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Abstract

This paper investigates double/debiased machine learning (DML) under multiway clustered
sampling environments. We propose a novel multiway cross fitting algorithm and a multiway
DML estimator based on this algorithm. We also develop a multiway cluster robust standard error
formula. Simulations indicate that the proposed procedure has favorable finite sample performance.
Applying the proposed method to market share data for demand analysis, we obtain larger two-way

cluster robust standard errors for the price coefficient than non-robust ones in the demand model.
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1 Introduction

We propose a novel multiway cross fitting algorithm and a double/debiased machine learning (DML)
estimator based on the proposed algorithm. This objective is motivated by recently growing interest in
use of dependent cross sectional data and recently increasing demand for DML methods in empirical
research. On one hand, researchers frequently use multiway cluster sampled data in empirical studies,
such as network data, matched employer-employee data, matched student-teacher data, scanner data
where observations are double-indexed by stores and products, and market share data where obser-
vations are double-indexed by market and products. On the other hand, we have witnessed rapidly
increasing popularity of machine learning methods in empirical studies, such as random forests, lasso,
post-lasso, elastic nets, ridge, deep neural networks, and boosted trees among others. To date, avail-
able DML methods focus on i.i.d. sampled data. In light of the aforementioned research environments
today, a new method of DML that is applicable to multiway cluster sampled data may well be of
interest by empirical researchers.

The DML was proposed by the recent influential paper by [Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, N
(CCDDHNR, 2018). They provide a general DML toolbox for estimation and inference for structural
parameters with high-dimensional and /or infinite-dimensional nuisance parameters. In that paper, the
estimation method and properties of the estimator are presented under the typical microeconometric
assumption of i.i.d. sampling. We advance this frontier literature of DML by proposing a modified
DML estimation procedure with multiway cross fitting, which accommodates multiway cluster sam-
pled data. Even for multiway cluster sampled data, we show that the proposed DML procedure works
under nearly identical set of assumptions to that of CCDDHNR (2018). To our best knowledge, the
present paper is the first to consider generic DML methods under multiway cluster sampling.

Another branch of the literature following the seminal work by |Cameron, Gelbach, and Millen
(2011) proposes multiway cluster robust inference methods. Menzel (2017) conducts formal analyses
of bootstrap validity under multiway cluster sampling robustly accounting for non-degenerate and
degenerate cases. Davezies, D’Haultfoeuille, and Guyonvarchl (2018) develop empirical process theory
under multiway cluster sampling which applies to a large class of models. We advance this practically

important literature by developing a multiway cluster robust inference method based on DML. In



deriving theoretical properties of the proposed estimator, we take advantage of the Aldous-Hoover
representation employed by the preceding papers. To our knowledge, the present paper is the first in

this literature on multiway clustering to develop generic DML methods.

1.1 Relations to the Literature

The past few years have seen a fast growing literature in machine learning based econometric meth-
ods. For general overviews of the field, see, e.g., |/Athey and Imbens (2019) or Mullainathan and Spiess
(2017). For areview of estimation and inference methods for high-dimensional data, see Belloni, Chernozhukov, and H
(2014a). For an overview of data sketching methods tackling computationally impractically large
number of observations, see [Lee and Ng (2019). The DML of CCDDHNR (2018) is built upon
Belloni, Chernozhukov, and Kato (2015), which proposes to use Neyman orthogonal moments for a
general class of Z-estimation statistical problems in the presence of high-dimensional nuisance parame-
ters. This framework is further generalized in different directions by |Belloni, Chernozhukov, Fernandez-Val, and Hanse
(2017) and Belloni, Chernozhukov, Chetverikov, and Wei (2018). CCDDHNR, (2018) combine the use
of Neyman orthogonality condition with cross fitting to provide a simple yet widely applicable frame-
work that covers a large class of models under i.i.d. settings. The DML is also compatible with various
types of machine learning based methods for nuisance parameter estimation.

Driven by the need from empiricists, the literature on cluster robust inference has a long his-
tory in econometrics. For recent review of the literature, see, e.g., |Cameron and Miller (2015) and
MacKinnon (2019). On the other hand, coping with cross-sectional dependence using a multiway clus-
ter robust variance estimator is a relatively recent phenomenon. |Cameron et all (2011) first provide a
multiway cluster robust variance estimator for linear regression models without imposing additional
parametric assumptions on the intra-cluster correlation structure. This variance estimator has signifi-
cantly reshaped the landscape of econometric practices in applied microeconomics in the past decade
In contrast to the popularity among empirical researchers, theoretical justification of the validity of
this type of procedures was lagging behind. The first rigorous treatment of asymptotic properties of

multiway cluster robust estimators are established by Menzel (2017) using the Aldous-Hoover repre-

1As of December 31, 2019, |[Cameron et all (2011) has received over 2,500 citations. The majority of such citations

came from applied economic papers.



sentation under the assumptions of separable exchangeability and dissociation. The asymptotic theory

of Menzel (2017) covers both non-degenerate and degenerate cases. Focusing on non-degenerate situa-

tions, Davezies et all (2018) further extend this approach to a general empirical process theoryld Using

this asymptotic framework, MacKinnon, Nielsen, and Webb (2019) study linear regression models un-

der the non-degenerate case and examine the validity of several types of wild bootstrap procedures
and the robustness of multiway cluster robust variance estimators under different cluster sampling
settings.

Despite of the popularity of both machine learning and cluster robust inference among empirical
researchers, relatively limited cluster robust inference results exist for machine learning based methods.

Inference for machine learning based methods with one-way clustering is studied by Belloni, Chernozhukov, Hansen, ar
2016), Kock (2016), Kock and Tang (2019), [Semenova, Goldman, Chernozhukov, and Taddy (2018)

and Hansen and Liad (2019) for different variations of regularized regression estimators and |Athey and Wager

2019) for random forests. |Chiang and Sasaki (2019) investigate the performance of lasso and post-

lasso in the partially linear model setting of Belloni, Chernozhukov, and Hansenl (2014h) under multi-

way cluster sampling. To our best knowledge, there is no general machine learning based procedures

with known validity under multiway cluster sampling environments.

2 Overview

2.1 Setup

Suppose that the researcher observes a sample { W;;|i € {1,..., N},j € {1,..., M'}} of double-indexed
observations of size NM. Let P denote the probability law of {W;;},;, and let Ep denote the expecta-
tion with respect to P. Let C = N A M denote the sample size in the smaller dimension. We consider
two-way clustering where each cell contains one observation for simplicity of notations, but results
for higher cluster dimensions and random cluster sizes can be obtained at the expense of involved

notations — see Appendix [C] for a general case.

[
2See also [Davezies, D’Haultfoeuille, and nggnvargd 21!14) for further generalization of the empirical process theory

for dyadic data under joint exchangeability assumption.




The structural model is assumed to entail the moment restriction

Ep[y)(Wi1;00,n0)] =0 (2.1)

for some score v that depends on a low-dimensional parameter vector # € © C R% and a nuisance
parameter n € T for a convex subset T’ of a normed linear space. The nuisance parameter 1 may be
finite-, high-, or infinite-dimensional, and its true value is denoted by 79 € T'. In this setup, the true
value of the low-dimensional target parameter, denoted by 6y € ©, is the object of interest.

Let T = {n—mno :m € T}, and define the Gateaux derivative map D, : T — R% by

Dy[n —no] := 5T{EP[¢(W11; 0o, m0 +7(n — ?70))]}

for all € [0,1). Also denote its limit by

OnEpy (W13 00,1m0)[n — no] := Do[n — nol.

We say that the Neyman orthogonality condition holds at (6y, 179) with respect to a nuisance realization
set T, C T if the score 9 satisfies (2.I]), the pathwise derivative D,.[n — no] exists for all » € [0,1) and

n € Tn, and the orthogonality equation

O Epy(Wi1;00,m0)[n —no) = 0 (2.2)

holds for all € T,,. Furthermore, we also say that the A\, Neyman near-orthogonality condition holds
at (6o, m0) with respect to a nuisance realization set 7, C T if the score 1 satisfies (2.1]), the pathwise

derivative D,.[n — ng| exists for all r € [0,1) and 7 € 7, and the orthogonality equation

sup |0, OV o, 10) =l | < Ao (2.3)

holds for all n € 7, for some positive sequence {A, }, such that A\, = O(Q_l/ 2).
Throughout, we will consider structural models satisfying the moment restriction (2I]) and either
form of the Neyman orthogonality conditions, (2.2)) or (23]). Consider linear Neyman orthogonal

scores 1 of the form
Y(w;0,n) = Y (w;n)0 + P (w;n), for all w € supp(W), § € ©, n € T. (2.4)

A generalization to nonlinear score follows from linearization with Gateaux differentiability as in

Section 3.3 of CCDDHNR (2018). We focus on linear scores as they cover a wide range of applications.



2.2 The Multiway Double/Debiased Machine Learning

For the class of models introduced in Section 2.1, we propose a novel K?-fold multiway cross fitting
procedure for estimation of §y. For any r € N, we use the notation [r] = {1,...,7}. With a fixed positive
integer K, randomly partition [N] into K parts {I1,..., [k} and [M] into K parts {.J1,..., Jx}. For

each (k, /) € [K]?, obtain an estimate

ke = 1 (Wig) i) e (NN < (M)

of the nuisance parameter 1 by some machine learning method (e.g., lasso, post-lasso, elastic nets,
ridge, deep neural networks, and boosted trees) using only the subsample of those observations with
multiway indices (i,5) in ([N]\ Iz) x ([M]\ Ji). In turn, we define 6, the multiway double/debiased

machine learning (multiway DML) estimator for 6y, as the solution to

1 ~
el > Eugelto(W;6,7k0)] =0, (2.5)
(kL)E[K]?
where E, po[f(W)] = m Z(L jenoxg, ,(Wij) denotes the subsample empirical expectation using

only the those observations with multiway indices (i,7) in I x Jp.

We call this procedure the K?-fold multiway cross fitting. Note that, for each (k,¢) € [K]?, the
nuisance parameter estimate 7, is computed using the subsample of those observations with multiway
indices (7,7) € ([N]\ Ix) x ([M]\ J;), and in turn the score term IE,, j¢[t)(W -, 7i¢)] is computed using
the subsample of those observations with multiway indices (4, j) € I x J;. This two-step computation
is repeated K? times for every partitioning pair (k,#) € [K]?. Figure [ illustrates this K2-fold cross

fitting for the case of K = 2 and N = M = 4, where the cross fitting repeats for K?(= 22 = 4) times.

Remark 1. This estimator is a multiway-counterpart of DML2 in CCDDHNR (2018). It is also
possible to consider the multiway-counterpart of their DML1. With this said, we focus on this current
estimator following their simulation finding that DML2 outperforms their DML1 in most situation

settings due to the stability of the score function.

Remark 2 (Higher Cluster Dimensions). When we have a-way clustering for an integer av > 2, the
above algorithm can be easily generalized into a K®-fold multiway DML estimator. See Appendix [C]

for a generalization.



