq. (12) selects only one factor: the first
eigenvalue is 54 and explains about 22% of the variation in the (standardized) data while
the second eigenvalue is 19 and explains about 7.8% of the variance in the data.

Figure 1 plots the first three CQFM and PCA factors (factors 4 to 6 are plotted in
Figure S.2). The first three factors from CQFM and PCA are very similar to each other.
Despite this visual similarity, the estimated factors exhibit different moment properties.
Table 5 summarizes the skewness and kurtosis of the six estimated factors from the four
methods. We make a few observations. First, the CQFM-based factors tend to have larger
skewness and kurtosis in the first few factors. This means, if the data have large skewness
and/or kurtosis, the CQFM-based factors will likely give a better fit for the component
(Ao For). Second, even if other methods such as PCA-based factors exhibit larger skewness
and/or kurtosis in later factors — for example, the 5th PCA factor exhibits larger skewness
than CQFM, these larger value will unlikely be helpful in capturing the skewness and kurtosis
in the data since it is typically the first few factors that determines the overall variability
of the data. Third, compared to CQFM-based factors, the QFM-based factors exhibit less

skewness and kurtosis, suggesting that estimation done at a single quantile position such as
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Figure 1: The first three CQFM and PCA factors from 1959/3/1 to 2023/3/1

7 = 0.5 may not be effective in capturing certain features of the data; the composite quantile

approach is more effective in this regard. The small MSEs for CQFM in Table 3 attest to

the above arguments.

Next, following Stock and Watson (2002b), we use the diffusion indexes to forecast one-
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Table 5: Skewness and kurtosis of the 6 estimated factors

~ A ~

method Fl F2 Fg F4 F5 F6

skewness (1)

RTS 1.85 -0.33 -0.38 -0.27 -0.52 0.17

QFM -1.95 070 -0.33 034 035 043

CQFM  -251 -0.93 0.59 -0.52 -0.02 -0.16

PCA -2.23 -0.v6 051 -0.18 -0.12 0.00
kurtosis (72)

RTS 14.55 443 13.57 276 3.68 3.47
QFM 1762 654 525 280 3.08 7.50
CQFM 26.03 798 493 1558 2.71 3.32
PCA 2436 6.62 451 16.70 288 487

Notes: This table reports the skewness and kurtosis of the estimated six factors for different
methods based on the FRED-QD data between 1959Q1 and 2023Q1. We focus on the
magnitude of v; since factors have sign indeterminacy.

quarter-ahead macroeconomic variables. The forecasting function is given by

3
Yigr1 = Bi + Zﬁj?/i,tﬂ' + BpF; + €41, for i =1,--- 246, (16)

=0
where y;; is the original data transformed according to the tcode in FRED-QD “2023-06.csv”
and F} is the estimated 6 factors at time ¢. The forecast period starts from 2000Q1 to 2023Q1,
a total of 93 forecasts for each of the 246 macroeconomic variables, and this forecast period
covers three NBER-determined recessions, including the one induced by the recent pandemic.
For each rolling forecast, we use a rolling window of 120 quarters to estimate factors and
the coefficients §; and Sr. We forecast the data that are transformed using the tcode in
McCracken and Ng (2020) and convert the forecast back to data in their original levels.
Table 6 reports the forecast root-MSE (RMSE) for the three most common macroeco-
nomic variables, real gross domestic product (GDPC1), civilian unemployment rate (UNRATE),

and consumer price index for all urban consumers (CPTAUCSL) in the FRED-QD data set.
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Table 6: Forecast RMSE of GDP, Unemployment rate, and Inflation

variable ~ RTS QFM CQFM  PCA AR(4)

GDPC1 322.131 303.498 258.293 355.526 299.965
UNRATE 1.227 1.110 1.093 1.246 1.203
CPIAUCSL  3.616 4.173 3.832 3.798 3.739
avg RMSE  8269.7 8302.2 8053.6 8578.6 8219.2

Notes: This table reports the average forecast RMSE over 93 forecasts from 2000Q1 to
2023Q1. GDPC1 is the real GDP in chained 2012 dollars; UNRATE is the civilian unemployment
rate (percent); CPTAUCSL is the CPI for all urban consumers. Results for columns 1 to 4 are
based on an AR(4) model with six factors as additional regressors. The last column reports
the forecast RMSE of the AR(4) model with no augmented factors. The variable avg RMSE
reports the average of RMSE for all the 246 macroeconomic time series for each of the 5
methods.

CQFM gives good results, but its performance is not the best for the CPI data. It’s also
somewhat surprising that the AR(4) model can sometimes do better than factor-augmented
methods. In the last row, we compute the average of RMSE over the 246 macroeconomic
variables for each of the 5 models, and CQFM gives the smallest average RMSE. Notice that
the results for the 4 factor-based models are obtained by simply choosing 6 factors without
any additional tuning of the model. McCracken and Ng (2020) consider 7 factors, and, for
the regression in eq. (16), they try 27 — 1 = 127 different combinations of the 7 factors. Sim-
ilar approach can also be used here to possibly improve the performance of the factor-based
models. In addition, many other aspects of diffusion index modeling can be tuned to yield
a favorable model, which includes, but not limited to, the number lags of the factors (we
consider only 1 in our regression), the forecast horizon (3-month, 6-month, one-year, etc.),
the inclusion of lag variables in the Y matrix in eq. (2) in factor analysis, the use of balanced
panel data vs. unbalance panel data with EM-algorithm-generated data, the types of data
transformation used, whether to split the data before and after a recession, among others. In
the case of CQFM, we can also tune the parameter K to possibly improve its performance.

Table 6 is a simple demonstration of the use of CQFM-based factors. A more comprehensive
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study is needed to further study the properties of different factor-based models.

6 Conclusions

In this paper, we develop the method of composite quantile factor model. We demonstrate in
both simulations and an empirical study that, compared to PCA and several other methods,
CQFM can be more effective in modeling asymmetric data due to its capability of adapting
to data at multiple quantile positions. Asymptotic distributional theory and an information
criterion for consistent factor number selection are also discussed. PCA-based method is
popular for factor analysis, and CQFM will be a useful addition to a researcher’s toolkit
when handling non-normal data.

Many extensions of the current research are possible, and we give two examples that are
highly relevant to data modeling. One is the creation of sparsity in CQFM. Adding penalty

functions to eq. (5) gives

1 K N T
= 2> > pr(Yie — by, — NJF}) + penalty(F) + penalty(A). (17)
-

Zou and Yuan (2008) use the adaptive lasso in Zou (2006) to induce sparsity in linear
regression, and many other penalty functions are available for F" and A. The other example,
following the work in Bai (2009), is to add a regression component to eq. (5) so that it

becomes the panel data model with interactive fixed effects

K N T

% Z Z Z ka(}/:it —br, — Xz,tﬁ - )‘;Ft)’ (18)

k i=1 t=1

where X;; is a vector of regressors. The model in eq. (18) is a hybrid of CQR in Zou and
Yuan (2008) and CQFM in the current paper. Given the good finite sample properties of
CQR and CQFM under certain non-normal data, we expect estimators from eq. (18) will

also show some robustness to non-normal data. We leave these topics for future research.
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S.1 Lemmas

This section discusses two lemmas that are used in proving the asymptotic distribution of the
estimated factors and factor loadings. Let the parameter vectors be 6y = (bory, -+, boryes Aoy s

ons Flo JFY and 0 = (byy, e by N Na, FY oo JELY. Let ||| be the £y
norm. We will repeatedly apply the identity in Knight (1998): for two variables x and y and a
quantile position 75, we have p,, (x—y)—pr, (z) = y(I(z < 0)—7%)+ [][L(z < s)—I(z < 0)]ds.
Define

d(0,00) = % ; é é(ém + NF, — brow — AoiFor)? (S.1)
and
Wyt = % i i i [pm (Yit = br, — NE}) = pr (Vi — bor, — AaiFo»}
=1 t=1 k=1
- % fj 3 fj E | pr (Yo = br, = NE) = pry (Vie = bom, = NFor)| . (S:2)
i=1 t=1 k=1

We will show both d(6,6,) and Wy are 0,(1). Let ¢ be a positive constant.
Lemma 1. Under Assumptions 1 to 3, d(6,6y) = 0,(1) and Wyt = 0,(1) as N, T — cc.

