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Abstract

This paper explores the estimation of a panel data model with cross-sectional in-
teraction that is flexible both in its approach to specifying the network of connections
between cross-sectional units, and in controlling for unobserved heterogeneity. It is as-
sumed that there are different sources of information available on a network, which can
be represented in the form of multiple weights matrices. These matrices may reflect
observed links, different measures of connectivity, groupings or other network struc-
tures, and the number of matrices may be increasing with sample size. A penalised
quasi-maximum likelihood estimator is proposed which aims to alleviate the risk of
network misspecification by shrinking the coefficients of irrelevant weights matrices to
exactly zero. Moreover, controlling for unobserved factors in estimation provides a
safeguard against the misspecification that might arise from unobserved heterogeneity.
The asymptotic properties of the estimator are derived in a framework where the true
value of each parameter remains fixed as the total number of parameters increases. A
Monte Carlo simulation is used to assess finite sample performance, and in an empiri-
cal application the method is applied to study the prevalence of network spillovers in
determining growth rates across countries.
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1 Introduction

Increased attention is being given over to panel data models which take into account cross-
sectional interaction. These models have proven to be empirically relevant in a diverse range
of economic settings, such as social interactions between individuals, business connections
between firms, trading relations between nations, and dependencies between financial as-
sets. At the heart of many econometric models of this kind lies a weights matrix, which
summarises the network of connections between interacting cross-sectional units. Yet net-
works are rarely fully observed, and the uncertainty in how a weights matrix should be
specified has been a common critique of this growing literature (see, e.g., [Blume et all,
2015; de Paula et all, 2020; Lewbel et _all, 2021). In practice, situations in which networks
are partially observed are more frequent, with some information being available on cross-
sectional links, or their absence, as well as information on other network structures such as
groupings. As an example, within a school one might observe family, friendship, classroom
and cohort groupings, each of which provide information on the network of connections
between different students. In other settings, such as international networks, there are
multiple ways to quantify connectivity between nations, including economic measures such
as trade and foreign direct investment flows, physical distance, and infrastructure links.
Nevertheless, it is not usually obvious how these pieces of the jigsaw fit together, and this
uncertainty inevitably increases the risk of model misspecification.

Typical methods to inform the choice of weights matrix include sequential specification
testing, or model selection with reference to an information criterion (e.g., Zhang and Yu,
2018). These approaches have largely been focused on the problem of discerning a single
best weights matrix from a set of mutually exclusive competitors. In contrast, there are
many cases in which weights matrices manifest equally relevant, rather than competing,
specifications and, in cases such as these, a model that includes multiple weights matri-
ces may be preferable. This presents a more challenging model selection problem since
prospective model specifications may be nested in one another, generating a large number
of alternative models. In order to tackle this empirically important issue the current pa-
per uses penalised estimation methods, which retain relevant weights matrix specifications,
while at the same time, shrink the coefficients of irrelevant matrices to exactly zero.

A related concern in models of this kind is unobserved heterogeneity. Intuitively, there
are likely to be many common factors which are unobserved, and yet have an influence
on the outcomes of cross-sectional units; for example exposure to common shocks or a
common environment. The presence of common factors can make the identification of

model parameters difficult in the event that these are correlated with covariates. The typical



approach in dealing with unobserved heterogeneity is to transform the model in a way which
purges the unobserved factors (see, e.g., Yu et al), 2008; Lee and Yu, [2010). Nonetheless, a
transform risks purging the very variation needed to identify network spillovers and therefore
identification remains a delicate issue, with variation in the regressors, the structure of the
weights matrices, and that of the unobserved heterogeneity, each having a part to play.
An additional challenge in transforming the model is that prior knowledge on the nature
of the unobserved heterogeneity is needed to specify a transform. Traditional examples of
this include time, unit and group effect models in which case information on time, unit and
group identities is used. Yet with a complex structure of cross-sectional interaction, it is
desirable to go beyond these models and to allow for more general forms of heterogeneity.
The present paper models a factor structure in the error, which provides this flexibility since
common factors may vary across time and have a fully heterogeneous effect on the cross-
section. By way of principal component methods, a transform to purge these factors is, in
effect, estimated alongside model parameters, removing the reliance on prior knowledge to
specify a transform. Taken together, multiple weights matrices, penalisation, and a factor
structure error, provide a means of estimating various network spillovers which addresses
some of the empirical concerns raised in models of cross-sectional interaction. Moreover,
the properties of the estimator are studied in a framework where, although the true value
of each coeflicient is assumed to be fixed, the total number may be increasing with sample
size. Such a regime better reflects the intuition that as sample size grows, so too is the
amount of information available on a network likely to accumulate.

The present paper lies in the intersection of several literatures, including social and spa-
tial network models, high-dimensional estimation, and models with factor structured errors.
In the social network literature, estimation and identification of network spillovers has been
extensively discussed; e.g., [Led (2007), Bramoullé et all (2009) and [Lee et all (2010). These
papers each devote attention to the challenges which may arise in the presence of unob-
served heterogeneity, in models where a time dimension is absent. Elsewhere, panel data
models which combine interaction and factor structures in the error term have been consid-
ered; see, for example, [Shi and Lee (2017), Bai and Li (2021) and [Kuersteiner and Prucha
(2020). In a likelihood framework, |Shi and Led (2017) studies the estimation of a dy-
namic spatial model with interactive fixed effects and use a single weights matrix to rep-
resent dependencies between outcomes. [Bai and Li (2021) do similarly, though explicitly
allowing for cross-sectional heteroskedasticity. The present paper also pursues a likelihood
based estimation approach, and generalises these papers to allow for multiple weights ma-

trices and the possibility that the number of such matrices may be increasing with sample



size. |[Kuersteiner and Prucha (2020) consider estimation of a model with multiple poten-
tially endogenous weights matrices alongside a factor structure in the error, by way of
a method of moments estimator. The approach of [Shi and Led (2017) is partly inspired
by IMoon and Weidner (2015), who derive the properties of an estimator using an eigen-
value perturbation approach. On the other hand, Bai and Li (2021) more closely follow
Bai (2009), who derives results using first order conditions as a starting point for analysis.
In terms of theory, this paper follows the latter approach, and proceeds from first order
conditions in similar fashion to Bai (2009).

In the high-dimensional estimation literature, [Lu and Su (2016) examine a model with
interactive fixed effects and an increasing number of parameters, but without cross-sectional
interaction. They make use of the adaptive Lasso penalty of [Zou (2006) to induce spar-
sity amongst both estimated coefficients and factor loadings, assuming that many of these
are redundant. Their procedure yields efficiency gains when compared to estimating the
model with the number of factors overestimated. The present paper also uses the adaptive
Lasso, which penalises the £1 norm of the estimated parameter vector, encouraging sparsity
amongst coefficient estimates. High-dimensional spatial models have also been studied else-
where, such as|Lam and Souza (2019), who consider a model which allows for an increasing
number of spatial weights matrices, and also use the adaptive Lasso as a penalty, though do
not consider unobserved heterogeneity beyond standard fixed effect approaches. [Liu (2017)
similarly uses penalised estimation in a cross-sectional model with many spatial weights
matrices. |Gupta and Robinsonl (2015, 2018) consider estimation of a cross-sectional spatial
model, with the number of weights matrices increasing with sample size, by using instru-
mental variables and quasi-maximum likelihood respectively. The authors carefully study
the asymptotic behaviour of these estimators, but do not pursue penalised estimation nor
discuss unobserved heterogeneity.

Some recent works have also considered the case where the network is entirely unob-
served, such as|de Paula et all (2020) and Lewbel et al! (2021). This situation is especially
relevant in the context of social interactions, where connections between individuals might
be particularly hard to observe or to quantify. The approach taken inide Paula et all (2020)
involves estimating an entire weights matrix using observations on the same set of individ-
uals across multiple time periods. This can be seen as an extreme case of the current paper
in which each weights matrix consists of a single nonzero element taking a value of one.
Lewbel et all (2021) takes a different perspective whereby multiple groups of individuals
are observed, a special case of which is when each group consists of the same individuals

observed in different time periods. In contrast, the focus of the present paper is where the



network is partially observed, which in practice may be quite common. Moreover, estab-
lishing identification of the entire weights matrix once a factor term is introduced into the
error may be a nontrivial matter.