Figure 1: An illustration of 22-fold cross fitting.
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We propose to estimate the asymptotic variance of /C (5 —0p) by

52 =J 0T, (2.6)

where T and J are given by
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accounting for multiway cluster dependence. For a dy-dimensional vector r, the (1 — a) confidence

interval for the linear functional 7’6y can be constructed by

Cl, := [0 £ ® (1 — a/2)\/75%r/C).

2.3 Example: Partially Linear IV Model with Multiway Cluster Sample

For an illustration, consider as a concrete example the partially linear IV model (cf. Okui, Small, Tan

and Robins,

201

; CCDDHNR, 2018, Section 4.2) adapted to the multiway cluster sample data:
Y,’j :Dijeo + g()(Xij) + €5, Ep[eij|Xij, Zij] =0, (2.7)
Zij :mo(Xij) + vij, Ep[’l)ij|Xij] =0. (28)



A researcher observes the random variables Y;;, D;;, X;;, and Z;;, which are typically interpreted
as the outcome, endogenous regressor, exogenous regressors, and instrumental variable, respectively.
The low-dimensional parameter vector g is an object of interest.

A Neyman orthogonal score v for such model is given by

b(w;b,m) = (y — g1(x) = 6(d — g2(2)))(z — m()) (2.9)

as in |Okui et all (2012) and CCDDHNR (2018), where w = (y,d,x,z), n = (91,92, m) and g1, g2,
m € L?(P). It is straightforward to verify that this score satisfies both the moment restriction (Z.1]),
Ep[t)(Wi1;60,m0)] = 0, and the Neyman orthogonality condition (22)), 0,Ep¢(Wi1;60,m0)[n — 10} =0
for all n € Ty at 1m0 = (10, 920, mo), where g19(X) = Ep[Y[X], g20(X) = Ep[D|X], and mo(X) =
Ep[Z|X].

The following algorithm is our proposed multiway DML procedure introduced in Section 2.2]

specifically applied to this partially linear IV model.

Algorithm 1 (K?2-fold Multiway DML for Partially Linear IV Model with Lasso).
1. Randomly partition [N] into K parts {I1,...,Ix} and [M] into K parts {J1,..., Jx}.
2. For each (k, () € [K]*:

(a) Run a lasso of Y on X to obtain gy e(x) = xlﬁkg using observations from I x J§.
(b) Run a lasso of D on X to obtain ga pe(x) = x'9e using observations from If x J§.

(¢) Run a lasso of Z on X to obtain mye(r) = 2'&re using observations from Ig x Jj.

3. Solve the equation

1 ~ R ~
K? > Bkl (Yij — XiBre — 0(Dij — X[;Ake))(Zij — XiiEke)] = 0
(k,0€[K]?

for 0 to obtain the multiway DML estimate 0.

4. Let é\ij = Y;j - nggkg - g(DZJ - X{jﬁkg), aij = Dij - X{jakﬁ; and i}\ij = Zij - Xl{jgkg fOT each

1, 1,

(i,7) € I x Jy for each (k,f) € [K]?, and let the multiway DML asymptotic variance estimator



be given by

1 e~ (AT I[N -
P =T X[ S St (i X 3 a0,
=1/{=1

1€ly, j,5'€Jy 1,3/ €ly, jEJ,

K K
Z > B eeltijig]-

k=1 /=1

5. Report the estimate 0, its standard error V0?2 /C, and/or the (1 — a) confidence interval
Cl, = [éi 11— a/2)\/32/Q} .

For the sake of concreteness, we present this algorithm specifically based on lasso (in the three
sub-steps under step 2), but another machine learning method (e.g., post-lasso, elastic nets, ridge,

deep neural networks, and boosted trees) may be substituted for lasso.

Example 1 (Demand Analysis). Consider the model of Berry (1994) in which consumer ¢ derives the

utility
52’]’ + X,-jac + Ecij

from choosing product 7 in market j, where £.;; independently follows the Type I Extreme Value

distribution, a. is a random coefficient, and the mean utility §;; takes the linear-index form
0ij = Dj;00 + €.
In this framework, [Lu, Shi, and Tad (2019, Equation (9)) derive the partial-linear equation
Yij = D;jbo + go(Xij) + €5

for estimation of 6y, where Y;; = log(S;;) — log(Sp;) denotes the observed log share of product i
relative to the log of the outside share. Since D;; usually consists of the endogenous price of product
i in market j, researchers often use instruments Z;; such that Ep[e;;|X;;, Z;;] = 0. This yields the
reduced-form equation (2.7)), together with the innocuous nonparametric projection equation (2.8]).

Since the random vector W;; = (Yij, Dij, Xij, Zij) is double-indexed by product ¢ and market j,



the sample naturally entails two-way dependence. Specifically, for each product i, {W;; }]]Vil is likely
dependent through a supply shock by the producer of product ¢. Similarly, for each market 7, {WZ]}ZA;l
is likely dependent through a demand shock in market j. As such, instead of using standard errors
based on i.i.d. sampling, we recommend that a researcher uses the two-way cluster-robust standard

error based on Algorithm [l A

3 Theory of the Multiway DML

In this section, we present formal theories to guarantee that the multiway DML method proposed in
Section 2 works. We first fix some notations for convenience. The two-way sample sizes (N, M) € N?
will be index by a single index n € N as (N, M) = (N(n), M(n)) where M(n) and N(n) are non-
decreasing in n and M (n)N(n) is increasing in n. With this said, we will suppress the index notation
and write (N, M) for simplicity. Let {P,}, be a sequence of sets of probability laws of {W;;};; — note
that we allow for increasing dimensionality of W;; in the sample size n. Let P = P, € P, denote
the law with respect to sample size (N, M). Throughout, we assume that this random vector Wj; is
Borel measurable. Recall the notations C = N A M, uy = C/N, and pp = C /M, and suppose that
UN — AN, pyp — pa- We write a < b to mean a < ¢b for some ¢ > 0 that does not depend on n.
We also write a Sp b to mean a = Op(b). For any finite dimensional vector v, ||v| denotes the ¢ or
Euclidean norm of v. For any matrix A, || A|| denotes the induced ¢3-norm of the matrix. For any set
B, |B| denotes the cardinality of the set.

We state the following assumption on multiway clustered sampling.
Assumption 1 (Sampling). Suppose C — oo. The following conditions hold for each n.

(1) (Wij)(i,j)en2 is an infinite sequence of separately exchangeable p-dimensional random vectors.

That is, for any permutations m; and mo of N, we have
a
(Wi')(i,j)ew = (Wm(i)ﬂz(j))(i,j)éw'

(il) (Wij)@j)enz is dissociated. That is, for any (ci,c2) € N?, (Wij)igfe] jefes] 15 independent of

(Wijicler)e jeleale-

10



(iii) For each n, an econometrician observes (W;;)ic(ny,je[m]-
Recall that we focus on the linear Neyman orthogonal score of the form
Y(w;0,m) = Y (w;n) + 1/Jb(’w; n), for all w € supp(W), 0 € ©, ne T.

Let ¢cg >0, ¢; >0, s >0, ¢ > 4 be some finite constants with ¢y < ¢1. Let {d,,}n>1 (estimation errors)
and {A,},>1 (probability bounds) be sequences of positive constants that converge to zero such that
6n > C~ Y2 Let K > 2 be a fixed integer. Let Wy denote a copy of Wiy that is independent from the
data and the random set 7, of nuisance realization. With these notations, we consider the following

assumptions.

Assumption 2 (Linear Neyman Orthogonal Score). For C' > 3 and P € P, the following conditions
hold.

(i) The true parameter value 6y satisfies (2.1]).
(ii) v is linear in the sense that it satisfies (2.4]).
(iii) The map n — Ep[y(Wyo;0,n)] is twice continuously Gateaux differentiable on 7.

(iv) 1 satisfies either the Neyman orthogonality condition (2.2)) or more generally the Neyman A,

near orthogonality condition at (6y,79) with respect to a nuisance realization set 7, C T as

Ap 1= sup “877EP¢(W00§907770)[77 - HO]H < 5,072,
NnE€Tn

(v) The identification condition holds as the singular values of the matrix Jy := Ep[)®(W11;m0)] are

between ¢y and c¢;.

Assumption 3 (Score Regularity and Nuisance Parameter Estimators). For all C > 3 and P € P,,

the following conditions hold.

(i) Given random subsets I C [N] and J C [M] such that |I| x |J| = |[NM/K?|, the nuisance
parameter estimator 7 = 7((Wi;) (i jjerexse), where the complements are taken with respect to
[N] and [M], respectively, belongs to the realization set 7, with probability at least 1 — A,,,

where 7T, contains 7.

11



(ii) The following moment conditions hold:

My, == sup (Ep(||v(Woo; 0o, m)[| 7))/ < c1,
n€Tn

ml, == sup (Ep[||v* (Woo; )| 1) /9 < e
n€Tn

(iii) The following conditions on the rates r,, 7/, and A/, hold:

Ty = Sll71_> |Ep[¥*(Woo;n)] — Ep[v*(Woo; no)]|| < 0n,
776 n

Ty = SU7I_)(”EP[¢(W00;90,?7)] — Ep[v(Woo; 60, m0)][1*) "/ < 0,
n€Tn

A= sup [[O2Ep[v(Woo; o, m0 + (1 — 1m0))]|| < 6n/+/C.
re(0,1),n€Tn

(iv) All eigenvalues of the matrix

I:=anTn + gl = BNEpR[(Wit;600,m0)0 (Waa; 60,m0)] + B Ep [ (Wit; 6o, m0)(Wai; 6o, m0)']-
are bounded from below by c¢g.

Remark 3 (Discussion of the Assumptions). Assumption [I]is similar to those of the preceding work on
multiway cluster robust inference (cf. Menzel, 2017; [Davezies et al!, 2018; |Chiang and Sasaki, 2019).
Menzel (2017) does not invoke the dissociation, and follows an alternative approach to inference. The
other papers assume both the separate exchangeability and dissociation, and conduct unconditional
inference as in this paper. See [Kallenberg (2006, Corollary 7.23 and Lemma 7.35) for representations
with and without the dissociation under the separate exchangeability. Assumption Plis closely related
to Assumptions 3.1 of CCDDHNR (2018). It requires the score to be Neyman near orthogonal —
see their Section 2.2.1 for the procedure of orthogonalizing a non-orthogonal score. It also imposes
some mild smoothness and identification conditions. Assumption Bl corresponds to Assumption 3.2 of
CCDDHNR (2018). It imposes some high level conditions on the quality of the nuisance parameter
estimator as well as the non-degeneracy of the asymptotic variance. This rules out the degenerate

cases such as Example 1.6 of Menzel (2017).

Remark 4 (Partial Distributions). Assumptions 2 and [3 state conditions based on Wy, differently
from CCDDHNR (2018), because of our need to deal with dependent observations in cross fitting in

our multiway DML framework.

12



The following result presents the main theorem of this paper, establishing the linear representa-
tion and asymptotic normality of the multiway DML estimator. It corresponds to Theorem 3.1 of

CCDDHNR (2018), and is an extension of it to the case of multiway cluster sampling.