Proof of Lemma 1. Consider the expansion of the term E[p,, (Y — l;Tk — 5\;]:}) — pr, (Y —
bor, — No;For)] in eq. (S.2) around the value co;r = bor, + Ay For- An application of the
identity in Knight (1998) and the mean value theorem gives

n ~ A 1 ~ ~ A
E P, (Y;t - ka - )‘;Ft) — Py (Y;t - bOTk - )‘é)zFUt)] = §f€<cz<t,k)<b7'k + A;Ft - bOTk - )‘:JiFOt>2

by, + NFy — boy, — Mo Foy)? > 0. (S.3)

where cj; ;. is between by, + Ay, For and b, + NF,. Rearrange terms in eq. (S.2) to have

ﬂH
~

N T K

Wir + Z ST E oYt = o = N = pry (Y = by — NocFo)|
=1 t=1 k=1

K

k=

=

~
ER

1
NT 4

7

Z |:ka (}/;t - (;Tk - 5\I/Lﬁ;f) - ka (}/;t - bOTk - A61F0t>i| S 07 (84)

1 t=1 1



~

where the inequality in eq. (S.4) holds because (by,, X, F) is the minimizer of eq. (5). Com-

TEy Vi)

bining eq. (S.3) and eq. (S.4) gives

0 < d*(6,60) < sup[Wyr(6)],
dco
which is essentially the same as the last inequality in Chen et al. (2021, p. 895). The proof

of sup|Wxr ()| = 0,(1) follows the same steps in Chen et al. (2021) and is omitted. O
beo

Lemma 2. Under Assumptions 1 to 3, as N, T — oo,

1

VN

o 1 A
A— AOH = 0,(1) and Wi HF— FOH = 0,(1).

Proof of Lemma 2. Lemma 1 proves that dz(é, 6p) = 0,(1), which implies that, for every £,

N T
~F SN (bry + NE, — by, — Ny For)* = 0,(1). (S.5)

1 1 N T R 2 1 N T )
/ I
2 NT;Z;(% bm) + NT;; ()\ZFt A01F0t>
N T
< 7 D0 S by + My~ by — X = 0p(1) (3.6)
- NT Tk it ™ Urok oifot)” = op(l). .
i=1 t=1

It follows that

which is equivalent to
— ‘FA, - F()A()H = Op(l). (87)

A A

Define Py = A(NA)'A', My = Iy — Py, P, = F(F'F)"'F', and My = Ir — Pj. Since

multiplying My shrinks its ¢, norm, we have

\/% H (F[\’ . F0A0> MAH < \/% HF[\’ . FOAOH = 0,(1). (S.8)



With FA’M; = 0, the above result implies that ﬁ | FoAp My || = 0,(1), ie.,

LJEI‘ (M A()F/F()A/ ) =1tr <

FoRo MMyho _ )y
NT = 0p .

T N

Given the normalization condition FjFy/T = I,, we have

AN Mi A 1
" (T) = op(1) or [ Mioll* = 0,(1) (5.9)

Expanding M} gives

ANMiNe ANy APiAg  AbAg  AJARAG S

N N N N N N (5.10)
Combining eq. (S.9) and eq. (S.10) gives
tr(AQAN Ag) B tr(ApAg - NE5) = N2tr(2y, 5).- (S.11)
Consider the following.
||Pf\ - PAOH2 =tr ((Pf\ - PA0)2)
1 AAIN— /N — 2 A A/ I y—1v—
— Ntr(AA S AAGES)) — mtr(AA AgAGET )
2 otr(1,) — 2tr(1,) (Using eq. (S.11))
=0. (S.12)
Thus, we have
7 [Vl = 5 e = 308 = e - £
VN \/_ VN
<17y = Pl = HAH = 0,(1)0(1) = 0,(1), (8.13)

where the result HAH /V'N = O(1) follows the normalization condition A’/A/N = X5 It
follows that

\/Lﬁ HMAOAH - \/_IN HA ~ AO(AgAO)—lAgAH — \/LN HA - AOGH = 0,(1)



where G is the rotation matrix. The normalization conditions in eq. (6) and Assumption 1
suggest the factor loading can be identified, and we can ignore the rotation matrix for
‘f\ - AOH IVN = 0,(1).

Next, we establish a similar result for the factors. Similar to eq. (S.8), we have

simplicity purposes, and the above result becomes

\/% | v (B~ Fom) || < \/% |FAr = Fosa]| = 0,1) (S.14)

Because M FA' = 0, we have \/#—T | M s FoAp|| = 0,(1), which is equivalent to

1 AGA AGAg F{M - F
—tr <MFF0 OO M ) :tr< 0 OO—FO) = op(1).

T N N T

7 | MpFo|* = 0,(1). Since

!
) ) A
Given the matri 3\{0

FMpFo _ FoFo _ BF F'Fy (5.15)
T T T T

and we conclude that tr(F FFTFO)

q. (S.12), we obtain || Pz — Pg,|| = 0,(1) (also see Bai (2009, p. 1265) for a similar proof).

tr(F FO) = r. Using an argument similar to that in

Consequently, we have

77 ] = ot =310 £ = = P — 2 £]
< 1Pr, = Pl 7= 7] = o0t1)- 0,(1) = o), (3.16)

where the result \/LT HFH = O,(1) follows the normalization in eq. (6). Rewrite eq. (S.16) to
have
1 ~ 1 .
ﬁHMFOFH — HF Fo (FLFy)~ F’FH - HF—FOHH = 0,(1),

where the rotation matrix is H = (F}}F,)~" F}F. Since the normalization condition indicates
that factors are identifiable, similar to the approach in Ando and Bai (2020), we can omit

the rotation matrix H for simplicity purposes and have \/LT HF — FOH = 0,(1). O



S.2 Proof of Theorem 1

Proof of Theorem 1. Define wyry = \/NT(IA)T,c
VN(F, — Fy). Ignoring the scaling factor

modified as follows:

fa=3 Yy

k=1 i=1 t=1

[ka (git - bOTk. -

NT7

- bom) Ur; = \/T(S\ -

the objective function in eq. (5) can be

wy + vy + VNl Fy + VT N0,

Xoi) and vy =

) - ka (5it - bOTk)] ;

(S.17)

whose minimizer is {wnr, ur;, vn ¢}, and it can be verified by their substitution in eq. (S.17).

Using the identity in Knight (1998) gives

K
= E ZNTkWE +
k=1

- K _
ZI<€it < TOk) — Tk
L k=1 i

. _
; Z[(éit < TOk) — Tk
Lk=1 |

1 N T , K
— UV (€it < Tok) — Tk) + uz
T 2 2 D (e < ) =)+ Yl

i=1 t=1

T
1
RT.Fy = _ZFOt (et < Tok) — Th)
T t=1
1 N
ZN X = —NZ)\ [[(51t < T()k) —Tk}

'Luk+u;;vt+\/ Nu;;FOt+‘/T>‘6i“t

AT (I(ezt

- bOTk S 0))d8

I(eit < Tok) — Tk)

(S.18)

(S.19)

(S.20)

(S.21)

(S.22)

(S.23)



Under the i.i.d. error assumption and the implied moment conditions from the normalization
conditions, {znrk, 21 g, Zhag } A {2k, 2y, 25, } with a multivariate normal distribution as
N, T — co. The second term in eq. (S.19), ﬁ SN S Wy O (Iew < Tor) — 1), has
a smaller probability order than, for example, the fourth term in eq. (S.19). Both wu; and
vy are O,(1) since they are parameter values in optimization; A, is either O(1) or O,(1)
if we treat it as a random variable. With an extra v/T on the denominator, the second
term has a smaller order in probability and can be ignored. See a related argument in our
later proof that uses the results in Lemma 2. Let u = (uf, - ,u)y), v = (v}, -+ ,v}) and
6 = (wq, -+, wg, 0, v’"). The value of 0 at (bor, , Aoiy For) 1s 6o = 0. The second-order Taylor

series expansion of E(Byry) at 6y becomes

wk+ufb-'ut+\/ Nqu-FOtJr\/T/\é)ivt

E (Byrs) = Z 3 /O VAT (F(bor, + ) — F(bor, < 0))ds

i=1 t=1
1 1 1
N R L (R )
= _fa(bOTk) Z Z(wk‘a u;v Ug) %Fm %FOtFét ﬁFOt)\/oi (wkv ug‘v U:t)/
i=1 t=1
\/%—T\/l—ﬁ)\m ﬁ)\mFét T A0i A
(S.24)
1 0 O
1
= ife(bOTk)(wkyugvvg) 0 -[7’ 0 (wkv U;,?}é)/ + 0(1)’ (825)
0 0 Xy

where the second equality holds because the first derivative of £ (BEV)T) w.r.t. 0 is 0 when
evaluated at 6y. The third equality follows the normalization conditions. For example, since
|Foll /V'T = O,(1), each element of Fy, is O,(1) and Fy /v/T — 0 as T — oo.