Outline: The model of interest is introduced in Section 2] alongside some basic as-
sumptions and the estimation method. This is followed by asymptotic results in Section [
and a discussion on implementation in Section [4 In Section [ finite sample performance
is assessed be means of a small Monte Carlo study, followed by an empirical application
of the method to consider whether network spillovers are prevalent in determining growth
rates across countries. Section [l concludes. Proofs of the main results can be found in
Appendix[Al For further discussion, proofs of lemmas and additional simulation output, see
the Supplementary Material.

Notation: Throughout the paper, all vectors and matrices are real. For an n x 1 vector
b with elements b;, ||b|[1 = > i, |bil, ||bl]2 = 1/ > i b2, ||bl]oo = maxi<i<n |bi|. Let B be
an n X m matrix with elements B;;. When m = n, and the eigenvalues of B are real, they are
denoted by p,(B) < ... < up(B). The following matrix norms are those induced by their
vector counterparts: ||B||1 := maxi<j<m Y | Bi;j| which is the maximum absolute column
sum of B, ||B||z := /1 (B'B), and || B||o = maxj<i<p > _j—1 |Bij| which is the maximum

absolute row sum of B. The Frobenius norm of B is denoted ||B||r = /> i, z;nzl ng =
\/m. Let Pg:= B(B'B)"B' and Mg = I,, — Pp, where I, is the m x m identity
matrix and the superscript + denotes the Moore-Penrose generalised inverse. A sequence
of n x n matrices C,, is said to be uniformly bounded in absolute row and column sums
(UB) if both the sequences ||Cy||1 and ||C, || are bounded. Throughout ¢, potentially
indexed when there are many, is used to denote some arbitrary positive constant which,
unless stated otherwise, is assumed not to depend on sample size. Finally, ‘w.p.a.1’ is used

to indicate ‘with probability approaching 1.

2 Model and Estimation

2.1 Model
The model studied in this paper supposes that, amongst n cross-sectional units in time
period t = 1,...,T, outcomes are generated according to
QnT KnT
Yy = Z Pquyt + Z BrTrt + e (1)
q=1 k=1



where y;, T and 1, are n x 1 vectors of outcomes, covariates and error terms, respectively,
and W, is an n xn weights matrix specified in advance. Both the number @, of potentially
relevant weights matrices and the number K,,7 of potentially relevant regressors can increase

with sample size. The covariates may be subdivided into various types, such that

K:LT QnT

KnT
D Bemi = ol + 0¥ 1+ Y g1 Woy 1. (2)
k=1 k=1 q=1

The first K, regressors may be either primitive exogenous covariates, or formed by the
interaction of weights matrices and primitive exogenous covariates. It is assumed that there
is at least one relevant exogenous covariate, i.e. this paper does not study the case of
a pure network autoregression. Moreover, lagged outcomes and the interaction of these
with weights matrices can provide additional covariates of the form Wy y, ;. It may be
that many of the parameters p,, d, and ¢, are truly zero since many of the covariates or
weights matrix specifications may be irrelevant. Such restrictions need not be imposed a
priori, since penalised estimation induces the estimates of these parameters to take values
of exactly zero.

The weights matrices W, contain information about the connections between the cross-
sectional units, with larger elements — positive or negative — measuring a stronger connec-
tion. The literature often assumes that the weights matrices have positive elements and are
row normalised such that each of the rows of W, sum to 1. These assumptions lend products
of the form Wb the interpretation of a weighted average of the entries of a vector b. While
these two assumptions are not necessary in this paper, the assumption that the weights ma-
trices have zero diagonals, which forbids self-links, is retained. The coefficients p, on Wy,
capture endogenous spillovers; that is, the impact on the outcome of each unit, generated
by the units that are neighbours according to the g-th weights matrix. Analogously, those
0, coefficients on covariates of the form Wz}, capture exogenous spillovers, also referred to
as contextual effects in the social interaction literature. The coefficients ¢4 1 on products
W,y,_, capture dynamic spillovers. Combined, the endogenous, exogenous and dynamic
spillovers, allow model () to quantify a breadth of different network spillovers.

It is assumed that the error term has a factor structure of the form

e = Afy + e, (3)

where A is an n x R matrix of time-invariant loadings, f, is an R x 1 vector of unit-invariant
factors, and €; is an n x 1 vector of idiosyncratic error terms. In addition, the rows of A

are denoted by A;, for ¢ = 1,...,n, and the factors are arranged in the T x R matrix



F = (fi,...,fr). Throughout, the number of factors R is assumed to be a constant
independent of sample size. Following a fixed effects approach, both factors and loadings
are treated as (nuisance) parameters in estimation. Thus, in the model, either is allowed
to be arbitrarily correlated with covariates. The framework is very general; for instance
f+ could be aggregate shocks affecting the entire network at time ¢, with a heterogenous
effect on each individual. Moreover, this factor structure nests more traditional fixed effect
models as special cases.

It is worth stressing that unobserved heterogeneity may arise from various sources.
Consider, as a simple example, a model with a single exogenous regressor and no endogenous
spillovers, i.e.,

QnT
Y= px; + Z agWyx; + 0Wrxi + &4, (4)
q=1
with W, being the ¢-th observed weights matrix, and *, 4,0 being scalars. Suppose
that Wy, is unobserved and is either low rank or well approximated by a low rank matrix.
This may represent, for example, low rank measurement error in some Wy, or unobserved
connections between cross-sectional units arising due to network sampling; see, for instance,
Wang (2018). Defining A*f; = dWpa], it is clear that () is nested in model () and
highlights that the decomposition of the unobserved term into factors A* and loadings f; is
arbitrary; it is the low rank restriction on dWpx} that allows this term to be distinguished
and controlled for.
Going forward, it is convenient to introduce some new notation. The subscript n7" used

previously is suppressed from Q,7, K,7, K, and the following parameter vectors and

covariate matrices are defined: p = (p1,...,pQ), 6 == (61,...,0k+), ¢ = (P1,...,PQ+1),
B = (515 e aBK), = (6/, ¢/),a 0 = (p,a B,)/, and Xt = (sza ytfl’ letfl, DR WQytfl),
where X} = (x];,...,&)~), and S(p) = I, — Z?Zl pqWy. Given these, model (1)) can be

restated more succinctly as

S(p)y:=XiB+Af, +e. (5)

Throughout, the superscript 0 is used to distinguish the true values of the factors, loadings,
and parameters, as well as the true numbers of these, and the framework is one in which n
and T diverge simultaneously. The total number of parameters in the vector 8 is P := Q+ K,
of which only P are truly nonzero. In fact, one might often expect that the vector 8 is sparse
in the sense that many of its components are zero, particularly in cases with a large number

of weights matrices and covariates. Accordingly € may be reordered as ¥ := (9'(1), '(2))’,



where 6 1) is the PO x 1 vector of nonzero parameters, and 9(()2) = O(p_po)x1- Sparsity,
however, is not necessary and indeed the results of this paper equally allow for the possibility
that all of the weights matrices and covariates may be relevant. The n x T data matrix
for the k-th exogenous covariate is denoted X7, = (x};,..., %) for Kk = 1,..., K*, and
the n x T data matrix for the lagged outcomes is denoted Y_1 == (y;_1,...,Y;_7). The
data matrix for the generic k-th covariate of any type, X, Y_1 or W,Y_1, is denoted
Xy = (xp1,...,xr), for k=1,..., K. Also, A(p,¢) = S (p)(¢11, + Z(?Zl bg+1Wy),
A= A(p° ¢°), S:=S(p°), G,(p) = W,S(p), and G, := G,(p").