Theorem 1 (Main Result). Suppose that Assumptions[d, [2 and 3 are satisfied. If 6, > c1/2 for all

C > 1, then

N M
Vo (i) - LMZZ Wis) +Op(pu) = N0, I,

holds uniformly over P € Py, where the size of the remainder terms follows
pn 1= C72 1+ CYPN + CV2X, S 6,

the influence function takes the form (-) = —J_lJo_lij)(-; 0o,m0), and the asymptotic variance is given

by
o= Jy'r (Y. (3.1)

As is commonly the case in practice, we need to estimate the unknown asymptotic variance. The

following theorem shows the validity of our proposed multiway DML variance estimator.

Theorem 2 (Variance Estimator). Under the assumptions required by Theorem [1, we have

52 =02+ Op(pn).

Furthermore, the statement of Theorem [l holds true with G2 in place of 0.
Theorems [I] and (2] can be used for constructing confidence intervals.

Corollary 1. Suppose that all the Assumptions required by Theorem [l are satisfied. Let r be a dg-

dimensional vector. The (1 —a) confidence interval of r'6y given by

CI, :=[r'0 + &' (1 — a/2)\/752r/C]

satisfies

sup |Pp(6y € Cl,) — (1 —a)| — 0.
PePy,

13



As in Section 3.4 of CCDDHNR (2018), we can also repeatedly compute multiway DML estimates
and variance estimates S-times for some fixed S € N and consider the average or median of the
estimates as the new estimate. This does not have an asymptotic impact, yet it can reduce the impact

of a random sample splitting on the estimate.

4 Simulation Studies

4.1 Simulation Setup

Consider the partially linear IV model introduced in Section 23] We specifically focus on the following

high-dimensional linear representations

Yij =Dij00 + X;;Co + €3
Dij =Zijmio + Xm0 + vij,

Zij =X;€0 + Vij,

where the parameter values are set to fp = 719 = 1.0 and (g = m = & = (0.5,.0.52, - - - ,0.5dim(X))’

for some large dim(X). The primitive random vector (X{j, €ij, Vij, Vi)' is constructed by

X X\ X X X X X
Xij=(1—-wi —w )aij twiap +wyaj,
€ € € € € € €
€ij = (1—wi— w2)aij + wio; + whay,

vij = (1 —wi —wy)ay; +wiaf +wjaj, and

V_ VNV, V.V V.V
Vij=(1—-w —wy)ay; +wy o +wya

: : : X X € € v vV oV X X X
with two-way clustering weights (wi', w3 ), (wf,w$), (w},w3), and (wy ,wy ), where oj3, o;, and «;

are independently generated according to

0 1 dim(X)—2 dim(X)—1
SX SX R SX SX
1 0 dim(X)—3 dim(X)—2
SX SX A SX SX
X X X
aij7ai7aj ~ N 0, s
dim(X)—2 dim(X)—3 0 1
S S s S S
X X X X
dim(X)—1 dim(X)—2
N

14



(af;,08;), (af,af)', and (a5, af)" are independently generated according to
af. ot € 1 S
%] 7 ] €V
b ) ~ N 07 b
v v v
Qg o a; Sev 1
and o, oV, and " are independently generated according to
igr i o j P y & g

a%,ay,a}/ ~ N(0,1).

The weights (wiX, ws’ ), (wf,ws), (WY¥,wy), and (w],wy) specify the extent of dependence in two-way
clustering in X;;, €;;, v;;j, and V;;, respepctively. The parameter sx specifies the extent of collinearity
among the high-dimensional regressors X;;. The parameter s, specifies the extent of endogeneity.
We set the values of these parameters to (wi,ws) = (w§,ws) = (W}, wd) = (w},wy) = (0.25,0.25)

and sy = S¢, = 0.25.

4.2 Results

Monte Carlo simulations are conducted with 2,500 iterations for each set. Table [ reports simulation
results. The first four columns in the table indicate the data generating process (N, M, C, and
dim(X)). The next column indicates the integer K for our K2-fold cross fitting method. We use
K = 2 and 3 in the simulations for the displayed results, since 2?(~ 5) and 32(~ 10) are close to the
common numbers of folds used in cross fitting in practice. The next column indicates the machine
learning method for estimation of 7;,. We use the ridge, elastic net, and lasso. The last four columns
of the table report Monte Carlo simulation statistics, including the bias (Bias), standard deviation
(SD), root mean square error (RMSE), and coverage frequency for the nominal probability of 95%
(Cover).

For each covariate dimension dim(X) € {100,200}, for each choice K € {2,3} for the number K>
of multiway cross fitting, and for each of the three machine learning methods, we observe the following
patterns as the effective sample size C = N A M increases: 1) the bias tends to zero; 2) the standard
deviation decreases approximately at the /C rate; and 3) the coverage frequency converges to the
nominal probability. These results confirm the theoretical properties of the proposed method. We
ran several other sets of simulations besides those displayed in the table, and this pattern remains the

same across different sets.
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Comparing the results across the three machine learning methods, we observe that the ridge entails
larger bias and smaller variance relative to the elastic net and lasso in finite sample. This makes the
coverage frequency of the ridge less accurate compared with the elastic net and lasso. This result is
perhaps specific to the data generating process used for our simulations. On one hand, the choice
K =3 (i.e., 9-fold) of the multiway cross fitting contributes to mitigating the large bias of the ridge
relative to the choice K = 2, and hence K = 3 produces more preferred results for the ridge. On the
other hand, the choice K = 2 tends to yield preferred results in terms of coverage accuracy for the
elastic net and lasso. In light of these results, we recommend the elastic net or lasso along with the
use of 22- fold (i.e., 4-fold) cross fitting. This number of folds in cross fitting is in fact similar to that
recommended by CCDDHNR (2018) for i.i.d. sampling — see their Remark 3.1 where they recommend
4- or 5-fold cross fitting.

5 Empirical Illustration: Demand Analysis with Market Share Data

Let us revisit the demand model of Example [l in Section 23] Recall that, for the consumer demand
model of Berry (1994) introduced in Example[I] ILu et all (2019, Equation (9)) derive the partial-linear

equation
Yij = Dijbo + go(Xij) + € (5.1)

for estimation of 6y, where Y;; = log(S;;) —log(So;) denotes the observed log share of product i relative
to the log of the outside share in market j, D;; denotes the log price of product ¢ in market j, and Xj;
denotes a vector of observed attributes of product ¢ in market j. To deal with the likely endogeneity
of D;;, researchers often use instruments Z;; such that Eple;;|X;;, Z;;] = 0. Such instruments often
consist of observed attributes of other products in the market.
The implied equation (5.]]) together with this mean independence assumption yields the reduced-
form model (2.7). Furthermore, we write the innocuous nonparametric projection equation (2.8]).
Therefore, we apply Algorithm [ in Section for the two-way cluster robust DML estimation of 6
with a robust standard error.
We present an application of the proposed algorithm to the U.S. automobile data of Berry, Levinsohn, and Pakes

(1995). The sample consists of unbalanced two-way clustered observations with N = 557 models of
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automobiles and M = 20 markets. The observed attributes X;; consist of horsepower per weight,
miles per dollar, miles per gallon, and size. The instrument Z;; is defined as the sum of the values of
these attributes of other products.

For the purpose of highlighting the effect of clustering assumptions, we report estimates and
standard errors under the zero-way cluster robust DML (based on the ii.d. assumption) and the
one-way cluster robust DML (based on clustering along each of the product and market dimensions),
as well as the two-way cluster robust DML (along both of the product and market dimensions). The
number K = 4 of folds of cross fitting is used for the zero- and one-way cluster robust DML, while
the number K2 = 4 of folds of two-way cross fitting is used for the two-way cluster robust DML
following the recommendations from Section 4 and those by CCDDHNR (2018, Remark 3.1). To
mitigate the uncertainty induced by sample splitting, we compute estimates based on the average of
ten rerandomized DML following CCDDHNR (2018, Section 3.4) with variance estimation according
to CCDDHNR (2018, Equation 3.13) adapted to our two-way cluster-robustness.

Table 2l summarizes the results. For each of the zero-, one-, and two-way cluster robust DML, both
the point estimates and standard errors are similar across all the choices of instrument. Furthermore,
the point estimates are also similar across all of the zero-, one-, and two-way cluster robust DML.
On the other hand, the standard errors tend to increase as the assumed number of ways of clustering
increases. In other words, the zero-way cluster robust DML reports the smallest standard error while
the two-way cluster robust DML reports the largest standard error. To robustly account for possible
cross-sectional dependence of observations in such two-way cluster sampled data as this market share
data, we recommend that researchers use the two-way cluster robust DML although it may incur

larger standard errors as is the case with this application.

6 Conclusion

In this paper, we propose a multiway DML procedure based on a new multiway cross fitting algorithm.
This multiway DML procedure is valid in the presence of multiway cluster sampled data, which is
frequently used in empirical research. We present an asymptotic theory showing that multiway DML

is valid under nearly identical reguarity conditions to those of CCDDHNR (2018). The proposed
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method covers a large class of econometric models as is the case with CCDDHNR (2018), and is
compatible with various machine learning based estimation methods. Simulation studies indicate that
the proposed procedure has attractive finite sample performance under various multiway cluster sam-
pling environments for various machine learning methods. To accompany the theoretical findings, we
provide easy-to-implement algorithms for multiway DML. Such algorithms are readily implementable
using existing statistical packages.

There are a couple of possible directions for future research. First, whereas we focused on
linear orthogonal scores that cover a wide range of applications, it may be possible to develop a
method and theories for non-linear orthogonal scores as in CCDDHNR (2018; Section 3.3). Second,
whereas we focused on unconditional moment restrictions, it may be possible and will be impor-
tant to develop a method and theories for conditional moment restrictions (Ai and Chen, 2003, 2007;
Chen, Linton, and Van Keilegom, [2003; |Chen and Pouzo, 2015). We leave these and other extensions

for future research.
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Appendix

A  Proofs of the Main Results

For any (i,j) € I x Jy, we use the shorthand notation Ep[f(W;;)|I; x J;] to denote the conditional

expectation Ep[f(Wi;)|(Wirj )@ jne(N\1) x ((M)\J,)] Whenever one exists.

A.1 Proof of Theorem [IJ

Proof. In this proof we try to follow as parallelly as possible the five steps of the proof of Theorem
3.1 of CCDDHNR (2018) although all the asymptotic arguments are properly modified to account for
multiway cluster sampling.

Denote &, for the event 7, € Ty, for all k, ¢ € [K]%. Assumption ] (i) implies P(&,) > 1 — K2A,,.
Step 1. This is the main step showing linear representation and asymptotic normality for the proposed

estimator. Denote

— > EawW (Wi, Baai=J—Jo,
(kZ clK]?
) | NoM
Ry = 7 . Z%K} By, ke[t (W00, Tke)] N ZZ (Wij360,m0)-

We will later show in Steps 2, 3, 4 and 5, respectively, that

| R 1ll = Op, (C7Y2 + 1), (A1)

|Rn2ll = Op, (C7Y27 + Ap 4+ X)), (A.2)
N

|vewan U bo.0)|| = Op, (1), (A.3)
i=1 j=1

lo™!]| = Op, (1). (A4)

Then, under Assumptions @ and B, C~Y2 +ry < pn = o(1) and all singular values of Jy are bounded
away from zero. Therefore, with P,-probability at least 1 — o(1), all singular values of J are bounded

away from zero. Thus with the same P, probability, the multiway DML solution is uniquely written
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as

By ke [° (W3 ke
(k,L)e[K]?

and

VC(0 - 6y) = \/7J_ Z (En,ke[¢b(W;ﬁkZ)]+j90>

(k e K)?
:_fj— > Ereo (W3 00, 7ike)]
(kZ K]
1 N
=- (Jo - anl) X (ﬁ Z Zw(Wij; 0o, m0) + \/QRnQ)' (A.5)

i=1 j=1

Using the fact that
-1 -1 -1 -1
(Jo + anl) — Jt = —(Jo+ Rua) ' RunJy
we have

1(Jo + Rna) ™ = J5 I =N(Jo + Rut) " Rup g < 11(Jo + Ru) ™ 1R[] 11757

=Op, (1)Op,(C"* +7,)0p, (1) = Op, (CV/* +1y).