The variance of F (B](V)T) is given by

wk+u;vt+\/Nu;F0t+\/T>\6ivt

Var(Byrg) = ZZE(/ v

=1 t=1

2
(I(eit — bor, < s) — I(eir — bor, <0) — F.(bor, + ) + F€<b0Tk)>d8)



wk-H/. ve+V Nu; F0t+\/7>\01Ut

gzt _Ng()‘rk S 5) - [(Sit - bOTk S 0) - FE(bOTk + 5) + F€<b07'k))d5

)

2‘ wy, + uivy + \/_u;FOt + \/T)\E)ivt
VNT

Fo N
< 2B(Byry) x 2max uite | wiFo | Aot

AT Y A

and we have Byt converges in probability to the first term in eq. (S.25). Let C' be the

—0as N,T — oo, (S.26)

constant Hessian in eq. (S.25). Combining the above results gives

K N T K N

T
Lar 5 ; zkwk—i—; z},ﬂoui—l—; zf\ovt—i—% kz:: fe(bor,) ; tz:; Wi, s, V) C(wg, ul,vy), (S.27)
a quadratic form in (wg,u}, v;). Hence, the minimizer of £y7 will also converges in distribu-
tion to the minimizer of the quadratic form in eq. (S.27), based on which we can derive the

asymptotic distribution of the minimizer {wnr, ur;, vn+}-
In the following, we work with a scaled version of eq. (S.17) and {i)m —bor, Xi—Aoi, Ft—FOt}

directly to see their asymptotic distributions. Consider the following loss function

K N T
1 S
L= 372222 |05 (it = by = NF3) = sy (Vi = bom, — Ny Fo)|
k=1 i=1 t=1
1 K N T
= NT IS [pm (5“ — bon. — (ka - bOTk) - (AQFt - )\En‘FOt)> — pr (€ — boTk)]
k=1 =1 t=1

(S.28)

Use the identity in Knight (1998) again to have

| KNI o
Lyt = NT Z Z Z [ — bor,) + (AT} — )‘GiFOt)) ' ([(5“ = bor, < 0) — Tk)+
k=1 i=1 t=1

(bry, —bory, ) +(N; Fr =), For)
/ (I(eit —bor, <8)—I(ei — bor, < 0))ds] =1+1I, (S.29)
0

NT Z Z Z ((i)m — bor,) + (S‘QFt - )‘E)iFOt)) : ([(Eit — bor, < 0) — Tk), (S.30)



(BTk _bOTk)“l‘(j\;FA‘t_)\{)iFOt)
/ (I(Sit — b()Tk S S) — [(Eit — boTk S O))dS (831)

k=1 i=1 t=1 Y0

Using N.E, — Mo For = (A — doo)'(Fy — For) + (A — Xoi) For + Ny (Fy — Fyp), egs. (S.30)
and (S.31) become

K N T
1 R R R R
T= 722 D> (b = bor) + (i = M)/ (B = For) + (A = Aoi) For + N (Fy = Fo))

k=1 i=1 t=1
(I(git — bor, <0) — ), (S.32)
K N T _ N—Ao; ) (By— \ L(F
1 (ka bory, )+ (Ai—X0:) (Fr—Fot)+(Xi—Xoi)  For+Ag; (Fi—Fot)
1= 577 30 [ = ) = i = < ) (533

It is clear that Lyt in eq. (S.28) is identical to eq. (S.17) except for the scaling factor 1/NT.

As N, T — o0, eq. (5.33) converges to some expected value. To see this, define

bT,;boTk +(Xi—20i) (B —For)+(Xi—Xoi) For+XNy; (Fr—For)

1
BNTk e Z Z/ 5zt bOTk < S) ](61'15 - bOTk < 0))d57 (834>

zlth

where By, is similar to Byry in eq. (S.23). The result in eq. (S.24) implies the following
expectation of Byp, and its second-order Taylor series expansion evaluated at ka bor, , N\ =
)\0i7 and F = F()ti

1 N b‘rk bOTk)+(5\ —208)" (Fr—Fot)+(Ai—Xos) For+ Ay, (Fy—For)

E(BNTk NTZZ/ b()Tk —|—8) F5<b07—k))d8

i=1 t=1 Y0
/

~ ~

b, — bor, 1 Fg, Ao; b, — bor,

N T
1 £-(bor ) )
= S O 5| e el B | A | o) (839

i=1 t=1

F,—Fo | (X AiFl, AN, | | B — Fy

Similar to eq. (S.26), we also have Var(Byrx) — 0 as N,T — oo. Plug egs. (S.32), (S.33)
and (S.35) into eq. (S.29) and, similar to eq. (S.18), we have

1 K N T R
Lyt = W ZZZ(bm - bOm)(I(git - bUTk < O) - Tk)

10
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WE
Ms

+

()\ — )\02) ( F()t) (I(é‘it — bOTk < 0) — Tk)

1

B
Il
—
<.
Il
—
o+
I

(5\1 — )\Oi),FOt (I(€it —bor,, < 0) — Tk)

£
Il
—_
<.
I
—
-
Il

1

]~
WE
Mq

_|_

)\61(F Fo) (I(git — by, < 0) — Tk)

_|._
Z‘H Z‘H Z‘H
~N ~ ~N
M)~
] =
M)~

i
I
~.
i
I
-
i

1
/
67% - bOTk 1 F(;t )‘61 67% - bOTk

- b - R R
J-(bo k i — Ao Foo FoFj, Fo, Ai—Xoi | T Op(l)- (5.36)

Mﬂ

>

1i=1+t%

|-
Mw

1

B
Il

E,—Fou | (X MiFl, AN, | | B — Fy

Based on Lemma 2, the second term involving the product (5\1 — )\Oi)’(ﬁt — Fy) in eq. (S.36)
has smaller order in probability than the third and the fourth terms in eq. (S.36), and it can
be omitted in the following analysis. Next, we take the partial derivative of eq. (S.36) w.r.t.
l;Tk — bor, 5\2 — Xoi, and Ft — Fy; and set the first-order conditions to zero.

Consider the partial derivative of eq. (S.36) w.r.t. ETk — bor, -

oL 1 LI

NT N

~ = Z_bT - st bT _bT
(b, — boy, ) NTZZ (it = bor, < 0) = 7k) + f(bor, ) (br, — bor,)

1 < 1 . . 1 & 1 o -
+ felbon) - 7 > Fy N > (i = 20i) + felbor,) - N > N T > (B = Fy)
] =1 t=1

<.
Il
—
-~
I
—_

1 L& )
- NT Z > (I(zi = bor, < 0) = 7%) + fo(bor, ) (br, — bor,) +0p(1),  (S.37)

where the third term on the right is 0 because ZT Fot/T — 0 under Assumption 1 and the
fourth term is 0,(1) because in lemma 2 we establish the result —= ‘F FOH = 0,(1), which

implies %Z;(Ft — Fot) = 0p(1). Setting eq. (S.37) to 0 gives

VT (b~ ) = —olbor) " A 303 (I

NT 2 2 it — bor, < 0) — 7). (S.38)

~

Consider the partial derivative of eq. (S.36) w.r.t. i — Aoj.