2.2 Assumptions

The first set of assumptions concerns the idiosyncratic error term e;.
Assumption 1.

1.1 The errors €;y are identically and independently distributed over i and t with Ele;] = 0,

E[e?t] = 0(2] > ¢ > 0, and fourth moments uniformly bounded over i and t.

1.2 The errors e are independent of the elements of the matrices A°, FO, and X7, for
k=1 ..., K*.

These assumptions have been employed across various papers. Cross-sectional ho-
moskedasticity and independence is commonly assumed, though this can be relaxed by
estimation of a more general n x n covariance matrix X°, at the expense of additional
parameters; see for example Bai and Liad (2017) and Bai and Li (2021). Additional struc-
ture in the error term could also be considered as is commonplace throughout the spatial
econometrics literature. Yet since the factor structure provides a mechanism for capturing
such correlation, Assumption [T assumes X9 = agI n. Differing assumptions concerning the
relationship between the errors, the factors, and the loadings appear across the literature;
these are comprehensively surveyed by [Hsiag (2018). Assumption [[2limposes independence
of the factors and the loadings from the error term as in Baij (2009).

Some additional assumptions are required regarding the other components of the model.
Let | - | denote the entrywise absolute value of a vector or matrix, ® denote the parameter
space for 6, and ©, and ®, denote the parameter spaces for p and ¢, respectively. Since
®, ©, and O, depend on n and T, in the following it is understood that any assumptions

which relate to these parameter spaces are to hold for any (n,T).

Assumption 2.



2.1 The parameter vector ° is in the interior of ®, with © being a compact subset of
R”.

2.2 The weights matrices W, are nonstochastic and UB uniformly over q.

2.3 For all p € ©®, and ¢ € Oy, S(p) is invertible, S(p), S~ (p) and 332, |A"(p, ®)|
are UB, |[A(p, d)||2 < 1—c for some c > 0, and liminf,, 7, infyce, det(S(p)) # 0.

2.4 The elements of the matrices X, have fourth moments uniformly bounded overi,t and
K, and elements of the matrix Zle 5,2Xk have fourth moments uniformly bounded

over i,t and K.
2.5 The true number of factors RO is constant.

2.6 The elements of the matrices F° and A° have eighth moments uniformly bounded over

i and t.

Assumption 2.] considers a sequence of compact parameter spaces over which to max-
imise the objective function. The condition in Assumption that the weights matrices
are UB is standard and serves to limit interactions to a manageable degree. Here, uni-
form boundedness over ¢ is also required, due to the possibility that the number of weights
matrices increases with sample size. Assumption 23] ensures that the model admits a re-
duced form, and the dynamic process in stationary. Restrictions on the parameter space
of p which ensure that S(p) is invertible have been discussed elsewhere in the literature,
particularly in the case Q = 1. A general condition sufficient for the invertibility of S(p)
is || Zqul pgWyl| < 1 for some matrix norm || - ||, though with > 1 more informative
conditions can be difficult to obtain outside of exceptional Cases However, as noted by
Gupta and Robinson (2018), even when it is possible to characterise inadmissible values of
p and exclude these, the resulting parameter space is unlikely to be compact. It is therefore
commonplace in the literature to restrict attention to a region around the origin in which
S(p) can be guaranteed to be invertible. This is where 222:1 lpg| < (maxi<4<q [|[Wy|) 7t
Yet while the set of p which satisfy this is bounded, it is also open. Therefore to ensure

the existence of a maximiser over this space, a closed subset can be considered such that

1One such case is where the matrices Wi, ..., W are simultaneously diagonalisable, for example where
they consist of powers of a single weights matrix. Another example is where the weights matrices consist of
nonoverlapping blocks.

2This inequality is obtained from the condition || 23:1 paWy|l < 1 and the fact that || ZqQ:I paWql| <
fo:l |pq] maxi<q<q ||Wyq|| for any matrix norm || - ||.



23:1 lpgl < (1 —7)(maxi<4<q ||W,||) 7!, with 7 € (0,1). Row normalisation of the matri-
ces W, further simplifies this condition since it implies maxj<q<q ||Wy||oo = 1. Model (Bl)
can be rewritten as y, = Ay, ; + S (X8 + Af, + &), or, after recursive substitution,
Yy, = D00 ANSTH(X 0 + Af,_;, + €1_1); Assumption 3] guarantees that this series
converges. Further discussion of parameter restrictions ensuring convergence of this series
can be found in [Lee and Yu (2014) and |Shi and Lee (2017)H The first part of Assumption
24 ensures that || X%||r = Op(v/nT), for k = 1,..., K. For the second part, notice that
G, X +B° can be used as an instrument in the estimation of qu With a diverging num-
ber of parameters, the second part of Assumption 2.4] assures that for these instruments
I Zszl BYG,X||r = Op(v/nT). An alternative condition sufficient for this is ||3°|]; < ¢,
which follows by Holder’s inequality or, alternatively, Assumption 2.4] could be replaced
by one restricting the growth of K° and n,T. Assumption is common throughout the
literature, but could be relaxed at the expense of slower rates of convergence. Several dif-
fering assumptions concerning the moments of the factors and the loadings appear in the
literature. Given the possible presence of lagged outcomes as covariates, Assumption
serves the same purpose as Assumption 5(vi) in Moon and Weidnen (2017), and ensures

that y; has uniformly bounded fourth moments.

2.3 Objective Function

The estimation strategy employed in this paper is penalised quasi-maximum likelihood
(PQML), using the multivariate standard normal distribution for the error term, i.e.,
it LS, (0,08), and following a fixed effects approach. Maximum likelihood estimation
is a standard in the literature for models of this type, since the simultaneity in the de-
termination of outcomes generates an endogeneity problem which results in least squares
estimates being biased. The parameter of interest is @, whereas A, F,o? are treated as
nuisance parameters. Since fixing 6 results in a pure factor model (and A, F, o2 are not
penalised), the estimators of A and F for fixed € are a solution to a standard principal com-
ponent problem (see, e.g., Bai, 2009). In this subsection R is fixed such that R > R?; this is
discussed in greater detail in Section Bl With R fixed, the average (quasi) log-likelihood

1S

L(O,A,F o) = —% log(2m) + %log(det(S(p))) - %10g(02)

3For example, where the weights matrices consist of nonoverlapping blocks, Zqul |pg] +Z§:11 |pg| < 1—c
is sufficient for ||A(p, @)|l2 <1 —c.
“Observing that §7' = I, + 3% | pIGy, then y, = X,8°+ 32 | p)G X 8% +S'A’f) + S~ ', which

makes the role of G4 X3° as an instrument for Wy, transparent.
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T

—%% > (S(p)y:— XiB — Af) (S(p)y: — XiB — Af))  (6)
t=1

and its penalised counterpart is
Q(O,A,F,O'2) = ‘C(G,A,FaOQ) - 9(0575<)5 (7)

where 0(0,4,() is a penalty function and -, ¢ are regularisation parameters. The specific
form of penalty function is introduced in Section 2.4] and the choice of regularisation pa-
rameters is discussed in Section .1l however for the moment these are both also taken to
be fixed alongside the number of factors. Concentrating out o2, as well as the factors, and

dropping the constant in ([7]) yields the concentrated expression

0(6, A) = loa(det(S(p))) — 3 log (4°(6, A)) — 0(6,%,0). (5)

where 6%(0,A) = - ST €M pe; and e; == S(p)y;— X 3. Hereafter the terms likelihood
and log-likelihood are used synonymously. In order to maximise (8) with respect to A, note
that

T
1
/
min E etMAet g e;je; — max g etPAet
AcR»xE nT nT = AeRnxR nT

T T
1 1
=tr| — ) eel | — max tr[ —= ) VijeielVa
<nT Z t t) VAER"XRileVA:IR (TLT ; ACtEt
1 " 1 &
= tr| = E — ) e 9
' <nT t=1 etet) o (nT t=1 etet) , v

where the second line follows from the fact that any orthogonal projector P g can be written
as VpV'g, with the columns of Vg forming an orthonormal basis for the column space of B,
and the third line follows from a standard result (e.g., Horn and Johnson, 2012, Corollary
4.3.39) Hence, (@) can be used to concentrate out A in (§), whereby the PQML estimator
of 8" is characterised as
6 = arg max Q(6), (10)
0cO

where

() ::%log(det(S( ) ——log< > m( Zetet» —0(0,7,¢).  (11)

i=R+1

For example, by the QR decomposition, B = VR with Vi € R"*™ having orthonormal columns and
R € R™*™ being upper triangular. Since B has full column rank R is invertible (e.g., [Horn and Johnson,
2012, Theorem 2.1.14) and therefore Pp = B(B'B)le =VsVEg.