Furthermore, 7}, + /C(A, + A\,,) < pp, = o(1), it holds that

HNMZZw Wiji 00,m0) + /C R

i=1 j=1

\<HNMZZw Wit mo)| + | VR

:Opn(l) + Opn(l) = OPn(l)v

where the first equality is due to (A3 and (A.4). Combining above two bounds gives

-1 -1 e L -1/2
H <J0 + Rn,l) - J H X Hﬁ ZZ¢(Wij;90,U0) +V/CR, 2 ‘ =0p, (C™Y2 4 1,)0p, (1)
i=1 j=1
=O0p,(C7V+1).  (A6)
Therefore, from (A4), (A5) and (A6), we have

VCo (6 — ) =

§\&

N M
Z Z Wij) + Op, (pn).

i=1 j=1
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The first term on the RHS above can be written as G,1. Applying Lemma [, we obtain the indepen-

dent linear representation

z\&

N M
\/_
Z_: WEP'” l] ’UzO + Z EPn l])‘UOJ]

J=1

and it holds P,-a.s. that

V(Gp) =V (Hyp) +0(C™ Y = J; ' T(J; Y +0(C™Y)  and

Gn =H, 9 + Op(C~1/?)

under Assumption 3l (iv). Recall that ¢ > 4, the third moments of both summands of H,,1) are bounded
over n under Assumptions2(v) and [ (ii) (iv). We have verified all the conditions for Lyapunov’s CLT.

An application of Lyapunov’s CLT and Cramer-Wold device gives
Hyp ~ N(0,14,)

and an application of Theorem 2.7 of lvan der Vaart (1998) concludes the proof.

Step 2. Since K is fixed, it suffices to show for any (k,¢) € [K]?,
HEn,ke[wa(W; Mke)] — EP[W(WM;HO)]H =Op, (C7V2+1,).
Fix (k,0) € [K]?,
HEn,MWJ“(W; nke)] — Ep, [ (Wi 770)]“ < Ty ke + Lo e
where

Ty e = HEn,keW“(W;ﬁke)] — Ep, [0 (Wij; Tke) | I % JﬂH

Ty e = HEPn [V (Wigs e) e < Jg] — EPn[W(Wn;no)]H.

Notice that Z ¢ < rp, with P,-probability 1 —o(1) follows directly from Assumptions [T (ii) and B (iii).

Now denote ¥ im = Vm Wiz tike) — Ep, [¥5, (Wijs Mke) | I % J§] and 1[) (igj,m)me[de]. To bound Z; gy,
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note that conditional on I x Jy, it holds that

Ep, [T el If % J§] =Ep, |

1
(1)

m=1

—iE X

(B (W 70)] — B, [0 (Wi ) 15 < ]|

B[S (X )

(1,3)EIpx g

Cfo}

CXJZC}

Epn[z 0 m %

(1,9)€l X Je 5’ €J0,5'#5

1

MIEDE

7J)€Ik><JZ

1
NUEDE 2

>

Z Z EP"[Z%Jm

( ,j)GIkXJ( i €Ig,i' F#1

1
+W Z EP’!L[Z( zym)

X J£:|

xJZ} +0

Ep, [(4f,

i Vi) [ e < ]

(7‘7.])€Ik xJg j/e‘]fvj/;éj

1
e, 2

Z Ep, [(Jf},

9 IE % J]

(i,5) €T X Jo i €1y #i

1
e, 2

(,5) €1k X Je

1
< E
~TA ] P”[

1
=STTA
<ci/lII A1

~ —~ 2
‘W(Wij; Ore) — Ep, [ (Wij; Oke) | I % J7]

Ep, [I10§ 17115 x J§]

CXJZC}

————Ep, [|[*(Wij; Oxe) || IE x J§)

under an application of Cauchy-Schwartz’s inequality and Assumptions [I] and [3] (ii). Note that C' <

[I| A |J| < C. Hence an application of Lemma 2l (i) implies Z; 5y =

proof of (A]]).

Step 3. It again suffices to show that for any (k, /)

1

HEn,MW(W; 0, Mke)] — T

(1,3)€Ilp X Jp

Denote

\/U

>

(4,5)EL X Jp
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Op, (C~Y/2). This completes a

€ [K]?, one has

> TZJ(Wij;Ho,Wo)HZOPn(C Y2 A+ )

oWy~ [ olw)ar,),



where ¢ is P, an integrable function on supp(W). Then

5 1 Tape+T
HE"’MW(W;HO’W[H “ TNl Z ¢(Wz’j;90,?70)H < DR AM
T ¢ e, Vel

where

T o :=|| G e[ (W5 00, 1k.0)] — G e[ (W5 00, m0)]

)

Ty e 3:\/§HEPn [(WV(Wij3 00, Mk,e) [ Ik % Jo] — Ep, [TP(W11;90,770)]H-

Denote Pijm = Ym(Wiji 00, e) — Pm(Wij; 00, 1m0) and t;; = ({pvij,m)me[dg}’ To bound 73 k¢, notice

that using a similar argument as for the bound of Z; ;, one has

Ep, (1 Zs xel* 1 % J§] =Ep, (| Gn,ke[tb(Wiz; 00, 7.e) — 1 (Wiz; 00, no)l I % J§]

c & - ~ )
=Er, [(|I||_J| 2 Z { Z (UJij,m - EPJ/Jij,m)} If x Jg}
) m=1 " (i,j)€lxxJ¢
do N N B
= (|I||QJ|)2 Z Z Ep, [ Z (wz‘j,m — EPn"/Jij,m) (Q/Jij/,m — Epnlbij/,m) Iy x Jf}
(6,5)ELx X Jo 5’ €Je,j' #3 m=1
C de N N N
" (|I||_J|)2 Z Z Bp, [ (wj’m - Epnwijvm) (7/’i’j,m - EPnUJi'j,m) I x Jg}
(4,5) €I X Jg #" ETp i #1 m=1
C do _ 5
tmE . 2 Be| 30 (B Bedin) |1 5] 40
(4,5)€lx x J¢ m=1
O -~ -~ ~ ~
) (|I||_J|)2 (i,j)ezlkx,hg j'e%/;ﬁj o {wzj = Br v iy = Eratig) |l x Jﬂ
C - -~ ~ ~
+ (|I||_J|)2 Z Z Ep, [WJU —Ep, ij,¥ir; —Ep, i) |1 % Jﬂ
(4,§) €I X Jg 3 €Ik, #i
C ~ ~ 112
<Ep, [ ’¢(Wij;9o,ﬁ) — »(Wij;00,m0) — Ep, [ (Wij; 00, 7) — ¢(Wij;9o,770)]H2 I % Jéc}

<Ep, [[[t(Wiz; 00, 1) — ©(Wijs 00, m0) |*| T x J]

< Suﬁ Ep, [|(Woo; 60, 1) — ¥(Woo; 0o, m0) 1?15 x J§]
neT

= Suﬁ Ep, [|(Woo; 60, 1) — ¥ (Woo; 80, m0)[|*] = (r,)?,
neT

where the first inequality follows from Cauchy-Schwartz’s inequality, the second-to-last equality is

due to Assumption [Tl and the last equality is due to Assumption [ (iii).
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Hence, Z3 ¢ = Op, (r],). To bound Z, j, let

Jre(r) == Ep, [(Wij; 00,10 + (ke — n0)) L x Ji] — Ep, [(W11;600,m0)], r € [0,1].

An application of the mean value expansion coordinate-wise gives

Sre(1) = fre(0) + fre(0) + fre(7)/2,

where 7 € (0,1). Note that fxs(0) = 0 under Assumption 2] (i), and

4O = || 0B, (W 0, m0) ke — ol | < A

under Assumption 2] (iv). Moreover, under Assumption [J (iii), on the event &,, we have

I£7e ) < sup I fge(r)ll < Ay,

re(0,1)
This completes a proof of (A.2]).
Step 4. Note that

b | v

dy N

]~ 3 (S L wmtviaom)

ijs
i=1 j=1

22 > EPn[Z¢m(Wij§907770)¢m(vvz’j’§90,770)]

=1 1<j<j’'<M m=1

Z ZEP"[Zwm Wwa907770)¢m( wa90=770)}

1<i<i’<N j=1

NM2ZZEP7L[Z W,J790,n0)] +0

=1 j=1 m=1

SEp, [lv(Wij; 00,m0)|1%] < €3

MNEETE

under Assumptions [I] and [ (ii). Therefore, an application of Markov’s inequality implies
HNM Zzw W’l]aeoun() H — OPn
=1 ]_
This completes a proof of (A3)).
Step 5. Note that all singular values of Jy are bounded from above by ¢; under Assumption 2 (v)
and all eigenvalues of " are bounded from below by ¢y under Assumption [3] (iv). Therefore, we have

o= < e1/y/co and thus |[e™!|| = Op, (1). This completes a proof of (A4). O
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A.2 Proof of Theorem

Proof. Step 2 of the proof of Theorem [ proves ||J — Jo|| = 0,(C~Y2 4 r,) and Assumption 2 (v)

implies || J; || < cg'. Therefore, to prove the claim of the theorem, it suffices to show

I J ~
H% Z {||]||/|\J|| 2| Z Z W2]79 TM w(Wij’§97nk£)/

(k,0)E[K)? 1€l 5,7’ €Jp
L AL Gy
|I||J| 2 GI ; ¢ WZ]70 77ké (WZ/])9777]€€) }
0,0 i

— anEp[(Wi1;60,10)0(Wiz;00,m0)'] — BarEp [t (Wit 00, m0) 1 (War; 90#70)’]“ = Op(pn)-

Moreover, since K and dy are constants and uy — gy < 1 and ppr — G < 1, it suffices to show

that for each (k,¢) € [K]? and I,m € [dy], it holds that

IIN T
H|I‘||J’|)’ D> (Wi 0, 5ke)bm (Wigr; 0, Tike) — pvEp[u(Win; 00, 10)8m (Wha; 60, m0)] ‘ = Op(pn)
i€l 5,5'€dy
and
1| A L]
T2 Z V(Wi 0, i) om (Wir 3 0, ike) — s Ep [0 (Wi 00, 10)10m (War 00, 1m0)] | = Op(pn)-

i €l jEIy
We will show the second statement since the first one follows analogously. Denote the left-hand
side of the equation as Zy ;. First, note that (|I| A |J])/|J| = pm, and apply the triangle inequality

to get

Liogm < Lioima + Lreim,2,

where

Tt i, = "IH 7 > Z{T/)z Wijs 0, ke (Wi 0, Tike) — i (Wigs 00, m0) o 13,90,770)}‘

i,/ €l jEJy

Tkt im,2 = ‘|I|2| 7l >0 (Wi 60, m0)m (Wit 0, 10) — EP[¢l(W11a907770)¢m(W217907770)]‘
1,0/ €l jEJy
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We first find a bound for Zy ;2. Since ¢ > 4, it holds that

! 2
EP[Ilzé,lmJ] = |I|4|J|2EP H Z Z wl(Wz’j; 907770)¢m(Wi/j; 0o,10) — Ep[1(Wi1;00,1m0)m (War; 907770)]‘ ]

1,0/ €l JEJy

1
S]IWJPEP[ Z Z 1/1l(Wz'j;HOaUO)T/Jm(Wi/j;907770)1/11(W2‘j';QO,HO)wm(Wi”j,;@O,nO)}
1,40/ 3" €l 3,5’ €Jp
1
" |I|4|J|2EP[ YD wl(Wij;Ho’no)wm(wi’j?GO,UO)ZDJ(WM';90,770)¢m(Wi,,,j;90,770)]

i,i’,i”,i”lelk ]EJZ
+o(([I[ A7) +0

1
< . 41 <« 4 _ —1/2
~NI A ’J’EP[”w(W7907770)H |Se/C=0(C ).