OLyr L] ET:F i (I(zit — bor, < 0) — 73
P 0t it — Dor, — Tk
oNi—Xi) N T —

11



K T T

1 1 1 “ P

+ N kz: =(bor, ) { ; FOt —bor,) + T Z ForFo (A — Aoi) + Z Foehgi( Fo;r)}
K K

L\ 1 )
= N7 Z Fot Z (I<€it bor,, < 0) — Tk Z bOTk)T ; ForFg,(A\i — Xoi) + 0,(1).

t=1 k=1 k:

(S.39)

Under Assumption 1, we have % ZtT:l Fot(I;Tk —bor,,) — 0 and we will show % ZtT:1 FOt)\Oi(Ft_
Foi) = 0p(1) so that eq. (S.39) holds. To see this, we write this term in a more detailed
matrix format. Let Ftv]—, Fy ; and Ag; ; be the jth element of the 7 x 1 vector Ft, Fo; and A\,

respectively.
-FOt,l- -Ft,l . Fom-
% ET: FOt)\gi(Ft - FOt) - % ET: e [/\UiJv )‘Oi,27 B )\Oi,T] o e
t=1 —
_F[)t,r_ _Ft,r - FOt,r_

Sy Mii >oiey Fora (Fij — Fony)

r T Z
_ Zj:l /\Oi,j% Ztl. FOt,Q(EJ B FOt’j) 7 (S40)

|31 Moiar S Forr (Frj = Foug) |

which implies that we need to show all terms such as Z;Zl )\02-,]-% Zthl FOt,l(Ft,j — Foej) =
0p(1). From Lemma 2, we have
1

T r
2 1 .
| = 2 3 Y~ Fuy? = 000,

t=1 j=1

which implies

T
1 .
7 2 Foua(Fij = Fory)

t=1

r T r
1 ~
;:1: Aoi 7 ;:1: Foia(Fry — Forg) < ;:1 Aoi,j

1/2 T 1/2 1/2
(ZAOZJ (%ZF> (%Z<Ft,j—F0t,j>2) = 0(1) - 1-0,(1) = 0,(1)




where the results for O(1) and 1 follow the normalization conditions, and the o,(1) term is the
result of Lemma 2. More specifically, the normalization of A, implies + Zl D Aoij =
O(1). Since Y77, Aj;; > 0 for every 4, we conclude >37_; Aj; ; = O(1). Hence we conclude
every element in the vector in eq. (S.40) is 0,(1) and eq. (S.39) holds.

Setting eq. (5.39) to 0 gives

K T K
VTN — Moi) = — ( Z Je(bor, ) = Z FOtF6t> 1T Z |:F0t Z (I(eit — bor, < 0) — Tk)}
k=1 t=1 k=1 (5.41)
Next, we compute the variance of \/LT Ethl [th Zszl (I(eit —bor,, < 0)— Tk):| . Given the
result that E(Zszl(I(sit — by, < 0) — Tk)) =0, and ¢ is i.i.d., we obtain

K

(32 [ et <0 )

t=1 k=1

Fo1 - 2sz1 ([(git — bor, < 0) — Tk)

Forr - 25:1 (I<€it — bor, < 0) — Tk)
K K
=Yg Z Z min(7g, , Tk, ) (1 — max(7g,, Tk, ))- (S.42)

k1=1 ko=2

As N, T — o0, egs. (S.41) and (S.42) lead to the following asymptotic distribution:
VT (Ai = Moi) ~ N(0, Scqran). (S.43)

where

ZkKlzl Zgzl min(TknTk2)(1 - maX(T/ﬁ’ Tkz)

(S8 £0n))

Consider the partial derivative of eq. (S.36) w.r.t. F, — Fy,.

-1
I

YCQFA N =
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Obyr __ 1 i)\-i([(e- — bor, < 0) — 73)
a(ﬁt — FOt) NT = 01 et it 07y, k

N

K N N
1 1 N 1 N 1 A
+ T Z fe(bor,) {N Z Aoi(br, — bor,) + N Z )\OiF(/)t(Ai — Xoi) + N Z >\0i>\6i(Ft — Fm)}
k=1 ; ;

i=1

N K K N
1 1 )
- NT Z Aoi Z 6“5 bOTk < O - Tk‘ Eﬁ bOTk)N El )\Oi)\gi(Ft — FOt) + Op(l).

(S.44)

To obtain eq. (S.44), we note that + Z )\ol( . —bor, ) = 0,(1) since by, —bg,, = O,(1/v/NT)

in eq. (S.38) and each element of the vector ZZ 1 Aoi 18 O(1) due to the normalization in

Assumption 1. For the term LS XoiFl (A — Aoi), we have

N
1 Q > 1F0t]NZz 1)‘012<
= iy (A = o) = | T
Nizl

The first element in eq. (S.45) is

r N r
1 N
jzl FOt,jN Zzl Aoin(Aij — Aoij) < jzl Fo

[ T N 1
> e Forgy 205t Aoia(Aiyj —

Z] 1F0tJNZz 1>‘Ozr( 1,7

)\Oi,j>
)\Oi,j)

r 1/2 1/2 1 N 1/2
i=1 i=1

= 0,(1) - O(1) - 0,(1) = 0p(1>,

— Aoij) |

| N
N Z Ao, (Aij — Aoij)
i=1

, (S.45)

where the O,(1) and O(1) results follow the normalization conditions for Fy and A, and the

0,(1) term is the result of Lemma 2. Thus we conclude that ZZ o Fg (A —

and eq. (S.44) holds. Setting eq. (S.44) to 0 gives

K

VN(E ~ Fo) = (3 Felbon) Z ) S u o

k=1

14

Aoi) = 0p(1)

(€it — bor, < 0) — Tk)i|

(S.46)



The asymptotic distribution is given by
VN(F; — Fy) ~ N(0, Scqra.r), (S.47)

where « «
Zklzl ZI@:l min(Tklv Tkz)(l - maX(Tklka2) 1

(S8 0m))

and the derivation of Ycqpa, r is similar to that for Yoqpa i in eq. (S.43).

YCQFAF =

S.3 Proof of Theorem 2

In the following proof, let r be the estimated number of factors and ry be the true number of
factors. Write the estimated factor and factor loading as F}(r) and A;(r) when the estimated

number of factor is r.

Proof of Theorem 2. We consider two cases. When r > ry, we use a similar method in
Lemma 4 in Bai and Ng (2002). Let H, be an ry x r matrix with rank(H,) = min(r,ry), and
an example H, can be found in Bai and Ng (2002, Theorem 1). Let H;" be the generalized
inverse of H, so that H.H = I,,. Define the following transformed factor and factor loading

vectors in the r-dimensional space
Fo(r) = H Fo and Ao (r) = H, Ao (S.48)

Since Ao; (1) For (1) = Noi For, the transform in eq. (S.48) can be viewed as a representation of
the true factor and factor loading in the r-dimensional space.
Define

N T K

V() = i 30 0D Vi = o, = M) i), (8.49)

1
V() = 5= > > (Vi = bor, — Ny For)
i=1 t=1 k=1
N T K

1 /
= N7 Zl ; ; pre (Yit = bor, — Noi(r) Fuu(r)). (S.50)

Apply the Knight’s equality to eq. (S.49) and we have

15



~

V) = = S S i = by, — (b, — b)) — ) (1) = A1) Fan(r)

=1 t=1 k=1
1 N T K . R
= = 2 2 D el = bo) + [(br, = bon) + (alr) Filr) = Aor(r) Fou(r))]
=1 t=1 k=1
x (I(g4 — bor, <0)— %)

(bﬂ'k_bOTk)+5\z‘(T)/Ft(r)—/\Oi(r)’FOt(r)
/ [I(git - 1707-;C < S) — [(Eit - boTk < O)] ds}

1 N T K
- ﬁ Zzzpm(git - bOTk)

i=1 t=1 k=1
+ % 222 [(br, — bor,) + (Ai(r) = Aai (1)) (Fo(r) — For(r)) + (Ni(r) — Xoi (7)) Foe(r)

+ Xoi(r) (Fy(r) — FOt(r))] X (I(Eit — by, <0) — Tk)

(bry, —bor,, )i (1) Fe (1) —Xoi (1) Foe (r)
/ [I(Eit —bor, < 8) — 1€yt — bor, < O)]ds

i=1 t=1 k=1"0

= V(ro) +1+]1L (S.51)

Consider I. From Theorem 1, the implication of eq. (S.38) that b, — bo,, is an O,(1/v/NT)

term, and the fact that ; is i.i.d. and independent of Fp; and A\y;, we have

R DY 00 () + o0+ 00 () +0u () |00 ()
@)

Although the true number of factors is ry, eq. (S.48) represents the 7y factors in an 7-
dimensional space. Consequently, we can use r as the number of factors in eq. (2) for
estimation, and apply results in Lemma 2 to the terms in I.