11



It is worth highlighting that both the factors and the loadings have been concentrated
out without imposing any of the normalisations typically encountered in the wider factor
literature. This is due to the treatment of both the factors and the loadings as nuisance
parameters, in which case only the space spanned by the loadings implicitly features in
the objective function ([I). It would, of course, be possible to consider estimators of
the factors and the loadings, however the same fundamental indeterminacy issue would
arise in separating these as is encountered elsewhere in the factor literature, and therefore
some normalisations would typically be required in order to do this. It should also be
pointed out that neither the concentrated likelihood nor the penalised objective function
Q(0) are concave in 6. Although subsequent sections establish the desirable asymptotic
properties of global maximisers of these objective functions, it is nonetheless the case that

local maximisers which do not possess these properties may indeed exist.

2.4 Penalty

The present paper adopts the adaptive Lasso, which induces sparsity in parameter estima-
tion by augmenting an objective function with a constraint on the ¢; norm of the estimated
parameter vector. A desirable feature of this method of penalisation is that it can achieve
the oracle property; that is, perform consistent variable selection and, at the same time,
possess an optimal rate of convergence. This is done by using an initial consistent estimator
of the parameters to weight the penalty. The cost of this is the need to find an initial
consistent estimator, which can be difficult in settings where the number of parameters is
greater than the number of observations (n7T" < P in the present case). This complication
is not considered in this paper and attention is restricted to the nT > P setting. Explicitly,
the penalty function employed in this paper has the additive form

Q K
0(0,7,C) =7 > _walpgl + 78 Y worklBel, (12)
q=1 k=1
where w), == |9;£|_C, with 9;2 being an initial consistent estimate of the p-th parameter, and

~ = (7p,78)" and ¢ are regularisation parametersH The parameter ( is a positive constant
and is used to adjust the weight of penalisation according the rate of consistency of the
initial estimator. Combined, ¢ and 9;; generate bespoke weights w,, for each parameter that
will increase for truly zero coefficients and tend to a constant for truly nonzero coefficients.

The other penalty parameters 7, and g are positive sequences which tend towards zero as

o1f 0;‘, = 0 then w), is set equal to oco.
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n and T increase. The form of the penalty term in (I2]) allows the penalty parameters -,
and g to differ across the two types of parameter, p, and Sj. In general the penalty term
can be easily modified to allow for a greater or lesser degree of heterogeneity, as applications
dictate.

Let 6° and 6° denote, respectively, the minimum and maximum element of \9((]1)\. Note
that both % and 6° can vary with sample size due to the increasing dimension of 9(()1). The

following are assumed.
Assumption 3.
3.1 0<c; <60 <0<y <o
3.2 max{vy,,vs} min{n, T} = O(1).
3.3 1|16 — 6°||a = Op(ryr), for some sequence rur — 0 as n, T — oco.

In this paper it is assumed that, while the dimension of ° may be increasing with
sample size, the value of each element is ﬁxedﬂ Nonetheless, this does not rule out either
the minimum or maximum (in absolute value) nonzero elements in 8° becoming arbitrarily
small or large as its dimension increases, and therefore Assumption Bl imposes that the
nonzero elements in 8° are uniformly bounded away from zero and from infinity. Assumption
requires the penalty parameters v, and v to converge to zero sufficiently fast that they
do not adversely impact the rate of consistency of the estimator. Assumption B.3] requires
consistency of the initial estimator 0" at some rate r,p. If the speed at which 7,7 — 0
is especially slow, then ¢ can be adjusted to compensate for this. In the following it is
shown that the unpenalised likelihood can be used to produce a initial consistent estimator,
though other estimation procedures might equally be considered.

In principle it would also be possible to obtain several of the results in this paper under
a ‘moving parameter’ framework, where the values of the nonzero elements in 8° might vary
with sample size; in particular, where some may converge to zero asymptotically. However,
the rate at which they could be allowed do so would need to be sufficiently slow that a choice
of 7, and 7y could still be made to ensure the consistency and model selection consistency of
the procedure. Moreover, in Section B.3] the assumption that the value of nonzero elements
in 6% are fixed is important for the validity of the asymptotic distribution derived in that

section. Therefore, this assumption is maintained throughout this paper.

"More precisely, it is assumed that 02 does not depend on n, T, for any n, T such that 6, enters the model.
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3 Asymptotic Results

3.1 Consistency

Mirroring [Bai (2009), in this section a preliminary consistency result is established which
will be improved upon later. Yet, before proceeding, it is worth providing a few remarks
on the identification of model parameters. In the standard consistency argument for an
extremum estimator, the essence of the idea is to show that “the limit of the marimum 0
should be the mazimum of the limit”, with the latter being unique (Newey and McFadden,
1994, p.2120). In that argument the role that identification plays is transparent, and
with identification established, uniform convergence of the sample objective function to
the limiting objective function often then appeals to a uniform law of large numbers, and
consistency follows thereafter. Yet in models where the number of parameters, nuisance or
otherwise, depends on the sample size, there is no fixed population distribution from which
a sample is drawn, and therefore uniform convergence must be considered more carefully.
In cases such as these, consistency is often shown directly, forgoing an explicit identification
result. For these same reasons this paper also proceeds directly to consistency, with further
discussion on identification being available in Appendix B of the Supplementary Material.

Before formulating the next assumption, it is necessary to introduce some additional
notation. Define the n x P matrix of instruments Z; := (GlXtBO, e ,GQXt,BO, Xy). The
n x T data matrix for the instrument associated with some p, is 25:1 ﬁquX k- The generic
n X T data matrix of either type, X\ or Zszl BYG ¢ Xk, is denoted Zp = (2p1,. .., Zpr),
where zp; is the p-th column of Z;, for p=1,..., P. Finally, let H{(A, F) = nLTZ’(MF ®
MA)Z and Hs = =Z'Z, where Z := (Z',...,2Z') is a nT x P matrix.

Assumption 4.
4.1 R> RO,
4.2 ianeR"XR,FeRTXRO pp(H1(A, F)) > ¢ >0 wp.a.lasn,T — .
4.8 p1(Ha) < cg < 00 w.p.a.1 asn,T — co.
4.4 m — 0.

Assumption E.1] allows for the true number of factors R’ to be unknown, as long as
the number of factors R used in estimation is no less than R?; see IMoon and Weidner
(2015). Assumption demands a certain level of variation in sample data after projecting

out arbitrary factors and factor loadings. This condition can intuitively be understood by
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considering the particular case of individual or time effects, in which case the projections
perform between individual and between time period differences to the data. It is also worth
noting that Assumptions and 4.3 imply that, w.p.a.l,
sup 1 (Hi(A F)) < cp < o0 (13)
AR xR FeRT xR0

and
wp (HQ) >c >0, (14)

which ensures both H; and Ho are well defined asymptotically (see Appendix C in the
Supplementary Material for details). Assumption [£.4] requires that the number of param-
eters does not grow too fast in relation to n and 7. This is necessary since consistency is
stated in terms of the £ norm of a vector with increasing dimension. Recall that 6 denotes
the maximiser of the penalised likelihood function and let @ denote the maximiser of the
unpenalised likelihood function.