Now, to bound Zy¢ 4y, 1, we make use of the following identity coming from the proof of Theorem
3.2 in CCDDHNR (2018): for any numbers a, b, da, db such that |a| V |b] < ¢ and |da| V |db] < 7, it
holds that |(a+ da)(b+ 6b) — ab| < 2r(c+r). Denote ;5 n, := ¢ (Wij;60,m0) and Jmh = Y (Wij; 0, et
for h € {l,m} and apply the above identity with a = 15, b = Vyjm, a + da = 121\2-]-71, b+ 0b= @/j,m,
r = ij0 — Yijal V [$irjm — Yirjm] and ¢ = 1] V [1hyjml. Then

1 ~ o~
Ik&lm,l :“|I|2|J| Z Z {¢Z]7l¢7,’]7m — wlj,l¢z’],m}‘

1,0/ €l jEJy

1 ~ o~
= |1)2]J] Z Z Wijﬂ/’i’j,m - wij,zwi'j,m!

1,0/ €l jEJy

2 % o~

Z,ilelk jEJZ

% (Wij’l' V [Yirjml + Wija — ijal V [Yirjm — T/Ji’j,m|)

5 R N 1/2
<(qpr & W = s V B — i)

i,i’elk jEJZ

2 ~ ~ 2
X (|I|2|J| Z Z {W’ij,l‘ VA irim| 4 [ija — Yigal Vi jm — wi’j,m‘} )

1,0/ €l jEJy

0 R R 1/2
<(qpr 3 W = sV Boson — i)

Z,Z”GI}C jEJZ

A7 X X Wud? v lwin)

1,1’ €l jEJTy

2 -~ ~ 1/2
+ (upu\ D0 Wi — il V irgm — ¢i/j,m|2) },

i,ilelk jEJZ

1/2

26



where the second to the last inequality follows the Cauchy-Schwartz’s inequality and Minkowski’s
inequality. Notice that

N M
S 1l V il S 1YY 19(Wags 60,m0)|1%,

i,i'€l j€Jp i=1 j=1
SN Whise = igal*V i — irgml® <D N0(Wig; 0, 7ke) — (Wigs 60,m0) |1
i,i' €I}, j€J, i=1 j=1

Thus, the above bound for Zy ;,, 1 implies that

Tyt SR < ( S e(Wisi60,m0)| + Ra),

L
I||J
T G gire,

where
1 ~
Ry = 7] > (Wi 6, 7ke) — ¥(Wigs b0, m0) |-
(i,j)EIkXJg
Notice that
1
M7 2 W Wiibom)l = Op(1)
(i,j)EIkXJe

which is implied by Markov’s inequality and the calculations

1
e[z D0 I0(Wigsb0,m0) ] =Erll(War: 60.m0) 2] < &
I 5ihe,

under Assumptions [I] and [ (ii). Finally, to bound R,,, using Assumption [ (ii),
1 a PN 1 -
R, §—I||J| > W (Wi fee) (0 — 60)]* + Wil > 1w (Wiji o, ve) — ©(Wigis 60, mo) |-
(i,j)EIkXJg (i,j)EIkXJ(

The first term on RHS is bounded by

1 . R . - -
(777 X W OVail?) x 18—l = 0p(1) x Op(C™) = Op(C)
(i,j)elkXJ[

due to Assumptionfd](ii), Markov’s inequality, and Theorem[Il Furthermore, given that (Wi;)(i jyerex.e

satisfies Mgy € Tn,

Ep [W(Wij; 00, ke) — Y (Wij: 00, m0) 2

T]Gn
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due to Assumptions [l and [3] (iii). Also, the event 7gs € T, happens with probability 1 — o(1), we have
R, = Op(C~! + (v1)?). Thus we conclude that

Tt im,1 = Op(C™V2 +71).

This completes the proof. O

B Useful Lemmas

We collect some of the useful auxiliary results in this section.

First, for any f : supp(W) — R4 for a fixed d € N, we use

nf — {NMZZf 2] (Wll)]}

=1 j=1
to denote its multiway empirical process. The following is a multivariate version of |(Chiang and Sasaki

(2019), Lemma 1; see also Lemma D.2 in [Davezies et al. (2018).

Lemma 1 (Independentization via Hajek Projections). If Assumption[d holds and f : supp(W) — R4
for some fized d € N and suppose Epl||f(W11)||*> < K for a finite constant K that is independent of

n, then there exist i.i.d. uniform random variables Uy and Uy; such that the Hdjek projection Hyf of

G, f on N y
= {ZgiO(UiO) + Y 90;(Uoy) = g0, 90 € L2(Pn)}
i=1 Jj=1
s equal to
N M
%Z:: [ —Epf(Wn)|U } + %Z:: { (W13) = Epf(W) ‘UOJ}

for each n. Furthermore,

V(Gnf) = V(Huf) +O(C™) = inCov(f(Wh1), f(Wi2)) + s Cov(f(Wi1), f(War)) + O(C™)
holds a.s.

Proof. The proof is essentially the same as the proof for Lemma 1 of I(Chiang and Sasaki (2019) and

is therefore omitted. O
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The following re-states Lemma 6.1. of CCDDHNR (2018):

Lemma 2 (Conditional Convergence Implies Unconditional). Let (X,,) and (Y,) be sequences of

random vectors.

(1) If for €n, — 0, P(|| Xyn|| > €n]Yn) = op(1) in probability, then P(||Xy| > €,) = o(1). In particular,

this occurs if Ep[|| X, ||7/€h|Yn] = op(1) for some ¢ > 1.

(ii) Let (Ay) be a sequence of positive constants. If || X, || = Op(Ay,) conditional on Yy, then || X, || =

Op(A,,) unconditional, namely, for any l,, — oo, P(||X,| > l,A,) = o(1).

C Extension to General Multiway Clustering

In this section, we extend the main results to general multiway cluster sampling framework. Notations
in the current section are independent of those in the remaining parts of the paper — we introduce dif-
ferent notations in order to enhance the readability of the main results of the paper while economizing
complicated notations in the current extension section. Consider the ¢-way clustered data for a fixed
dimension ¢ € N. With C; € N denoting the number of clusters in the i-th cluster dimension for each
i€ {1,...,0}, each cell of the (-way clustered sample is indexed by the ¢-dimensional multiway cluster
indices §j = (j1,.,j¢) € x_,[C;]. The (-dimensional size (Ci,...,Cy) € N’ of the f-way clustered
sample will be index by n € N as (C1,...,C¢) = (Ci(n),...,Ce(n)), where C;(n) is non-decreasing in
n for each ¢ € {1,....,¢} and ﬁ Ci(n) is increasing in n. With this said, we will suppress the index
notation and write (C1, ..., C’Slwithout n for simplicity. Also define the notations C = (C4,...,Cy),
[l = ﬁ Ci, C = minj<;<,Ci, C = maxi<i<¢C;, and p; = C/C; for each i € {1,...,£}. Suppose
that ,u,-Z:—1> f; for some constant g; for each i € {1,...,¢}. The number of observations in the jth
cell is denoted by Nj, which is treated as an {0, 1, ..., N }-valued random variable for some N € N not
depending on n. When [-] takes the random variable INV; as an argument, we extend the definition of
[] to [N;] :={1,...,N;} if N;>1 and := 0 if Nj = 0. The observed vector for unit 2 € [N;] in the jth
cell is denoted by W, ;. Let {Pn}, be a sequence of sets of probability laws of (Nj, (W, 5),<,«¥)j>1

where 1 := (1, ..., 1) for a short-hand notation and we write j > j' to mean j; > j;’ for all i € {1, ..., ¢}.
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Example 2. The sampling setting in Section 2] fits in the current general framework with ¢ = 2,

Ci =N, Cy =M, and (N;, W1 ;) = (1,W},;,) for all j € [N] x [M] with probability one. A

The econometric model has the true parameters (6p,79) € © x T satisfying the score moment

restriction

N1

P[Z¢(Wz,1§ 0o,7m0)| = 0, (C.1)

1=1

where we focus on the linear Neyman orthogonal score of the form
Y(w;0,1) = (win)f + ¢ (w;n), for all w € supp(W), 0 €O, n € T (C2)

for supp(W):= 1supp(W 1), © C R% and a convex set 7.

For a fixed integer K > 1, we randomly split the data into K folds in each of the ¢ cluster
dimensions, resulting in K* folds in total. Specifically, randomly partition [C;] into K parts {I}, ..., I/}
for each i € {1,...,4}. We use the ¢-dimensional indices k := (kq,...,ky) to index the f(-way fold

I == Iy, x +++ X Ij, and its complementary product I} := I x --- x I for each k € [K]. Let

Mk = N((Weg).evy)jers)

be a machine learning estimate of 1 using the subsample (W, ;),e(n;)jerg for each k€ [K J¢. Let

Kt Z nk{ZT/) zg,nk] where

ke[K)¢ €[ J]
]Enk:[ Z f(Wz,j):| = |Z Z f(W,;) for each k € [K]*
1€[Nj] JEIL 1€[N}]
for any Borel measurable function f, thesum 3} is treated as zero when N; = 0, and |l := LH’ i L.
1E[V]

With these setup and notations, the multiway DML estimator is defined by
1
ke[K]¢ 1E[N]
Let [Ix| = min{|I},|,...,|1x,|} for a short-hand notation. Also let I(j) denote the multiway fold
containing the j-th multiway cluster, i.e., I(j§) C x‘_,[C;] satisfies Iy = I(j) for some k € [K]* and

j € 1(j). With these additional notations, we propose to estimate the asymptotic variance of /C (5 —bp)
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Example 2, Continued. The two-way DML in Section is a special case of the current gen-
eral methodological framework with {17, ..., I%} = {I1,.... Ix}, {13, ..., I} = {J1, ..., Ik}, Nk ko) =
A(Wisi2) Grgn) (NN o) x (M, )y T = 2 2 ko) lK]2 B k) [0 (Wi Ak ))] Where B (1, 1)
[f(Wiijp)] = m 2 ga)eti, xdiy § Winja); 0 =T % Yy el B ko) [wb(ijz;ﬁ(kl,kg)) ,
and 52 = JIT(J ) where ' = e D (kr o) E[K]2 % Djreny, X ipetn, O (Wisas 0, ks 1)) (Wi g5 0, ks k) +

gy IN gy |

Tk, Ty )2 Zjl,j;ezkl ijEsz 1/’(Wj1j23Qvﬁ(k1,kz))¢(wjij2?97ﬁ(k1,k2)),}'A

We now state assumptions under which (C4]) is an asymptotically valid variance estimator for
Vel (5 — 6p) with the multiway DML estimator (C.3]). We write a < b to mean a < ¢b for some ¢ > 0
that does not depend on n. We also write a Sp b to mean a = Op(b). For any finite dimensional
vector v, ||v|| denotes the 5 or Euclidean norm of v. For any matrix A, |A|| denotes the induced

fo-norm of the matrix. The following assumption concerns the multiway clustered sampling.
Assumption 4 (Sampling). The following conditions hold for each n.
(i) The array (Nj, (W, ;),<,«<x)j>1 is an infinite sequence of separately exchangeable random vector.