For term II, using the similar argument in egs. (S.35) and (S.36), we can show II converges

to the following quadratic form

16



br () — bom() 1 Fou(r)' Aoi ()’ br (r) —
(T’ )\02 ) FOt(T’) FOt(T)FQt(T), F()t(?”))\ol‘(r), S\z(T>—

~

(r) = Foe(r) | | Moi(r) Aoi(m)Foe(r)” Ai(r)Aos(r)’ i(r) —

(i) 0. (G5) 0. () 0 () (k) -0 (),

Combining the results for the terms I and II, we conclude that V' (r) — V(rg) = O, (1/Cnr),
which implies V(r)/V (1) = 1+ 0,(1/Cnr) and log(V (r)/V (ro)) = Op(1/Cnr). As a result,

we have

fe bOT SR,
NI

k=1 =1 t=1

3‘“ o>

P(IC(r) — IC(ry) < 0) < P(O,(1/Cxr) + q(N,T) < 0) — 0,

which proves the probability for IC(r) in eq. (11) to select r > r¢ is 0 when N, T — oc.
Next, consider the case r < ry. Replace r with ry in eq. (S.50). By the law of large
numbers, we know both egs. (S.49) and (S.50) will converge to some expectations. While
Aoi and Fy, will minimize eq. (S.50) as N,T — oo, \(r) and Fy(r) will not attain the
same minimum value when plugged into eq. (S.49) since A;(r) and F(r) cannot span the
space spanned by Ay; and Fp, when r < 9. Hence, we conclude that V(r) — V(rg) > 0 as
N, T — oo. This is similar to the proof in Ando and Bai (2020, supplement page 29). Hence,
we have V(r)/V(rg) > 1 and log(V (r)/V (r9)) > ¢ for some positive constant c¢. Finally, as

N, T — oo, we have
P(IC(r)—1C(rg) <0) < P(c+ (r —r9)g(N,T) <0) — 0,

where we use the result that g(N,T) — 0 as N,T — 0.
The analysis for the two cases, r > ¢ and r < rq proves that IC(r) will select the correct
number of factor ry asymptotically because the value of the information criterion at r is

always lager than or equal to the value of information criterion at 7.
O

S.4 Additional tables
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S.4.1 Table S.1: Table 2 with additional adjusted R*s of the PCA method under asymmetric errors

Table S.1: Adj. R? of regressing 3 true factors on the estimated factors — Table 2 with the PCA results

2 2 2 2 2 2 2 2 2 2 2 2
Rl,RTS Rz,RTs RS,RTS Rl,QFM Rz,QFM R3,QFM Rl,CQFM RQ,CQFM RS,CQFM Rl,PCA Rz,PCA R3,PCA

g;+ ~ skewed normal

50,100)  0.9950 0.9914 0.9893 0.9915 0.9857 0.9821 0.9951 0.9917  0.9898 0.9950 0.9914 0.9893
100,50)  0.9909 0.9828 0.9786 0.9847 0.9712 0.9645 0.9911 0.9832 0.9790 0.9909 0.9828 0.9787

(
(
(100,200) 0.9978 0.9961 0.9949 0.9960 0.9928 0.9908 0.9979 0.9962 0.9952 0.9978 0.9961 0.9949
(200,100) 0.9959 0.9921 0.9898 0.9926 0.9856  0.9816 0.9961 0.9924 0.9903 0.9959 0.9921 0.9899
(

300,300) 0.9986 0.9975 0.9967 0.9974 0.9953 0.9938 0.9987  0.9976 0.9969 0.9986 0.9975 0.9967

€ir ~ skewed t

50,100)  0.9950 0.9916 0.9895 0.9936 0.9895 0.9866 0.9954 0.9923 0.9903 0.9951 0.9916 0.9896
100,50)  0.9908 0.9828 0.9790 0.9885 0.9783 0.9737  0.9914 0.9840 0.9804 0.9908 0.9828 0.9790

(
(
(100,200) 0.9978 0.9960 0.9949 0.9972 0.9950 0.9936 0.9981 0.9964 0.9954 0.9978 0.9960 0.9950
(200,100) 0.9959 0.9921 0.9899 0.9947 0.9900 0.9871 0.9962 0.9928 0.9908 0.9959 0.9921 0.9899
(

300,300) 0.9986 0.9975 0.9967 0.9983 0.9968 0.9958 0.9988 0.9978 0.9971 0.9986 0.9975 0.9967

gi ~ asymmetric Laplace

(50,100)  0.9569 0.9254 0.9085 0.9482 0.9108 0.8682 0.9759 0.9590 0.9518 0.9566 0.9255 0.9070



61

(T N) FlRTS FQRTS F?}{TS FIQFM FQQFM F?SQFM ﬁvlcQFM F;QFM FSCQFM FlPCA FQPCA F?})CA

(100,50)  0.9277 0.8698 0.8438 0.9151 0.8443 0.8062  0.9573  0.9221 0.9057 0.9274 0.8683 0.8417
(100,200) 0.9826 0.9673 0.9577 0.9777 0.9566 0.9341 0.9911 0.9834 09784 0.9827 0.9673 0.9577
(200,100) 0.9664 0.9375 0.9204 0.9571 0.9143 0.8900  0.9823  0.9663 0.9572 0.9664 0.9375 0.9202
(300,300) 0.9891 0.9797 0.9739 0.9843 0.9704 0.9613  0.9946  0.9900 0.9874 0.9891 0.9797 0.9739

g ~ log-normal

50,100)  0.5958 0.3578 0.2543 0.9541 0.8272 0.6834  0.9889 0.9823 0.9769 0.3050 0.1109 0.0874
100,50)  0.5637 0.3286 0.2245 0.9216 0.7739  0.5421 0.9781 0.9598 0.9512 0.2241 0.0787 0.0600

(
(
(100,200) 0.8045 0.5902 0.4469 0.9754 0.8402 0.5698  0.9964  0.9932 0.9914 0.4009 0.0976 0.0648
(200,100) 0.7470 0.5382 0.4320 0.9687 0.8033 0.4895  0.9931 0.9863 0.9826 0.3668 0.0642 0.0389
(

300,300) 0.8950 0.7967 0.7229 0.9881 0.8448 0.4473 0.9980 0.9963 0.9952 0.6190 0.1077 0.0449

g;+ ~ mixture of skewed normal

50,100)  0.9908 0.9851 0.9807 0.9899 0.9835 0.9788 0.9937  0.9900 0.9870 0.9909 0.9851 0.9810
100,50)  0.9829 0.9694 0.9609 0.9816 0.9670 0.9586 0.9880 0.9785 09731 0.9829 0.9693 0.9609

(
(
(100,200) 0.9960 0.9929 0.9908 0.9954 0.9920 0.9893 0.9974 0.9954 0.9941 0.9960 0.9929 0.9908
(200,100) 0.9926 0.9858 0.9818 0.9914 0.9837 0.9789 0.9952 0.9908 0.9830 0.9926 0.9858 0.9818
(

300,300) 0.9976 0.9955 0.9941 0.9971 0.9946 0.9929 0.9985 0.9972 0.9964 0.9976 0.9955 0.9941

Notes: Every number is the average of adjusted R? over 100 replications of regressing one of the three true factors on the estimated factors based
on the RTS, QFM(0.5), CQFM, and PCA method, respectively. We choose 7 = 0.5 for the QFM method and K = 5 for the CQFM method. This
table is the same as Table 2 except for the addition of the PCA results.
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S.4.2 Table S.2: Adjusted R? under symmetric errors

Table S.2: Adj. R? of regressing 3 true factors on the estimated factors under symmetric errors

50,100)
100,50)

(
(
(100,200)
(200,100)
(

300,300)

(50,100)
(100,50)
(100,200)
(200,100)
(300,300)

(50,100)

RTS
F2

RTS
F 3

F??FM FICQFM

F2CQFM

FBCQFM

PCA
Fl

PCA
F2

PCA
F 3

Eit ™~ N(07 1)

0.9950
0.9908
0.9978
0.9959
0.9986

0.9916
0.9828
0.9960
0.9921
0.9975

0.9895
0.9790
0.9949
0.9899
0.9967

0.9936  0.9895
0.9885 0.9783
0.9972  0.9950
0.9947 0.9900
0.9983 0.9968

0.9866
0.9737
0.9936
0.9871
0.9958

0.9954
0.9914
0.9981
0.9962
0.9988

Eit ~

0.9923
0.9840
0.9964
0.9928
0.9978

0.9903
0.9804
0.9954
0.9908
0.9971

0.9951
0.9908
0.9978
0.9959
0.9986

0.9916
0.9828
0.9960
0.9921
0.9975

0.9896
0.9790
0.9950
0.9899
0.9967

0.0530
0.0483
0.0212
0.0223
0.0106

0.0415
0.0326
0.0181
0.0136
0.0069

0.0436
0.0290
0.0193
0.0105
0.0057

0.9821 0.9689
0.9662 0.9391
0.9937 0.9883
0.9877 0.9764
0.9964 0.9932

ei ~ Laplace, location = 0, scale = 1

0.9609
0.9258
0.9849
0.9697
0.9912

0.9777
0.9577
0.9919
0.9839
0.9953

0.9623
0.9226
0.9853
0.9695
0.9912

0.9523
0.8980
0.9808
0.9617
0.9885

0.0439
0.0167
0.0189
0.0097
0.0074

0.0383
0.0213
0.0185
0.0103
0.0069

0.0404
0.0191
0.0230
0.0124
0.0069

0.9896

0.9831

0.9794

0.9919 0.9864

0.9837

0.9920

0.9868

0.9842

0.9896

0.9833

0.9797



e

FM FM FM CQFM CQFM CQFM
(LN)  FFS BRI pRIS pON RO pQRM pOR pOQRM pCQRN pRCA pROA pECA

(100,50)  0.9813 0.9662 0.9587 0.9851 0.9730 0.9670 0.9854 0.9736 0.9678 0.9813 0.9661 0.9587