Proposition 1 (Consistency). Under Assumptions T, 1|6 — 6°||2 = Op (anr) and ||6 —

P
min{n,T}"

0°||2 = Op (ant), where apr =

This preliminary result is an important step towards those which follow. Moreover, the
result is of interest in and of itself since it applies provided that the number of factors is
not underspecified, and irrespective of the relationship between n and T', as long as both
diverge to infinity. In contrast later in the paper, it will be required that the true number
of factors is known, and that n and 7" grow in proportion (see Assumption [B]). Despite both
the factors and the loadings having been concentrated out, the spaces spanned by both are
implicitly estimated by their respective first order conditions, and as a result both n and T’
are required to diverge. The rate a,7 is in line with the existing literature; see for example
Theorem 4.1 in Moon and Weidner (2015), where a preliminary \/W—consistency

rate is established for a fixed number of (non-nuisance) parameters

3.2 Selection Consistency

In addition to the consistency result established in Proposition[I] it is also desirable that the
proposed estimator is selection consistent. This requires that, with probability approaching
1, the estimates of the truly zero coefficients are zero, while those of nonzero coefficients

are nonzero.

8By imposing sparsity, and, with a judicious and data specific choice of penalty parameters, it may be
possible to obtain faster rates of convergence. This may be of particular significance in very high dimensional

settings with potentially P > nT', though such results are not pursued in this paper.
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Assumption 5. min{’yp,fyg}r;é — 00 as n, T — oo.

Assumption [B] ensures selection consistency of the estimator by taking advantage of
the singularity of the penalty term at zero. Under Assumption [B] min{wp,75}|9;r,|_< will
be explosive in probability for those truly zero 6, and as a result, asymptotically, the first
order conditions cannot not be met unless ép takes a value of exactly zero. For the following,

recall from the end of Section 2.1] that 6 () contains the truly zero 6,,.

Proposition 2 (Selection Consistency). Under Assumptions [IH3,
Pr <||9‘(2)||2 - o) —1 asn,T — 0. (15)

Proposition 2] demonstrates that the estimator will correctly set coefficients with a true
value of zero to exactly zero with probability approaching 1. Moreover, the consistency
result proved in Proposition [I] implies that, with probability approaching 1, the estimates
of nonzero coefficients must be nonzero. Thus together, Propositions Il and 2l indicate that,
with an appropriate choice of regularisation parameters, the PQMLE is model selection

consistent.

3.3 Asymptotic Distribution

An implication of the model selection consistency result obtained in Proposition 2l is that
the asymptotic distribution of the nonzero coeflicient estimates coincides with that of the
infeasible ‘oracle’ estimator, which uses knowledge of which parameters are truly zero. The
limiting distribution of the nonzero coefficient estimates is derived appealing to this result,
and, in keeping with the high dimensional literature, this is done indirectly, by considering
arbitrary linear combinations of parameters. As remarked in Section 2.4] it is important
for the validity of this approach that the true parameters have fixed values that are, by
Assumption Bl well separated from zero. If this were not the case then the finite sample
distribution of the estimator could be quite different to that derived in Theorem [} a point
made clear by [Leeb and Potscher (2005). However, this is a broader issue in the literature
and is particularly difficult to overcome in models of significant complexity, where obtaining

uniform results is often challenging.
Assumption 6.
6.1 - __ 0 as n, T — oo.

min{n,T}

6.2 %AO/A0 2, Y a0 as n — 00 with X0 being a RY x R? positive definite matriz.
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6.3 %FOIF0 2y S0 as T — oo with X po being a R® x RO positive definite matriz.
6.4 %—)cwith0<c<oo.
6.5 R =R

6.6 max{vy,,vg}vVPnT = o(1).

Assumption ensures that the estimation of the coefficients has a negligible effect on
the estimation of the factors and the loadings. [Lu and Su (2016), who consider estimation of
a standard regression model without interaction, require P2/ min{n, T} — 0 for analogous
purposes. A stronger condition is needed here to ensure that the estimators of the reduced
form factors S~1(p)A converge sufficiently fast, since the reduced form is implicitly used in
instrumenting the endogenous variables. As S(p) = I, — 222:1 pqW, involves an increasing
number of weights matrices, the number of these cannot be allowed to increase too quickly.
Moreover the convergence of the covariance matrix requires further limits on the growth
of P. |[Fan and Peng (2004) require P®/n — 0, which corresponds to Assumption in a
cross-sectional framework. The condition given in [Liu (2017), in a cross-sectional spatial
model without a factor structure error effects, also requires P®/n — 0. Assumptions
and impose that the factors are strong, that is to say that the factors and loadings have
a nonnegligible impact on the variance of the unobserved term 1 := (14, ...,n7). Other au-
thors consider models with weak factors however this is not pursued here. Assumption
requires n and 7' to grow in proportion. Similar asymptotic regimes are assumed in several
papers in which biases arise in models with interactive fixed effects, and which use similar es-
timation approaches. Examples of these include Moon and Weidner (2017) and |Shi and Lee
(2017). Other papers, such as [Bai (2009) and [Lu and Su (2016), consider regimes where
both n/T?,T/n? — 0, which provide similar limits on the relative growth rates of n and T
Assumption requires the true number of factors to be known. Nonetheless, Proposition
[Mshows that the PQML estimator remains consistent as long as the number of factors is not
understated; that is R > R". In the absence of interaction, Moon and Weidner (2015) show
that the asymptotic distribution of a least squares estimator is unaffected by overstatement
of the number of factors, under certain conditions. It might, therefore, be expected that
this extends to the present setting, however, since there may be significant complications in
obtaining such results, the asymptotic distribution is derived under the assumption R = R°.
Section shows how the number of factors can be chosen consistently with reference to
an information criterion. Assumption strengthens the restrictions on the penalty term.

Let D denote the sigma algebra generated by X7, ..., X+, A® and F°. With a slight

abuse of notation, in the following the subscripts p and ¢ are also used to refer to an
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element in the indices ¢ = 1,...,Q" and p = 1, ..., P° which indexes quantities associated
only with nonzero parameter values. Define %, := E[Z,|D], Z, :== M 50ZpM po +(Zp— %),
Z) = (vec(Zy),...,vec(Zpo)), and 2y = (vec(Z1),...,vec(Zpo)), that is, Z(;) and 2 )

contain only covariates associated with nonzero parameters. Also, let

1 1 Q 0o, %0
D:=——Z (Muo @ Muy)Z g + QUKD 16
O'g ’I’LT (1)( F? AO) (1) <OK0><QO OKOXKO ( )
3 1 —30) E 0
v Mg ey M 3% QPHET) (17)
a9 oy Oroxgo Oxoyx o

where the matrices © and E are Q° x Q° with elements Qg = 1tr(G,(Gy + G.)) —
%tr(Gq)tr(Gq/) and Z,y = Zthl > ie1(G)ii(Gyy )i, respectively, for ¢,q" = 1,...,Q0,
and with G, = G, — Ltr(Gy)I,. The matrix ® is P* x P and has the structure ® :=
(®',0poy x0)', with Dy = Z;{Zl S (Zy)it(GYiis for g =1,...,Q% and p=1,..., P°.

Assumption 7.

7.1 For some fized integer L, S is a nonstochastic L x P° matriz such that SS' converges
to a (entrywise) nonnegative matriz with eigenvalues bounded away from zero and

infinity as n, T — oo.

7.2 There exist nonstochastic P° x P° matrices D := E[D] and V := E[V] such that
[|D —Dll2 = op(1),||V — V|2 = op(1), and the eigenvalues of D, V and D +V are

bounded from below by zero and from above by a constant.

Since the limiting distribution of the estimator is difficult to derive directly, a se-
lection matrix S is introduced with a finite dimension L. Assumption [.I] sets out ba-
sic properties of this matrix. Assumption ensures that the covariance matrix of the
PQMLE is well defined asymptotically. Let MZ" denote the m-th raw moment of e,
J = (OTX(T_h),IT,OTxh)’, are recall that 6 ;) contains only those truly nonzero coeffi-

cients.