That is, for any ¢-tuple of permutations (71, ..., 7¢) of N, we have

d
(Njs Wi i1<ocm)izt = Ny Gu)oeimoe) Waims G)soeeime (o) 1 <a< N )31

(i) (Nj, (W) 1<,<w)i>1 is dissociated. That is, for any ¢ > 1, (Nj, (W, 5);<,<x)1<j<c is independent
Of (Nj/’ (WZI7.7I)177/§N)J./ZC+1

(iii) E(N1) >0 and N; < N for each 1 < j < C, where N € N does not depend on n.
(iv) The econometrician observes (Nj, (W, j)1<.<n;)1<j<c-

Remark 5. The dependence among (W, ;) -, in each cell j is left unrestricted in this assumption.
Assumption [l is similar to Assumption 1 of [Davezies et all (2018), except for N. We introduce N to

simplify some concentration arguments.
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Let ¢g > 0, ¢; >0, s >0, ¢ > 4 be some finite constants with ¢y < ¢;. Let {d,}n>1 (estimation
errors) and {A, },,>1 (probability bounds) be sequences of positive constants that converge to zero such
that 6, > C~ V2. Let K > 2 be a fixed integer. Let (Np, (W%O)ogzgﬁ) denote an independent copy
of (N1,(Wy1),<,<%) and therefore is independent from the data and the random set 7;, of nuisance

realization. With these notations, we state the following assumptions for the model.

Assumption 5 (Linear Neyman Orthogonal Score). For all C > 3 and P € P,, the following

conditions hold.
(i) The true parameter value 6 satisfies (C.TJ).
(ii) 1 is linear in the sense that it satisfies (C.2)).
(iii) The map n+— E p[ > (W, 06, 77)} is twice continuously Gateaux differentiable on T

ZE[N()]

(iv) 9 satisfies the Neyman near orthogonality condition at (6y,n9) as

A= sup \%EP [le% (W03 60, 10) [ = o] H < 8,072,

(v) Theidentification condition holds as the singular values of the matrix Jy := Ep { > (W, 0; 770)]
ZG[N()]
are between ¢y and c¢;.

Assumption 6 (Score Regularity and Nuisance Parameter Estimators). For all C > 3 and P € P,,

the following conditions hold.

(i) The realization set 7, contains 7o, and the nuisance parameter estimator 9y = (W, 5).e[n;))jerg

belongs to the realization set 7, for each k € [K]* with probability at least 1 — A,,.

(ii) The following moment conditions hold:

1
My, 2= sup ( EP[H > w(Wi0i60m H] /1< ¢,
7767;L € NO]

m!, = sup EP[H Z Y (Wy05m ‘Hl/q<61

7767;L
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(iii) The following conditions on the rates r,, 7/, and A, hold:

I'n i= SUD HEP[ > (W 77] —EP[ > W(Wz,o;no)} H < Op,

€T 1€[No] 1€[No]

I = Sup (HEP[ > ¢(Wz,0390777)] —EP[ > ¢(Wz,0;90,770)} H2)1/2 < 6,

n€Tn 1€[No| 1€[No|

rEP[ > ¢(W2,0§907770+T(77_770))]H < 6,/\/C.

1€[No)]

A= sup
re(0,1),neTn

(iv) All eigenvalues of the matrix

N1 N2

r —ZMZF —ZNZEP ZZw Wo1:00,10) (Wy 2,3 60, m0)'

=1 ¢=1
are bounded from below by ¢y, where 2; denotes the £—tuple vector with 2 in each entry but for

1 in the i-th entry.

The following theorems generalize Theorems[Iland[2to cover general (-way cluster sampling. Their

proofs are contained in Section

Theorem 3 (Main Result). Suppose that Assumptions |4}, [A and @l are satisfied. If 6, > C Y2 for all
C > 1, then

\/—C Cy
Vo1 (F - o) — H—Z 3 3 607+ Oplp) = NO.1)
(=11€[Nj]

Jj1=1

¢ _
holds uniformly for all P € P,, where [[» = [] C;, the influence function takes the form (-) =
i=1

—a‘lJo_lq/J(-; 0o,m0), the size of the remainder terms follows
pn = O 2 g, 4+ CYPA + CY2N, S 6,
and the asymptotic variance is given by
o= Jy'r(J Y. (C.5)

Theorem 4 (Variance Estimator). Under the assumptions required by Theorem [3, we have

52 =02+ Op(pn).

Furthermore, the statement of Theorem [3 holds true with 52 in place of 0.
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D Proofs of the Extended Results

D.1 Proof of Theorem [3

Proof. Let &, denote the event 7y, g, € Tp for all (ki,..k;) € [K]* and define k := (ki,..., k).
Assumption @ (i) implies P,(&,) > 1 — KA,,. Let e € {0,1}¢, and define A := {(5,5') : 1 < 3,5’ <
C:Vi=1,..,0e;=1%j =j} and g, := {e € {0,1} : Z,le,/—m}

Step 1. This is the main step showing linear representation and asymptotic normality for the proposed

estimator. Denote

jZ: % Z ]En,k|: Z ¢G(Wz,j; ﬁk)], Rn,l = j_ J07

ke[K]¢ 1€[N}]
C1
Rupi= = Ly Eok| Y (W0, 7ik) } S Z Z Z W(W, j: 80, m0).
ke[K]¢ 1€[Nj] C =1  je=l:€[N,

We will later show in Steps 2, 3, 4 and 5, respectively, that

|Bnll = Op, (C2 + 1), (D.1)

|IRn 2]l = Op, (C™%1), 4+ An 4+ X)), (D.2)

NCED 9> S vttt =0n 03)
Ch=1 ji=lee[N,

lo=" [l = Op, (1). (D-4)

Then, under Assumptions [Bl and [Gl C V2 4ry < pn = o(1) and all singular values of Jy are bounded
away from zero. Therefore, with P,-probability at least 1 — o(1), all singular values of J are bounded
away from zero. Thus with the same P, probability, the multiway DML solution is uniquely written

as
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and

V(0 — 0y) = \FJ— sy (Enk[Zw W, k)| + J60)

ke [K]¢
:_\/Qf‘ Z Enk[zww,gﬁojﬁk}
ke (K] €[N}

- <J0+Rn,1) ( 21: Z Z (W, s 60,m0) + /C R, 2) (D.5)

C =1 je=lig] Ny

Using the fact that
(Jo + anl)_l — Jit = —(Jo+ Rua) 'RunJy
we have
1(Jo + Raa) ™ = I =M (Jo + Rut) ™ Rt I I < (1(Jo + Ro) ™ I Rt 17571
=0p,(1)0p, (C™Y% +1,)0p, (1) = Op, (C7/% +1y,).

Furthermore, ], + VC(A, + A,,) < pp, = o(1), it holds that

HHCZ Zzww,weo,wfm\q\fz ZZme@omo I+ VR

J1=1  je=14€[N, J1=1  je=lae

:Opn(l) + Opn(l) = OPn(l)v

where the first equality is due to (D.3]) and (D.4]). Combining above two bounds gives

(s ) = 2SS 55 3 g+ v

Ji=1 " je=11€[Ny]

\ —0p, (C7V2 +1,)0p,(1)

=0p, (CTV2 +1y).
(D.6)
Therefore, from (D.4]), (D.5) and (D.6]), we have
Cy
VCo™H(0 — by) Z ZZ?X) 1) + Op, (pn)-

Ci=1 j= 11€[Nj]
The first term on the RHS above can be written as G,1. Applying Lemma 3, we obtain the indepen-

dent linear representation

Hyp = Z EPH{ > Tﬁ(Wz,j)‘Ujl,o...O} .t % \/F?EP{ > @(Wz,j)‘Uo...ovje}
Je=1

J1=1 €[N} 1€[N;]
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and it holds P,-a.s. that

Vi(Grt)) =Vo(Hnp) + O(C™Y) = Jy'T(Jg'Y +O(C™)  and

Gt =H,ip + Op(C~Y2),

where V,(-) = Ep,[(- — Ep,[])?]. Under Assumption [ (iv). Recall that ¢ > 4, the third moments of
both summands of H,,7) are bounded over n under Assumptions Bl(v) and [@ (i) (iv). We have verified
all the conditions for Lyapunov’s CLT. An application of Lyapunov’s CLT and Cramer-Wold device

gives
Hyp ~ N(0,1I4,)

and an application of Theorem 2.7 of lvan der Vaart (1998) concludes the proof.

Step 2. Since K is fixed, it suffices to show for any k € [K]Y,

ol 5 wr0s] -] 5 ] - onie

ZG N()

Fix k € [K],

H]Enk[ Z VW, 5 ﬁk)] —EPn[ Z T/fa(Wz,o;no)] H <Tik+ Lo,

ZG[N]'} ZG[NO]

where

L= |Bus| Yo 0" Wogiii)| = Ep, | D2 v Wogii) 15, x . x I |

1€[N}] 1€[N]
o = “Epn[ > (W ﬁk)‘fﬁl X o } EPn[ > ¢ (Waoimo }H
1€[Nj] 2€[No]

Notice that Zy j, < 7, with P,-probability 1 — o(1) follows directly from Assumptions [ (ii) and [l (iii).