(100,200) 0.9958 0.9921 0.9897 0.9970 0.9945 0.9929 0.9969 0.9941 0.9923 0.9958 0.9921 0.9897

(200,100) 0.9916 0.9840 0.9796 0.9941 0.9887 0.9855 0.9938 0.9880 0.9848 0.9916 0.9840 0.9796

(300,300) 0.9973 0.9950 0.9935 0.9983 0.9968 0.9959 0.9981 0.9964 0.9954 0.9973 0.9950 0.9935
eir ~ 0.9N(0,1) + 0.1N(0, 9)

50,100)  0.9905 0.9841 0.9802 0.9909 0.9843 0.9795 0.9928 0.9875 0.9841 0.9905 0.9841 0.9803
100,50)  0.9836 0.9695 0.9615 0.9834 0.9696 0.9622 0.9870 0.9757 0.9700 0.9836 0.9695 0.9615

(
(
(100,200) 0.9961 0.9928 0.9908 0.9962 0.9928 0.9910 0.9970 0.9945 0.9929 0.9961 0.9928 0.9909
(200,100) 0.9926 0.9859 0.9812 0.9926 0.9859 0.9814 0.9942 0.9891 0.9856 0.9926 0.9859 0.9812
(

300,300) 0.9976 0.9954 0.9940 0.9976 0.9955 0.9941 0.9981 0.9965 0.9955 0.9976 0.9954 0.9940
ei ~ 0.9N(0,1) + 0.1N(0, 100)

50,100)  0.9334 0.8849 0.8556 0.9900 0.9828 0.9782 0.9918 0.9858 0.9820 0.9319 0.8740 0.8321
100,50)  0.9035 0.8233 0.7819 0.9819 0.9670 0.9586 0.9850 0.9719 0.9653 0.9001 0.8076 0.7609

(
(
(100,200) 0.9756 0.9537 0.9418 0.9960 0.9924 0.9905 0.9967 0.9938 0.9919 0.9755 0.9529 0.9403
(200,100) 0.9561 0.9165 0.8908 0.9922 0.9850 0.9802 0.9935 0.9878 0.9838 0.9558 0.9152 0.8886
(

300,300) 0.9853 0.9722 0.9638 0.9974 0.9952 0.9938 0.9979 0.9961 0.9950 0.9853 0.9721 0.9637

Notes: Each number is the average of adjusted R? over 100 replications of regressing one of the three true factors on the estimated factors
based on the RTS, QFM(0.5), CQFM, and PCA method, respectively. We choose 7 = 0.5 for the QFM method and K = 5 for the CQFM
method.



S.4.3 Table S.3: MSE under symmetric errors

Table S.3: MSE under symmetric errors

Eit ~ N(07 1) it ~ tl

TN
(T.N) RTS QFM CQFM PCA RTS QFM CQFM PCA

(50,100)  0.098 0.135 0.110  0.088 16980540.454 0.333  0.443 19809797.706
(100,50)  0.091 0.135 0.102  0.088 15105565.250 0.330  0.493 19809805.496
(100,200) 0.048 0.070  0.055 0.045 473589.065 0.135 0.178  5497608.996
(200,100) 0.046 0.070  0.052  0.045 147530.806  0.135 0.176  5497659.458
(300,300) 0.021 0.031 0.024  0.020 58500.884 0.054  0.072  5569166.347

ey ~ Laplace(0,1) g ~0.9N(0,1) + 0.1N(0,9)
(50,100)  0.196 0.143 0.152  0.180 0.180 0.165 0.141 0.165
(100,50)  0.185 0.141 0.142 0.181 0.167 0.162 0.129 0.164
(100,200) 0.096 0.063 0.075  0.090 0.086 0.081 0.068 0.082
(200,100) 0.093 0.064 0.068 0.091 0.083 0.081 0.063 0.082
(300,300) 0.041 0.025 0.030  0.040 0.037 0.036 0.028 0.036

eir ~ 0.9N(0,1) + 0.1N(0, 100)

(50,100)  1.231 0.179 0.158 1.310
(100,50)  1.114 0.177  0.149  1.266
(100,200) 0.536 0.086 0.078  0.545
(200,100) 0.520 0.087  0.071  0.542
(300,300) 0.224 0.038 0.034 0.226

Notes: Every number is the average MSE over 100 replications for the RTS, QFM(0.5),
CQFM, and PCA method, respectively. We choose 7 = 0.5 for the QFM method and K =
for the CQFM method.

S.4.4 Table S.4: Factor number estimation under symmetric errors
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Table S.4: Estimated factor number and frequency of correct estimation for symmetric errors

(T,N) QFM CQFM PCA QFM CQFM PCA

avg. 7 Prob(7 = 3)
eiw ~ N(0,1)
(50,100) 2.5 3 3 0.59 1 1
(100,50) 2.58 3 3  0.63 1 1
(100,200)  2.94 3 3 0.95 1 1
(200,100)  2.93 3 3 093 1 1
(300,300) 3 3 3 1 1 1
it ~
(50,100) 2.43 2.67 599 0.52 0.68 0
(100,50) 2.7 26 596 0.66 0.37 0
(100,200)  2.95 2.99 6 0.96 0.99 0
(200,100)  2.93 3.44 6 0.93 0.61 0
(300,300) 3 3 6 1 1 0
g, ~ Laplace
(50,100) 2.53 3 3 0.6 1 1
(100,50) 2.63 3 3  0.66 1 1
(100,200)  2.94 3 3 095 1 1
(200,100)  2.92 3 3 0.92 1 1
(300,300) 3 3 3 1 1 1
giw ~ 0.9N(0,1) +0.1N(0,9)
(50,100) 2.54 3 3  0.62 1 1
(100,50) 2.59 3 3  0.62 1 1
(100,200)  2.94 3 3 0.95 1 1
(200,100)  2.93 3 3 093 1 1
(300,300) 3 3 3 1 1 1
gir ~ 0.9N(0,1) + 0.1N(0, 100)
(50,100) 2.55 2.8 258 0.64 0.81 0.62
(100,50) 2.59 2.86 26 0.63 0.86 0.61
(100,200)  2.94 3 3 0.95 1 1
(200,100)  2.92 3 3 0.92 1 1
(300,300) 3 3 3 1 1 1

Notes: Same as that in Table 4. Results for CQFM with ¢; error are obtained by standard-
izing the data, using eq. (13) in eq. (11), and letting K = 25 in CQFM.
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S.4.5 Table S.5: Adjusted R? under asymmetric errors with heteroskedasticity

Table S.5: Adj. R? of regressing 3 true factors on the estimated factors under asymmetric errors and heteroskedasticity

FIRTS FQRTS F3RTS FIQFM FZQFM F??FM FICQFM F2CQFM FBCQFM FIPCA FQPCA F?}DCA

g ~ skewed normal

50,100)  0.9727 0.9527 0.9397 0.9632 0.9289 0.9168 0.9755 0.9579 0.9468 0.9727 0.9527 0.9397
100,50)  0.9508 0.9128 0.8909 0.9363 0.8842 0.8488 0.9545 0.9191 0.8987 0.9510 0.9122 0.8906

(
(
(100,200) 0.9887 0.9791 0.9726 0.9846 0.9710 0.9615 0.9898 0.9813 0.9754 0.9887 0.9790 0.9725
(200,100) 0.9789 0.9587 0.9479 0.9712 0.9431 0.9288 0.9808 0.9624 0.9526 0.9789 0.9586 0.9478
(

300,300) 0.9930 0.9870 0.9831 0.9901 0.9814 0.9761 0.9938 0.9883 0.9848 0.9930 0.9870 0.9831

gy ~ skewed ¢

50,100)  0.9727 0.9521 0.9376 0.9738 0.9552 0.9388 0.9780 0.9627 0.9507 0.9728 0.9521 0.9369
100,50)  0.9517 0.9112 0.8912 0.9513 0.9104 0.8868 0.9597 0.9267 0.9104 0.9517 0.9104 0.8902