Theorem 1 (Asymptotic Normality). Under Assumptions [1H7,

_1 A
VnT(S(D + V)S,) 2S(D(9(1) — 9(()1)) - ]b) i> N(OLXIa IL)a (18)
with
(2)
b b
b = + OK*OXI ) (19)
Oxox1 ]b(g)



where the vector b1 js Q° x 1 with elements Uoél) = \/%(%Otr(Gq)—tr(PAqu)), the vector
b® is Q¥ x 1 with elements lng) = —\/% g:_ll tr(JoP poJ))tr(W,A"S™1) and the vector
b® is (Q° + 1) x 1 with first element lbgg) = —\/% Z:,f:_ll tr(JoP poJ} )tr(A" 181 and
remaining elements Ib((;jz1 = —\/% Zg:_ll tr(JoPFoJL)tr(Wth_ls_l)H

Theorem [ describes the asymptotic properties of the estimator for the nonzero coeffi-
cients, detailing the asymptotic covariance matrix and the bias terms which arise. Closer
inspection reveals the bias bV is of order 1/T/n, while b® and b® are of order \/n/T.
These biases are a consequence of the incidental parameters in both dimensions of the panel.
The bias bW is comprised to two parts. The first reflects the general loss of information in
G, resulting from reducing its rank by R with the projection M ,o. The second depends
on the resemblance between the loadings and the network structure; both are sources of
cross-sectional dependence and therefore may be conflated. If the column space of Gy is
orthogonal to the space of loadings, then P0G, = 0,,x, and the second part of b® does
not feature. The second source of bias is characterised in b for the p coefficients, and in
b® for the ¢ coefficients. These two biases arise due to the inclusion of a lagged outcome
and are a generalisation of the usual fixed T bias encountered in dynamic panels with in-
dividual fixed effects. As expected, when the number of parameters is fixed, with S = I po
the distribution collapses to that of the QMLE where the covariance matrix has a typical

sandwich form.

3.4 Bias Correction

Given the characterisation of the bias term in Theorem [I], it is shown in the following
proposition that this can be consistently estimated and the limiting distribution of the
PQMLE can be recentred. Let D and b denote the analogues of D and b, respectively,
where 8%, F, A? and ag are replaced by their estimates.

Proposition 3 (Bias Correction). Under Assumptions [IH7,
1 Ac
VT (S(D + V)S') 28D (6() — 6%)) % N (01, 11), (20)

with é?l) = é(l) — ﬁillf) being the bias corrected estimator.

9Note that here it is assumed that ¢? is nonzero so that UZ)SS) appears in the bias term.
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4 Implementation

This section discusses a way in which the estimation procedure proposed in this paper can
be implemented and, in particular, describes the approach used to obtain the results in
Section Bl This largely concerns how to choose the user specified inputs: the number of
factors R, and the regularisation parameters 7,,73 and . Two methods to inform these
choices are discussed in Sections L. Iland £.2] with the overall suggestion being to proceed in
the following way. First, by Proposition[Il the coefficients can be consistently estimated with
knowledge only of an upper bound on the number of factors. Thus, with a suitable choice
of the penalty parameters (discussed in Section [4.1]) penalised estimation can be performed
using a large R, and consistent estimates of the coeflicients obtained. Using these coefficient
estimates, a pure factor model can be constructed and the true number of factors detected
(discussed in Section [£.2]). Finally, the model should be re-estimated inputting the detected
number of factors to obtain the final estimates. Of course, this multi-step procedure neglects
to account for uncertainty at each stage and ideally it would be preferable to select both
the penalty parameters and the number of factors jointly, however, the approach adopted
here is pragmatic. Additional Monte Carlo results are provided in Appendix J of the
Supplementary Material in order to assess the possible impact of varying the number of

factors on the properties of the estimator.

4.1 Choosing the Penalty Parameters

The fixed regularisation parameter ¢ can typically be chosen in line with the rate of conver-
gence of the initial estimator, in order to scale the parameter-specific weights w,, appropri-
ately. For example, if 7,7 is known to converge to zero slowly, ¢ can be increased in order to
ensure Assumptions [ is satisﬁed The other regularisation parameters «y, and ~yg, which
must convergence to zero, could also be chosen simply as sequences which, in combination
with (, ensure Assumptions [3.2] [ and are satisﬁed However, as an alternative, this
section considers an information criterion that can be used to select vy, and v, similar to
what is proposed in Lu and Su (2016). This is suggested in order to go some way in tailoring

the choice of 7, and v to the data. Recalling 7 := (7,,73)’, the information criterion takes

10T both the simulations and the application ¢ is set equal to 4, which performs well in practice and, with
0 as an initial estimate, would also be suitable for a general choice of 7, and v3; see footnote [I1]

"F¥or example, if rnr = anr, then ¢ = 4 and v, = y3 = 1/ min{n, T} would satisfy Assumptions 32 and
as long as P?/min{n, T} — 0. With n oc T under Assumption 64 and again, with 7,7 = anr, then ¢ = 4
and v, = v = n~*/% would satisfy Assumptions 32 [ and as long as P*/min{n, T} — 0.
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the form

IC* () = 62(7) + 0,Sp (V)| + 23lSz(7)]; (21)

where the notation 62(v) is used for 62(9,A) to emphasise the dependence on v, g, and
0p are some positive penalty functions of (n,T), S,(v), Sg() denote the index sets for
the nonzero elements of the parameter estimates under v, and |- | denotes the cardinality
of a set. Following closely the exposition in ILu and Su (2016), define Sf, = {1,...,Q}
and Spg = {1,...,K} as the index sets for the full set of weights matrices and for all
covariates respectively. Analogous sets St , = {1,...,Q"} and S5 = {1,..., K"} contain
the indices of the relevant covariates and weights matrices. Next, define two closed intervals,
I', ==1[0,%,] and I'g == [0,7p], with ',,T'g C R4 and where 7,,73 are two upper bounds
beyond which all parameters would be set to zero. The space I' :== I', xI'g can be subdivided

into three regions:

I :={~yerl: S,(v) = Sr,p and Sg(v) = St8},
™ ={y el :Sy(v) 2Sr,or Sg(v) 2 Srp)},

I = {y €T :8,(7) D81, Ss(v) D Srp and [S,()| + [Ss(¥)| > [S1.0] + [S18]}-

Respectively, these are the sets of « in which the true model is selected, the model is

underfitted and the model is overfitted. The following assumptions are made.

Assumption 8.

8.1 #ZT}—)OGSTL,T%OO.

8.2 Asn,T — oo, (\/QanT)_lgp — 00, (\/@anT)_lgﬁ — 00, Qogp — 0, and Kogﬁ — 0.
8.3 For any ~ € '™, there exists 0% such that 62(~) 20?2 > 3.

Assumption [ is analogous to Assumptions A.7 and A.8 in [Lu and Su (2016). Assump-
tion 81l is required to ensure that for those 4 which yield either the true model or an
overfitted model, 6%(y) is consistent for 3. Assumption B2 requires that the penalty func-
tions o, and gg relax sufficiently fast as sample size increases. In practice, there may be
many functions which satisfy Assumption 8.2] though these may have different impacts in
finite samples; for further discussion see [Bai and Ng (2002). Assumption [R3] ensures that

underfitted models yield a larger mean squared error than a correctly fitted model.
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Proposition 4 (Information Criterion Consistency). Under Assumptions[IHA and[8,

Pr < inf  IC*(y) > IC*(70)> —1asn,T — oo, (22)
~el—ur+

for any v° € TO.