Now denote 91, = 32 ]wzxwz,j;ﬁk)—Epn[ S VI, < X If, | and 0% = (08, ) meidy)
1€V 1€

and |Ix| = min{|ly, |, ..., [Ik,|}. Let us denote Ij := (I}, x ... x Ikz) and Iy := (If x .. x If ). Let

j— I(j) € Z, and define Be := {(4,5') : Vi = 1,....0,e; = 1 & Li(3) = L(3") : 3,5' € I}, where
T={1}, . Iy x..x {1}, ..., I}, and €, := {e € {0,1} : E v_q1 e =m}. To bound Z; j, note that
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conditional on Iy, it holds that

B, (T =B, [ B[ 3 vt W] —Br [ 3 weWiio| ]| [1]

1E[NV}] €[N
!Ik!2 P"[z_:l(z ) }
JE€L
1 dg
=g 2 2 B X Gt |l
ecel (j' 5)eBe m=1
1 < dg
FEEL O 3 Bal D Utk
k r:2e€er(j/7j)€Be m=1
1 do
TP B [ D O 1]
eceo (j/,5)€Be m=1
:ﬁ > Ep [, i) + R+0
M ecer (' jeBe
SB[ X v v [ 32 a5 [
=k 1E[N] =
<Br || X weomgan | |1 < |§1|
-k 1€[N] k

In the third equility, the last term corresponds to the covariance between cells sharing no common
cluster. By independence, the last term is zero. Let us denote the second term in the third equality

by R. Under Cauchy-Schwarz inequality and Assumption [] (i),

dg
1 Ta
RIS 2 BelBr. X ()7 K] (D.7)
ecU! € m=1
For » > 1 and e € €,, we have
[Be| = Ii] x H ([, = 1)- (D-8)

ire;=
Therefore, R = O(@_z). Note that C' < |Ix| < C. Hence an application of Lemma [ (i) implies
Tix = Op,(C~1/2). This completes a proof of (D.I).

Step 3. It again suffices to show that for any k € [K]¢, one has

HIEM{ Z (W, 5 00, M) } A Z Z (W, 460, m0) H = Op, (C™V2 4+ A+ \1).

1€[N;] JEIKE[N]]
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Denote

G| D 6(Wig)] = Tﬁz Z} (oW, - / O(w)dP, ).

1E[IVy) JEIL 1€[N}]
Then
I3 K+ Ly, E
E, & 1/1W ; 00, 1k,) 1/1W ;60,m0)
where

I3 =

Gn,k|: Z (W, 5 90777k)] - Gn,k|: Z YW, j 90,?70)} H7

1€[N;] 1€[Nj]

Lyk —\/7‘

e[ 3 vttt -8 [ 3 vbastom] |

Sh v€[No]

Denote Vjm == > Um(Wiji00,0k) — > Ym(Wijibo,m0) and ¥ = ($jm)mef,)- To bound Ty,
1€[N;] 1€[Nj]

notice that using a similar argument as for the bound of Z j, one has

Ep, [T 1] =Ep, |

m=1 jel
d
:% Ep [Z (d’]m EPn{/)Vj,m) (1/}] m— Ep, 1/)] m)}lk:|
l® 52, e m=1
o L d B
EL Y Er, [ > (Fim = Bruthin) ($51m = Er,Gyrom )| 1]
k1 =2ece, (jj)eB m=1
C do ~ N[~ ~
+ ﬁ Z Ep, [ Z (1/Jj,m - EPn¢j,m) (1/Jj',m - EPn1/Jj/,m) ’Iﬂ
Hecen ines.  m=1
:% > > Ep, [(JJ’—EP”JMZJ'/ —EPan/wIﬁ} + R +0
I S5 e
<Er,[|| 32 (Wi 00.7) Z U(Wesi00,m0) ~ B, [ 32 w(Wezi0,7) — 3 (Wi 00,0 || [15]
1€[V;] 1€[V;] 1[NV 1€[N;]
<Ep, [H Z (W, 00,7) Z (W45 00, M0 H ’Ik}
€[N;]
< sup Ep, {H Z (W05 600,1) Z (W05 00,10) H ’IE}
N€Tn 1€[No]
= sup EPn[H Z (Wo0i00,m) — Y (W03 60 770)” } = (r)”
n€Tn 1€[No] 1€[No]



where the first inequality follows from Cauchy-Schwartz’s inequality, the second-to-last equality is
due to Assumption [, and the last equality is due to Assumption [@] (iii). Using the similar argument
for R, we have R’ = O(C™1).
Hence, Z3 1, = Op, (r],). To bound Z, j, let
Je0) =B, | 3 6(Wigibo,m + (i —mo))| [E] = Br, | Y2 0(Waoibo,m)], 7 e01)
€[] 2€[No]

An application of the mean value expansion coordinate-wise gives

fu(1) = fr(0) + fr(0) + f2 (7) /2,

where 7 € (0,1). Note that fx(0) = 0 under Assumption [fl (i), and
1) = oy, [ S w300, m0) — mol] || < A
1€[N}]

under Assumption [f (iv). Moreover, under Assumption [@l (iii), on the event &,, we have

1@ < sup [IfE ()l < A

re(0,1)

This completes a proof of (D.2)).

Step 4. Note that
VES ST g tom) 17

Ji=1 je= 1ze[NJ]

_ Hé[z: (35035 wutWstom)]

m=1 ji=1 jy=11€[Nj]

2 Z Z EPn[Z Z Z Ui (W, 33 00, 10) 0 (W, ';90,770)}

C'eEsl( NeA m=14€[N;] /' €[N;/]
)4
+ ;22 Z Z EPn[Z Z Z ¢m WZ]7007770)¢7’YL( 4 ] ;907770)]
HC r=2e€er (jj')eAe m=11€[N;] /' €[N;/]
g

Z Z EPH[Z Y D Ym(Wigbo,m0)dml ”790,770)]

m=11€[N;] //€[N;/]

<Ep, ‘ Z (W, j 90,770)“2] <.
1€[N}]
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Step 5. Note that all singular values of Jy are bounded from above by ¢; under Assumption [l (v)
and all eigenvalues of " are bounded from below by ¢y under Assumption [6] (iv). Therefore, we have

e~ < e1/y/co and thus |[o~!| = Op,(1). This completes a proof of (D.4). O

D.2 Proof of Theorem [

Proof. Step 2 of the proof of Theorem B proves ||J — Jo|| = 0,(C~Y2 4 r,) and Assumption [ (v)

implies || J; || < cg'. Therefore, to prove the claim of the theorem, it suffices to show

1 1 -
Hﬁ 2. |‘]:|‘22 S > vl (Wy 0.0

ke[K]t 33'€l, 1€[N;j] Y E[N;/]
Li()N=L")

N1 N2

- Z“ZEP[Zzw W, 17907770)¢(Wz’,2i§907770)/} H = Op(pn).

1=14=1
Moreover, since K and dy are constants and u; — fi; < 1, it suffices to show that for each k € [K]¢
and [,m € [dp], it holds that

Na,

|Ik| R N1 i
7B Z Z > (Wagi 0,7)m (Wy o 0,7) — piEp [Z > G (Wa,15 00, 10)m (W 2, 907770)} ‘

Ji' €y 1€[Nj] 2/ €[N;/] 1=1q=1

Li(=LG")

= Op(pn)-

Denote the left-hand side of the equation as Zj,,. First, note that |I|/|Ix,| = p;. We denote 7’ for

Iy, such that |Iy,| = |Ix|, and apply the triangle inequality to get
Tijim < Tiim,1 + Liim,2,

where

1 ~
Ik:,lm,l = Hi;ﬁi/ |Iki|2|lki/| Z { Z Z 1/11 Z]ae nk)wm( V5’ ,9 nk)

1E[N;] o/ G[N]/

IZ(J) Iz(J )

_ Z Z V(W5 60, 10)Ym (W 73 60,1 )}’

K] E[N /]
1
Trim,2 = 2] > Z V(Wi gs 60, m0)tbm (Wy 415 60, m0)
Hi;ﬁi" kz’ ’ ki/‘
JJ €l €[Nj] V€[N,
Li(G)=1:(3")
Ny Nz,
—Ep[) > (W13 600,10)bm (W 2,560, m0)] |-

=1 ¢=1
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We first find a bound for Z,, 2. Since ¢ > 4, it holds that

1
:H ) |Ik|4|Ik |2EPH Z Z Z T/Jl W,]aeoun())wm( ]/7907770)
i R TRy Gi'el €[N VE[N;/]
L(G)=1:(5")

Ep [Il%,lmﬂ]

N1 DNz, )
- EP[ZZQM 217907770)¢m(W’ 21790,?’]0)” ]
1=1 /=1
1
“Tammrrl > )OI IND DD
’ 5i" g 3" 1k Is(5)=1Is(3") 1€[Nj] ' €[N;/] " €[Nyr] " €[Ny ]

L)=LG")LG")=LG")  s#i

¢ (W/z g 907 UO)wm( e 007 770)¢l(W”,J”a 907 UO)wm(WZ”’ 7% 907 770)]
1

+Hi7éi’ \[kilﬂ‘lfki,\zEP{ Z Z Z Z Z

.7.7/7.7// WEIk ? [ }ZE[N /]Z”E[N//]ZWE[N///]
Li()=L3G")=LG")=L")

Y1(Wo s 00,m0)Ym (W 7300, 10) 0t (W 15 00, 10) Y (W ///,907770)}

+o(|Lg) ™) + 0

NmEP[H > T,Z)(Wz,o;Ho,Uo)H4] Sa/C=0(C™.
k 1€[No)

Now, to bound Zj,j,, 1, we make use of the following identity coming from the proof of Theorem 3.2
in CCDDHNR (2018): for any numbers a, b, da, db such that |a| V [b] < ¢ and |da| V |db| < r, it holds
that |(a + da)(b + 6b) — ab| < 2r(c + 7). Denote 9, := Uy (W, 5 600,m0) and TZj,h =Y (W, 5 5, M) for

h € {l,m} and apply the above identity with a = > 5, b= > ¥ ,,a+da= 3} 1@',1, b+0b =
1E[V] V' E€[N;] 1E[INy)

> @j’,m /Z % m‘ ‘\/
6

7 E[Nj/]

5 drmr=| 2 G- wg,t

VE[N;] (V] 1E[IVy]

Z z)bj’7m .