(
(
(100,200) 0.9889 0.9790 0.9725 0.9890 0.9795 0.9736 0.9910 0.9832 0.9791 0.9889 0.9789 0.9723
(200,100) 0.9789 0.9592 0.9476 0.9792 0.9600 0.9481 0.9829 0.9673 0.9578 0.9789 0.9591 0.9474
(

300,300) 0.9931 0.9870 0.9830 0.9933 0.9874 0.9835 0.9946 0.9899 0.9867 0.9931 0.9870 0.9829

gi ~ asymmetric Laplace

(50,100)  0.7231 0.5082 0.3845 0.7540 0.5467 0.3553 0.8388 0.7039 0.5807 0.7155 0.4372 0.3184



Gc

HQEFM FM FM HCQFM CQFM CQFM -
(LN)  FFS BRI pRIS N RO pQRM GO pOQRM RO fRCA pROA pECA

(100,50)  0.6480 0.3788 0.2830 0.6732 0.3722 0.3023 0.7710 0.5818 0.4495 0.6370 0.3283 0.2338
(100,200) 0.8950 0.7946 0.7178 0.8961 0.6998 0.4305 0.9447 0.8925 0.8592 0.8893 0.7679 0.6646
(200,100) 0.8381 0.6849 0.5925 0.8629 0.6080 0.3442 0.9063 0.8201 0.7776 0.8337 0.6648 0.5502
(300,300) 0.9415 0.8916 0.8588 0.9474 0.7450 0.3809 0.9686 0.9415 0.9237 0.9409 0.8892 0.8538

gy ~ log-normal

50,100)  0.1306 0.0610 0.0693 0.8032 0.5195 0.3900 0.8513 0.6820 0.5406 0.0560 0.0409 0.0464
100,50)  0.1112 0.0465 0.0307 0.7475 0.4645 0.2602 0.7924 0.6177 0.4502 0.0263 0.0247 0.0191

(
(
(100,200) 0.2022 0.0496 0.0437 0.9347 0.7346 0.2576 0.9580 0.9157 0.8825 0.0305 0.0223 0.0212
(200,100) 0.2361 0.0447 0.0297 0.8943 0.6118 0.2963 0.9291 0.8581 0.8060 0.0164 0.0137 0.0112
(

300,300) 0.4625 0.0969 0.0385 0.9636 0.7342 0.2566 0.9762 0.9520 0.9360 0.0134 0.0079 0.0081

g;+ ~ mixture of skewed normal

50,100)  0.9473 0.9091 0.8905 0.9579 0.9222 0.8970 0.9693 0.9452 0.9336 0.9458 0.9028 0.8738
100,50)  0.9096 0.8406 0.8051 0.9260 0.8605 0.8222 0.9430 0.8969 0.8750 0.9079 0.8338 0.7901

(
(
(100,200) 0.9792 0.9609 0.9501 0.9820 0.9661 0.9554 0.9876 0.9767 0.9699 0.9792 0.9604 0.9489
(200,100) 0.9620 0.9285 0.9066 0.9664 0.9360 0.9192 0.9766 0.9549 0.9421 0.9618 0.9278 0.9053
(

300,300) 0.9874 0.9764 0.9689 0.9887 0.9787 0.9722 0.9925 0.9858 0.9815 0.9874 0.9763 0.9688

Notes: Every number is the average of adjusted R? over 100 replications of regressing one of the three true factors on the estimated factors
based on the RTS, QFM(0.5), and CQFM method, respectively. We choose 7 = 0.5 for the QFM method and K = 5 for the CQFM method.
The DGP is described in eq. (14).



S.4.6 Table S.6: MSE under asymmetric errors with heteroskedasticity

Table S.6: MSE under asymmetric errors with heteroskedasticity

gt ~ skewed normal gt ~ skewed t

TN
(T.N) RTS QFM CQFM PCA  RTS QFM CQFM  PCA

(50,100)  0.534 0.711 0.480  0.506 0.533  0.502 0.426 0.507
(100,50)  0.514 0.712 0.467  0.511 0.512  0.518 0.413 0.514
(100,200) 0.246 0.349 0.220  0.240 0.246  0.240 0.193 0.241
(200,100) 0.242 0.349 0.219  0.241 0.241  0.239 0.191 0.241
(300,300) 0.105 0.159 0.094  0.104 0.106  0.104 0.082 0.104

g; ~ asymmetric Laplace g ~ log-normal

(50,100)  6.904 6.542  3.892  7.508 131.320 16.924 10.504 196.980
(100,50) 6.824 6.687  3.874  7.526 101.513 17.118 15.258 205.817
(100,200) 2.580 4.798 1.302 2.849 71.079 16.400 1.013 147.965
(200,100) 2.630 4.794 1.278 2884  54.737 16.315 1.001 132.482
(300,300) 0.970 4.156  0.505  1.006 29.903 16.143  0.405  92.768

€t ~ mixture of skewed normal

(50,100) 1.010 0.857  0.621  1.044
(100,50)  0.987 0.853  0.595  1.058
(100,200) 0.451 0.405  0.273  0.455
(200,100) 0.444 0.405  0.269  0.454
(300,300) 0.191 0.183  0.114  0.193

Notes: Every number is the average MSE over 100 replications for the RTS,
QFM(0.5), CQFM, and PCA method, respectively. We choose 7 = 0.5 for the
QFM method and K = 5 for the CQFM method. The DGP is described in eq. (14).

S.4.7 Table S.7: Factor number estimation under asymmetric errors with het-

eroskedasticity
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Table S.7: Estimated factor number and frequency of correct estimation under heteroskedas-
ticity

(T,N) QFM CQFM PCA QFM CQFM PCA

avg. 7 Prob(r = 3)

€yt ~ skewed normal

(50,100) 2.64 3.07 299 0.69 0.96 0.99
(100,50) 2.73 3.14 3  0.76 0.95 1
(100,200)  2.95 3 3 0.96 1 1
(200,100)  2.94 3 3 094 1 1
(300,300) 3 3 3 1 1 1
gt ~ skewed t
(50,100) 2.62 3.11  3.01 0.66 0.92 0.99
(100,50) 2.73 3.07 3 0.76 0.97 1
(100,200)  2.95 3 3 0.96 1 1
(200,100)  2.94 3 3 094 1 1
(300,300) 3 3 3 1 1 1
€i ~ asymmetric Laplace
(50,100) 5.36 1.98 1 0.07 0.13 0
(100,50) 5.6 1.84 1 0.02 0.13 0
(100,200)  4.86 2.89 1.02 0.02 0.73 0
(200,100)  4.97 281 1.03 0.02 0.78 0
(300,300)  4.01 3 214 0 1 024

g ~ log-normal

(50,100)  1.35  1.64 3.91 0 007 0.16
(100,50) 143  1.64 3.6 0 007 0.19
(100,200) 121 212 3.36 0 03 0.17
(200,100)  1.28 22 354 0 027 02
(300,300) 1.51  3.09 3.45 0 091 0.16

gt ~ mixture of skewed normal

(50,100)  2.65  3.22 282 07 081 082
(100,50)  2.72 325 277 071 083 0.77
(100,200)  2.95 3 3 0.96 1 1
(200,100) 297  3.03 3097 097 1
(300,300) 3 3 3 1 1 1

Notes: Same as Table 4. Results for CQFM are obtained based on the IC with eq. (13).
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S.4.8 Table S.8: Adjusted R? under asymmetric and AR(1) errors

Table S.8: Adj. R? of regressing 3 true factors on the estimated factors under asymmetric and AR(1) errors

50,100)
100,50)

(
(
(100,200)
(200,100)
(

300,300)

50,100)
100,50)

(
(
(100,200)
(200,100)
(

300,300)

(50,100)