4.2 Choosing the Number of Factors

Following the procedure outlined at the beginning of Section Ml penalised estimation can
first be performed with the number of factors R set to a large enough value, denoted by
Rumax, in order to obtain consistent estimates of the parameters, denoted by p and 3. A
pure factor model can then be constructed as
K
SP)Y =Y Bz =A"F" +¢ (23)
k=1
with & = Y01 (0) — ) Go( iy BYX )k + AFY +€) + S0 (B) — Bu) X, + €. Existing
information criteria can then be used to detect the number of factors, and this suggested
number can be input into a second estimation step. For example, [Shi and Led (2017)

consider information criteria of the form
IC(R) = log (i i i ((AOFO’ —|—é) (AOFO’ + é>l>> +osR (24)
nI’ i=R+1 Z f’
with gy being a positive penalty function of (n,7T"). With minor modification to Theorem
5 in that paper, it can be shown that the information criterion in (24]) is consistent in
determining the number of factors, in the sense that lim, 7, Pr(R* = RO) =1, with R* ==
argming<p<p, . IC(R) and under the additional assumption that the penalty function oy

satisfies oy — 0 and a,roy — oo, with a,7 being the preliminary rate established in
Proposition [II

5 Illustration

This section demonstrates the finite sample performance and practicability of the procedure

through the use of a small Monte Carlo study and an empirical example.

5.1 Simulations

In the following design, the data are generated according to model ({I), with the number of

parameters and weights matrices increasing with sample size. The design is summarised in
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Table [l with a little under half of the parameters taking a true value of 0 for each sample

size. Dashes in the table indicate that a covariate is absent.

Table 1: True parameter values

n T P? Pg f’g Pg /’g 59 5(2] 52 52 5? 5(1]1 592 5?3 5?4 5?5 ¢? ¢g ¢g ¢2 ¢g
25 102 02 O - -3 0 -3 - - 1 o -1 - - 015 0 -015 - -
25 50 |02 02 O - -3 0 -3 0 - 1 o -1 - - 015 0 -015 - -
100 (0.2 02 O - -3 0 =3 0 3 1 o -1 - - 015 0 -015 - -
2502 02 0 02 - 3 0 -3 - - 1 0o -1 0 - 015 0 -015 0 -
50 50 (02 02 0 02 - 3 0 -3 0 - 1 0o -1 0 - 015 0 -015 0 -
0002 02 0 02 - 3 0 -3 0 3 1 0o -1 0 - 015 0 -015 0 -
25102 02 0 02 0o 3 O -3 - - 1 0o -1 0 1 015 0 -015 0 O
100 50 {02 02 0 02 0 3 O -3 0 - 1 0o -1 0 1 015 0 -015 0 O
10002 02 0 02 0 3 0 =3 3 1 0O -1 0 1 015 0 -015 0 O

The error term g5, the loadings )\?T and the factors fQ. are generated as standard nor-

mal Variables Primitive exogenous variables are generated according to z},, = v +

Zfol A £% + eir with v being uniformly drawn from the integers {—10,...,10} and e; ~
N(0,2). By design these are correlated with the factors and the loadings and have asso-
ciated coefficients 0°. There are also additional covariates formed by interacting the g-th
weights matrix with the first primitive exogenous regressor in the manner of (2)). These
covariates have associated coeflicients 5?(1. The number of weights matrices is increasing
with n, with the first weights matrix being constructed as if the cross-sectional units were
arrayed on a line and connected only to the units immediately to the left and right. This
is the simplest example of a path and produces a matrix with ones along the diagonals di-
rectly above and below the main diagonal, and zeros elsewhere. The remaining matrices are
specified in similar fashion, but now represent neighbours to the ¢-th degree. All matrices
are then row normalised. Finally, a lag of outcomes is included, as well as interactions of
this lagged outcome and the weights matrices

Table 2] reports bias corrected estimates éc, across various n and 7', each with 1000

Monte Carlo replications, and where R = R = 3.

12For simplicity results are reported here only for idiosyncratic errors that are normally distributed. Similar
results can be obtained under alternative error distributions and additional simulation results are available

in Appendix J in the Supplementary Material.
13 Assumptions [ are verified for this design in Appendix I of the Supplementary Material.
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Table 2: Bias of bias corrected estimates of nonzero parameters (R = R)

n T p1 P2 P4 01 3 Js 011 013 015 o1 o3
25 0.0002  —0.0004 - 0.0008 —0.0014 - —0.0027 0.0031 - —0.0004 0.0004
25 50 0.0001  —0.0002 - —0.0002 —0.0006 - —0.0016 0.0026 - —0.0002 0.0002
100 0.0001 —0.0002 - 0.0001 —0.0005 0.0005 —0.0014 0.0017 - —0.0001 0.0001
25 0.0001 0 —0.0001 0.0005 0.0005 - —0.0007 0.0005 - —0.0002 0.0002
50 50 0.0002 —0.0003 0 0.0002 —0.0006 - —0.0005 0.0013 - —0.0001 0.0001
100 0 —0.0001 0 —0.0001 —0.0003 0.0003 0 0.0005 - —0.0002 0.0002
25 | —0.0001 —0.0002 0.0002 0.0003 —0.0011 - —0.0004 0.0022 —0.0006 —0.0003 0.0003
100 50 0 0 0 0.0003 —0.0002 - 0.0001 0.0005 —0.0006 —0.0003 0.0002
100 0.0001  —0.0001 0 0 —0.0001 0.0002 —0.0004 0.0007 —0.0001 —0.0002 0.0002

Table 2 shows that the biases are generally decreasing with both n and T" and tend to be
larger for the parameters d1,d3 and 5, as well as the exogenous spillovers 1,513 and 5.
This is unsurprising since the covariates X}, are directly correlated with the loadings and the
factors by design. The biases of the p, parameters are lower since these implicitly use the
instrument Gy X 3", which may not itself be strongly correlated with the factors and the
loadings. The same is true of the coefficients ¢ and ¢3, since the lags Y _; and interactions
W,Y_1 are less directly correlated with the factors and the loadings. These biases can be
favourably compared with Table 6 in Appendix J in the Supplementary Material, which
presents biases of the PQMLE without controlling for interactive effects, where there are

large biases which persist with n and T

Table 3: Coverage of nonzero parameter estimates (R = R")

n T p1 P2 P4 01 03 5 o1 013 015 o1 ¢3
25 | 0.901 0.902 - 0.885 0.908 - 0.891 0.897 - 0.904 0.907
25 50 | 0.906 0.922 - 0.921 0.924 - 0.922 0.928 - 0.916 0.922
100 | 0.930 0.919 - 0.926 0.929 0.920 0.917 0.930 - 0.929 0.915
25 10920 0.932 0.931 0.924 0.927 - 0.927 0.927 - 0.913 0.920
50 50 [ 0.939 0.935 0.931 0.936 0.926 - 0.932 0.917 - 0.926 0.930
100 | 0.946 0.942 0.922 0.932 0.934 0.932 0.945 0.921 - 0.921 0.928
25 10929 0.929 0.923 0.930 0.921 - 0.926 0.916 0.932 0.934 0.931
100 50 | 0.937 0.935 0.947 0.941 0.926 - 0.920 0.939 0.939 0.931 0.934
100 | 0.947 0.930 0.942 0.950 0.946 0.948 0.941 0.957 0.942 0.922 0.921

Table Bl presents coverage probabilities of Wald confidence intervals based on Theorem
[ and with a nominal coverage of 95%. These generally improve with n and T', though due
to the complexity of the design it is unsurprising that they do not do so monotonically.