7 E[Nj/]
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Then

1
Trima = [T 1Pl | Z { Z Z wyﬂ/’g m Z Z T/Jj,le’,m}‘

5,3 €1y, 1€[N;] v €[N;/] 1€[N;] o/ €[N;/]
Li(G)=1:(3")

1
SHi#i’|Iki|2|Iki/| ; ‘Z Z %”’Z)Jm Z Z

1€[N;] 2/ €[N;/] 1€[Nj] o/ €[N;/]
Ii(j)=1i(1’)

SHZ-#' ‘IiiP’Iki/‘ ; (‘ Z it~ Z 1/1]1‘\/‘ Z 1/@ m_zg:f\f,»qwj’va

EIk
Ii(j)=1i(j')

(] 2 va v]

PSS oy

1€[N] VE[N;] V' E€[N;/] v E€[N;]
2 2\ 1/2
S(Hi#i’ L, 1? L, | Z ‘ Z it~ Z %z‘ \/‘ 2 % m= D Ui )
¢ 5i'€l; €[N, €[N, €[N/

Li(G)=I:(")

: <Hi;£i’ ’Iiim[k |4 {‘ Z Vil
=1

EPIREDY wﬂtv\ X e B well)
(o Zw—mzt ‘| z e

33'€l, €[N, V€[N;/]
L(H=L(")

X{(Hi#/uiiwuki,l o Ty V( Z v )"

ZGN

LH)=1(3")

+<Hi;ﬁi’|[ii|2|lki/| Z ‘Z it - Z T’Z)”‘ \/‘ Z T’Z)” mo Z v5 m‘ >1/2}

1€[Nj] 1€[N] V' E€[N;/] V' E€[N;/]
I; (J) ( "

where the second to the last inequality follows the Cauchy-Schwartz’s inequality and Minkowski’s
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inequality. Notice that

2 G
Z ‘ Z %" ‘ Z %/’m‘ ~1<i<e v
JJ' €Ly 1€[N]] V' €[N;/] - n=l je=1 ze[N}
L(H)=IL:")
~ ~ 2
‘ RS 1/’2,‘ ‘ Yo i Y d’jﬁm‘
jzj'EIk. 1€[N] 1€[N] V' €[N;/] V' €[N;/]
LG)=1L3")
C1
= 1<i<t zyvenk Z wW,pHOaTIO)H .
- J1=1  je=1 €[N 1E[NV]

Thus, the above bound for Z,,  implies that
1 2
Lt SBn X (m SIS g b0,m0)|| + B )
kel weln;)
where
2
Fn = 172 ZH Y (Wb, = Y 1/1(Wz,j;907770)H :
JElr  1€[N)) 1€[N]]
Notice that
= 1
o =3 Z V(W,:00.m) | = 0p(),
jely  €[N.
which is implied by Markov’s inequality and the calculations
No )
[,[k‘ ZH Z Y(Wa,53 60, 10) H } EP[HZTZJ(Wz,o;Qo,Uo)H ] <
g€l €[N, =1

under Assumptions @ and [@ (ii). Finally, to bound R,,, using Assumption [ (ii),

|ZH Z (Wi 1) ( )(6 — 90)”

JEIk 1€[Nj]
‘[ | Z H Z (Wi b0.7k) = D b (Wo 907770)H2'
J€lk €[N, 1€[N}]

The first term on RHS is bounded by

(uk\ ZH Z V(Wi i) H ) 10 — 6o]|* = Op(1) x Op(C™1) = Op(C™Y)

Jjel €[N,
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due to Assumption [ (ii), Markov’s inequality, and Theorem Bl Furthermore, given that (W, ;)jere
satisfies N, € Tn,
2
Eel|| D wWasib0.5i) = > w(Wosibo,m0)||15]
ZE[Nj] ZG[N]'}

< sup EP[
n€Tn

S (Wi — 32w Wz bo.m)|[15] < ()?
1€[Nj] €[N

due to Assumptions [ and [@ (iii). Also, the event 7y € T, happens with probability 1 — o(1), we have
R, = Op(C~! + (r1)?). Thus we conclude that

Tiim1 = Op(C™Y2 +17).

This completes the proof. O

E Additional Lemma

In this section, we establish a multiway generalization of Lemmalll For any r =1, ..., ¢,we let Z,.(C) =
{c =joe:ecé&,1<j< C} and g, = {e € {0;1}¢ : Zleei = m} , with ©® the Hadamard
product on RE.

For each n € N, let (N, (W), ,<7)j>1 be a set of random variables. For any f : supp(W") — R

for a fixed d € N, let us define the multiway empirical process

Guf = { Zzzf Eel Y- SV}

i=1 ji=1.eN] 1€[NY]
Lemma 3 (Independentization via Héjek Projections). For eachn € N, suppose that (N*, (W), «x)i>1
satisfies Assumption[f). Let Fy, |Fn| = d, be a family of functions f : supp(W") — R that satisfies

2
E[( [Zz:v ]f<VVZ’fI>> } < K < oo for some K independent of n. In addition, assume that C — oo and
1€[NT

for every e € €1, 1—% — Ti; > 0, where i is the nonzero coordinate of e. Then there exists a family of
mutually independent standard uniform r.v.’s (Uc)eso such that the H, f, the Hdjek projection of Gy, f

on the set of statistics of the form ZceL(C) 9e(Ue) (with go(Ue) square integrable, satisfies
E\/I
Huf= 3 H B> (W Jve| —E| D £( . (B

cely ( C') [ #0 ZG N"
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In addition, it holds uniformly over F, that
Ng-e

V(Gnf) =V (Hnf) +O(C ZMCOUZ]‘" Zf o)) +O(CT.

eceq

Proof. Throughout the proof, we drop the superscript n for simplicity. Under Assumption [@{i) and
(ii), for each n, one can apply Lemma 7.35 of [Kallenberg (2006) and obtain a measurable function 7,

such that

(N, (Wzvj)1gbgﬁ)j21 = (Tn(Uer)1<ejl)j21 (E.2)

where (Ug)c>0 denote a family of mutually independent uniform random variables on [0, 1].
The rest of our proof closely follows that of Lemma D.2 in |[Davezies et al! (2018) with r =r = 1.
The Hajek projection H, f is characterized by
B[(@f ~ Haf) % Y e (Ue)] =0 for any (g0)eeroy € (L/(0:1)) ™
ceZ;1(C)
As a result,we have

E[Gnf|Uc] = E[Hy f|Uc] for any c € 7;(C).

Because the range H,, is closed subspace of square integrable random variables,

= Y E(H.f|Ue)

c€eZ1(C)
Next

> EGnflUe)
cEZl(C)
Note that for any ¢ € 7Z;(C), ¢ A 1 is the unique element &; such that ¢ = j© e for some j (note
that 7 is not unique). Moreover, for any ¢ € Z;(C) independence between the U’ s ensures that

Y, f(W,;) LU if j©e# c. This implies
€[IN;)

E@.IU) =Y Y > 102 | 35 )| [
1<5<C e, W€ [N]
SR> n{j@ec}E{szmlz joveo ]
“ 1gj<o 1€[Nj] 1€[N1]
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The representation of (Nj, (W, j);<,<5)j>1 in terms of the U’s implies that

Zlea 21

ZE[Nl

N;j
E [Z W,
1=1

for any j such that j ® e = ¢. Moreover,

} E{NZJ” revi) {Z fw,

ZE[Nl

JF

1<5<C =1 1E€[N1]

Neva
E(an\Uc):g 3 1{j@ec}E{Z f (Weevt) [Z f (W

\/_Hz c;=

Niv:lf Wievt) [Z fw } _

1€[N1
_ \/_ Nevi
= 71_[2 o 20 ( [Z f zc\/l

|:ZfW1

1€[N1]

It follows that

\/U chl
H,f = Z Hi_c (E Z fWievt) —E ! Z f(Wz,l)]) .
c€T;(C) LHici#0 =1 1€[N1]

This shows the first claim of the lemma.

Since F,, is a finite family, we are left to prove that for each f € F,,

V(Gnf) = V(H,f) +O(C Z,uZC’OUwal Zf 2:) ch,

where 2; denotes the /—tuple vector with 2 in each entry but for 1 in the i—th entry. Note that

;Hwﬂ ( > rw ) (E.3)

ZG N1
To conclude, it suffices to show that for each e € 1,

Na2_e
v (E ! > fW) U]) = Cov ( Yo SWa), ) f(Wz,ze)).

1€[N1] 1€[N1] 1=1

As (N, (W, 5), 1<< N)]>1 = (7' ((Uj®e)e€U£:1€r>>

. with i.i.d. U’s, we have E [ Yo f(W,1) |Ue
3>

1€[N1]

Ue| for any j such that j©Oe = 1 ®e = e. Becuase 2 — e ® e = e, we have

E[ > f(W.)

1€[N}]
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N2fe

Z:ZI f (Wz,2—e)

Ue| ,E

Ue

V(E S f(Wa)|Ue| | = Cov E[ > f(Wa)
1€[N1] 1€[N1]

€1, we have 2 — e # 1. The independence of the U’s ensures

>. For any e €

(U1®e')e’euﬁzlsr\e 1 (U(z_e)Qe,)e’GUf,:ler\e ’Ue

N1 N2_e
and thus lef (Wh1) L 21 f (W, 2-¢)|Us.

Hence, for e € e

Na_¢
E [Gov ( Yo AWa), Y fa(Wiae) U)] =0.

1€[N1] 1=1

By the law of total covariance, we obtain

Na_e
v (E ! > fWa) ) = Cov ( S rWia), Y f(Wz,ze)) .
]

1€[N1] 1€[N1 1=1

Ue

This establishes the second claim of the lemma. O
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N M C dim(X) K (K?) Machine Learning Bias SD  RMSE Cover

25 25 25 100 2 (4) Ridge 0.069 0.074 0.102  0.835
Elastic Net  0.010 0.079 0.080  0.963
Lasso 0.005 0.080 0.080  0.965

50 50 50 100 2 (4) Ridge 0.014 0.047 0.049 0.940
Elastic Net -0.002 0.048 0.048  0.956
Lasso -0.001 0.049 0.049  0.955

25 25 25 200 2 (4) Ridge 0.190 0.053 0.197  0.118
Elastic Net 0.016 0.077 0.079  0.969
Lasso 0.006 0.080 0.080  0.968

50 50 50 200 2 (4) Ridge 0.037 0.046 0.058 0.876
Elastic Net -0.000 0.048 0.048  0.960
Lasso -0.002 0.048 0.048  0.962

25 25 25 100 3 (9) Ridge 0.042 0.074 0.085  0.962
Elastic Net 0.004 0.074 0.074  0.993
Lasso 0.002 0.075 0.075  0.992

50 50 50 100 3 (9) Ridge 0.007 0.048 0.049  0.962
Elastic Net -0.001 0.047 0.047  0.972
Lasso -0.001 0.048 0.048 0.963

25 25 25 200 3 (9) Ridge 0.081 0.067 0.105 0.896
Elastic Net  0.005 0.073  0.073  0.994
Lasso 0.003 0.076 0.077  0.992

50 50 50 200 3 (9) Ridge 0.018 0.047 0.050  0.944
Elastic Net -0.002 0.048 0.048  0.968
Lasso -0.003 0.049 0.049  0.968

Table 1: Simulation results based on 5,000 Monte Carlo iterations. Results are displayed for each of
the three machine learning methods, including the ridge, elastic net, and lasso. Reported statistics
are the bias (Bias), standard deviation (SD), root mean square error (RMSE), and coverage frequency

for the nominal probability of 95% (Cover).
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0-Way 1-Way 1-Way 2-Way
Instrument (Z;;) — Product Market  xMariot
Horsepower /weight -5.763  -5.719  -5.815  -5.659
of other products (0.460) (0.640) (1.024) (1.211)
Miles/dollar -6.121 -6.056  -6.191 -6.121
of other products (0.607) (0.865) (1.491) (3.963)
Size -5.684  -5.641  -5.727  -5.593
of other products (0.413) (0.565) (0.892) (1.015)

Table 2: Estimates and standard errors of the coefficient 6y of log price in the demand model. The
first column indicates the instrumental variable. The second column shows the results of the DML by
lasso not accounting for clustering with the number K = 4 of folds for cross fitting. The third and
fourth columns show the results of the 1-way cluster-robust DML by lasso clustered at product and
market, respectively, with the number K = 4 of folds for cross fitting. The fifth column shows the

results of the 2-way cluster-robust DML by lasso with the number K? = 4 of folds for two-way cross

fitting. All the results are based on the average of ten rerandomized DML.
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