RTS
F. 2

RTS
F 3

FIQFM

F2QFM F:?FM Fl(JQFM cmQFM

FBCQFM

"PCA
Fi

PCA
F2

PCA
F 3

g ~ skewed normal

0.9936
0.9885
0.9972
0.9948
0.9982

0.9891
0.9773
0.9949
0.9896
0.9966

0.9861
0.9726
0.9933
0.9865
0.9956

0.9899
0.9816
0.9954
0.9914
0.9970

0.9830 0.9776
0.9650 0.9575
0.9917 0.9892
0.9833 0.9783
0.9943 0.9927

0.9934
0.9876
0.9971
0.9945
0.9981

git ~ skewed t

0.9886
0.9759
0.9948
0.9891
0.9965

0.9852
0.9710
0.9931
0.9859
0.9954

0.9937
0.9885
0.9972
0.9948
0.9982

0.9892
0.9774
0.9950
0.9896
0.9966

0.9863
0.9726
0.9933
0.9865
0.9956

0.9938
0.9880
0.9971
0.9947
0.9982

0.9886
0.9780
0.9950
0.9894
0.9966

0.9857
0.9726
0.9931
0.9865
0.9956

0.9916
0.9841
0.9962
0.9927
0.9976

0.9851 0.9814
0.9702 0.9628
0.9931 0.9908
0.9858 0.9816
0.9954 0.9941

0.9939
0.9878
0.9973
0.9948
0.9983

0.9888
0.9776
0.9951
0.9896
0.9968

€y ~ asymmetric Laplace

0.9864
0.9724
0.9933
0.9866
0.9957

0.9938
0.9880
0.9972
0.9947
0.9982

0.9887
0.9781
0.9950
0.9894
0.9966

0.9858
0.9726
0.9931
0.9865
0.9956

0.9340

0.8576

0.7759

0.9150

0.8158 0.7174

0.9497

0.8967

0.8489

0.9357

0.8618

0.7769
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HQEFM FM FM HCQFM CQFM CQFM -
(LN)  FFS BRI pRIS N RO pQRM GO pOQRM RO fRCA pROA pECA

(100,50)  0.9047 0.8094 0.7557 0.8785 0.7469 0.6797 0.9223 0.8487 0.8081 0.9042 0.8058 0.7503
(100,200) 0.9749 0.9500 0.9257 0.9670 0.9327 0.8887 0.9810 0.9624 0.9478 0.9752 0.9505 0.9267
(200,100) 0.9569 0.9154 0.8875 0.9426 0.8869 0.8406 0.9662 0.9336 0.9139 0.9569 0.9152 0.8870
(300,300) 0.9854 0.9719 0.9626 0.9795 0.9591 0.9387 0.9889 0.9790 0.9720 0.9854 0.9719 0.9626

gy ~ log-normal

50,100)  0.4852 0.2127 0.0983 0.8541 0.6070 0.4188 0.8798 0.6945 0.4976 0.3534 0.1521 0.0813
100,50)  0.4321 0.1520 0.0877 0.8060 0.5435 0.3568 0.8752 0.7186 0.6046 0.2429 0.0880 0.0444

(
(
(100,200) 0.6285 0.2365 0.0705 0.9441 0.7487 0.3854 0.9767 0.9481 0.9243 0.3646 0.0980 0.0423
(200,100) 0.6333 0.2390 0.0867 0.9230 0.7252 0.3104 0.9606 0.9217 0.8941 0.2885 0.0525 0.0279
(

300,300) 0.8357 0.5227 0.1730 0.9724 0.7799 0.3441 0.9881 0.9769 0.9693 0.4888 0.0831 0.0216

g;+ ~ mixture of skewed normal

50,100)  0.9878 0.9791 0.9732 0.9869 0.9774 0.9707 0.9902 0.9841 0.9789 0.9881 0.9793 0.9736
100,50)  0.9782 0.9597 0.9492 0.9759 0.9546 0.9448 0.9819 0.9661 0.9585 0.9783 0.9597 0.9490

(
(
(100,200) 0.9949 0.9902 0.9876 0.9943 0.9890 0.9853 0.9959 0.9922 0.9901 0.9949 0.9902 0.9877
(200,100) 0.9905 0.9806 0.9755 0.9889 0.9777 0.9719 0.9923 0.9843 0.9802 0.9906 0.9806 0.9755
(

300,300) 0.9968 0.9939 0.9923 0.9962 0.9928 0.9908 0.9974 0.9952 0.9938 0.9968 0.9939 0.9923

Notes: Each number is the average of adjusted R? over 100 replications of regressing one of the three true factors on the estimated factors
based on the RTS, QFM(0.5), and CQFM method, respectively. We choose 7 = 0.5 for the QFM method and K = 5 for the CQFM method.
The DGP is described in eq. (15).



S.4.9 Table S.9: MSE under asymmetric and AR(1) errors

Table S.9: MSE under asymmetric and AR(1) errors

gir ~ skewed normal gt ~ skewed t

TN
(T.N) RTS QFM CQFM PCA RTS QFM CQFM PCA

(50,100)  0.186 0.245 0.184 0.173 0.187 0.213  0.175 0.176
(100,50)  0.152 0.219 0.156  0.147 0.151 0.188  0.147  0.148
(100,200) 0.091 0.128 0.091  0.087 0.092 0.108  0.087  0.087
(200,100) 0.076 0.114  0.077  0.074 0.077 0.096  0.073  0.075
(300,300) 0.038 0.056 0.039 0.036 0.038 0.046  0.037  0.036

gy ~ asymmetric Laplace gy ~ log-normal

(50,100)  1.981 2.324 1.466  1.947 42.800 10.486 12.697 49.761
(100,50)  1.519 1.982 1.156  1.551 37.263  7.648 5.144  48.708
(100,200) 0.824 1.175 0.618  0.811 28.682 7.136 0.898 36.477
(200,100) 0.672 0.988 0.510  0.670 23.374 6.964 0.662 37.015
(300,300) 0.312 0.510 0.235 0309 13.940 6.830 0.280 24.307

g;¢ ~ mixture of skewed normal

(50,100)  0.344 0.339  0.275  0.326
(100,50)  0.280 0.296  0.226  0.276
(100,200) 0.167 0.172  0.131  0.161
(200,100) 0.138 0.151  0.110  0.135
(300,300) 0.068 0.073  0.054  0.066

Notes: Every number is the average MSE over 100 replications for the RTS,
QFM(0.5), CQFM, and PCA method, respectively. We choose 7 = 0.5 for the
QFM method and K = 5 for the CQFM method. The DGP is described in

eq. (15).

S.4.10 Table S.10: Factor number estimation under asymmetric AR(1) errors

S.5 Additional figures

S.5.1 Figure S.1: Scree plot of the macroeconomic data set

S.5.2 Figure S.2: Time series plot of the 3rd, 4th, and 5th CQFM and PCA

factors
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Table S.10: Estimated factor number and frequency of correct estimation under asymmetric
AR(1) errors

(TN)  QFM CQFM PCA QFM CQFM PCA
avg. 7 Prob(7 = 3)

g, ~ skewed normal

(50,100) 2.54 3 324 061 1 079
(100,50) 2.61 3 3 0.66 1 1
(100,200)  2.94 3 3 095 1 1
(200,100)  2.92 3 3 092 1 1
(300,300) 3 3 3 1 1 1
€ir ~ skewed t
(50,100) 2.5 3 327 0.58 1 0.8
(100,50) 2.6 3 3  0.63 1 1
(100,200)  2.94 3 3.01 095 1 0.99
(200,100)  2.93 3 3 093 1 1
(300,300) 3 3 3 1 1 1

€y ~ asymmetric Laplace

(50,100) 321 123 3.13 044 0 068
(100,50) 31 113 281 057 001 081
(100,200)  3.34 243 3062 048 1
(200,100) 324  2.38 3072 041 1
(300,300)  3.87 3 3 013 1 1

gt ~ log-normal

(50,100) 3.9 2.96 5.5 0.21 0 0.04
(100,50) 3.68 5.45 44 032 0.04 0.09
(100,200)  3.37 549 487 0.51 0.01 0.13
(200,100)  3.35 491 4.03 0.53 0.06 0.17
(300,300)  3.96 3.77 4.6 0.04 0.41 0.12

g1 ~ mixture of skewed normal

(50,100)  2.58 3 334 065 1 072
(100,50)  2.62 3 3 0.68 1 1
(100,200)  2.94 3 3095 1 1
(200,100)  2.94 3 3 0.94 1 1
(300,300) 3 3 3 1 1 1

Notes: Same as Table 4. Results for CQFM under log-normal error are obtained using the

IC with eq. (13); all other CQFM results are obtained using the IC with eq. (12).
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Scree plot of the quarterly macroeconomic data with 246 variables
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Variances
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the first 10 eigenvalues

Figure S.1: Scree plot of the first ten eigenvalues of the standardized data matrix YY’/T,
where Y is a 255 x 246 matrix.
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Figure S.2: The 4th, 5th, and 6th CQFM and PCA factors from 1959/3/1 to 2023/3/1
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