Table d] shows the percentage of true zero parameters correctly estimated as such, with the
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procedure performing well and achieving near 100% accuracy across all n and T

Table 4: Percentage of true zeros (R = R°)

n T p3  ps 0 04 Oz O P2 s s

25 999 - 100 - 999 - 99.9 - -
25 50 998 - 100 100 100 - 99.8 - -
100 998 - 100 100 100 - 99.9 - -
25 100 - 100 - 100 100 100 100 -
50 50 999 - 100 100 100 100 999 999 -
100 99.6 - 100 100 100 100 99.6 99.6 -
25 999 999 999 - 999 999 99.9 99.9 99.9

100 50 99.8 99.8 100 100 100 100 99.8 99.8 99.8
100 99.7 99.8 100 100 100 100 99.7 99.7 99.7

The results reported in Tables 2H4l are computed with the correct number of factors
inputted (R = R? = 3), however, in practice, the true number of factors will not be known.
To address this it was suggested in Section Ml to first perform penalised estimation of the
model using an upper bound on the number of factors (R = Rpax) and then to construct a
pure factor model and use the information criterion described in Section to detect the
true number of factors. After this the model can be re-estimated inputting the detected
number of factors to obtain the final estimates. In order to asses the effectiveness of this
strategy, additional estimations are performed using an upper bound on the number of
factors Rpax = 6 > RO A pure factor model is then constructed using these estimates
and the information criterion (24]) computed. Table [l presents the number of times, as a
percentage, that the true number of factors is found to minimise the information criterion.
Three variants of this criterion are used (IC1, IC2 and IC3) which differ only in their choice
of penalty function Qf As sample size increases, the performance of all three variants

improves, though there is significant variability between the three criteria

MTable 15 in Appendix J provides additional results with Rmax = 10; the results are very similar.

5The functions used in IC1, IC2 and IC3 are, respectively, log(min{n,T})/min{n, T}, ((n +
T)/(nT))log(min{n,T}) and ((n + T)/(nT))log((nT)/(n + T)). For both p, and pg in IC*,
log(min{n, T'})/ min{n, T} is used.

16The penalty function IC1 is smaller in magnitude than IC2 and IC3 across all samples sizes. Moreover,
unlike IC2 and IC3, IC1 only decreases when min{n,T} decreases. The overall result of this is under-

penalisation for a larger R and poor performance in smaller samples when n =T
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Table 5: True number of factors is selected % (R = Rpax = 6)

25 50 100

n | IC1 IC2 1IC3 | IC1 IC2 IC3 | IC1 1IC2 1IC3
25 0 965 79.2]46.1 99.6 994|999 999 99.9
50 | 43.8 99.1 988 | 7.3 100 100 | 100 100 100
100 | 99.7 99.8 99.8 | 100 100 100 | 99.9 100 100

To gauge the likely impact of the factors not being known, estimation results with the
number factors misspecified are provided in Appendix J in the Supplementary Material.
These results illustrate cases in which the correct number of factors R? remains fixed at 3,
and yet R =1, R = 6 and R = 10 are inputted in estimation. In line with the result in
Proposition [I when the number of factors is underestimated (R = 1) large biases persist,
while the estimator remains consistent with the number of factors overestimated (R = 6),

even significantly so (R = 10), though overestimation can result in considerable inefficiency.

5.2 Application

As an empirical demonstration, the method is applied to study the determinants of economic
growth, using a panel data set where several countries are observed over multiple time
periods. It is natural to suppose that economic growth might be influenced by unobserved
shocks, as well as observable regressors, and in this spirit Lu and Su (2016) estimate a model
of economic growth controlling for unobserved factors. In that paper, the authors focus,
in particular, on applying shrinkage methods to determine an unknown number of factors.
Extending their work to include interaction is well motivated, since one might reasonably
expect the growth rates of different countries to be interrelated. Yet in such cases it can be
difficult to specify weights matrices a priori. Indeed [Durlauf et al! (2009) remark: “Spatial
methods may yet have an important role to play in growth econometrics. However, when
these methods are adapted from the spatial statistics literature, they raise the problem of
identifying the appropriate notion of space .... countries are perhaps best thought of as
occupying some general socio-economic-political space defined by a range of factors; spatial
methods then require a means to identify their locations”. The model studied in this paper
may provide insight into growth rate determination, where uncertainty in specifying cross-
national interactions provides an example of the type of uncertainty which the present
methodology seeks to address.

The data are obtained from [Lu and Su (2016), with additional data on income classi-
fications from the World Bank. The outcome y;; is the growth rate (Grth) in real GDP
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per capita for one of a cross-section of 108 countries observed between the years 1970-2005.
The same 9 primitive exogenous covariates are used as in [Lu and Su (2016), which include
variables such as life expectancy, population growth, and consumption, investment and gov-
ernment expenditure shares. A series of weights matrices are specified based on grouping
countries according to four Word Bank classifications: high income (W), upper-middle
income (W), lower-middle income (W) and low income (W) economies, and reflect the
more general notion of a socio-economic space remarked upon on by [Durlauf et al. (2009).
Each of these weights matrices are constructed by setting the (7, j)-th element to 1 if country
i and j share the same income classification, and setting it equal to zero otherwise, before

then row normalising each of the matrices.

Table 6: Estimation results without interaction.

R Young Fert Life Popu Invpri Con Gov Inv Open Lagl I1C1 1C2 1C3
estimate 0 0 0 —0.462 0 0 0 0.099 0 0.161

0 3.662  3.662  3.662
t-stat 0 0 0 —8.030 0 0 0 17.394 0 10.386
estimate 0 0 0 —0.474 0 0 —0.051 0.118 0 0.137

1 3.508 3.541 3.531
t-stat 0 0 0 —7.317 0 0 —4.224 18.504 0 8.855
estimate 0 0444 0 —0.489 0 0 —0.238  0.228 0 0

2 3.449 35151 3.494
t-stat 0 4804 0 —5.186 0 0 —9.424 19.112 0 0
estimate 0 0 0 —0.061 0 0 —0.170  0.228 0 0

3 3.420"1  3.519  3.487F
t-stat 0 0 0 —0.690 0 0 —8.644 19.821 0 0
estimate 0 0.165 0 —0.432 0 0 —-0.174  0.217 0 0

6 3.437  3.636 3.572
t-stat 0 2131 0 —4.393 0 0 —7.779 19.524 0 0

Table@reports bias corrected estimates 6" in the absence of interaction Three variants
(IC1, IC2 and IC3) of the information criterion given in (24]) are computed using estimates
generated inputting R = Rpyax = 6 In two out of three cases, the information criteria
suggest that the number of factors R is 3, matching the number suggested in [Lu and Su
(2016). The estimates corresponding to R = 3 can be compared to the results for the
AglLasso (which selects R = 3) given in Table 7 of Lu and Su (2016). In this case coefficient

estimates and t-statistics are similar.

"Note that, in the absence of interaction, the quasi-maximum likelihood estimator reduces to the usual

principal component least squares estimator (e.g., Bai, [2009).
8 These variants are the same as those used in simulations.
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Table 7: Estimation results with endogenous interaction and temporal lags.

R Wi xGrth  WoxGrth  WixGrth  WyxGrth  Young — Fert Life  Popu Invpri Con  Gov Inv Open
estimate 0.210 0.150 0 0.258 0 0 0 —0.492 0 0 0 0.090 0
0 t-stat 3.167 1.297 0 3.795 0 0 0 —8.460 0 0 0 15.115 0
1 estimate 0.295 0.289 —0.192 0.345 0 —0.070 0 —0.443 0 0 —0.050 0.111 0
t-stat 3.688 4.060 —1.475 5.141 0 —-1.239 0 —4.977 0 0 —4.511 16.372 0
9 estimate 0.100 0 —0.325 0.207 0 0.355 0 —0477 0 0 —0237 0.218 0
t-stat 1.323 0 —2.383 2.808 0 3.958 0 —5.107 0 0 —9493 17.823 0
estimate 0.195 0 —0.305 0.227 0 —-0.000 0  —0.095 0 0 —0.188 0.215 0
3 t-stat 2.603 0 —2.277 3.099 0 —0.016 0 —0.953 0 0 —8129 18.055 0
estimate 0 0 —0.202 0 0.093 —0.946 0 —0.570 0 0 —0225 0.220 0
6 t-stat 0 0 —2.224 0 6.179 —4760 0 —5.703 0 0 —8536 16.954 0

Table 7 Continued: Estimation results with endogenous interaction and temporal lags.

R Lagl WjxLagl WsxLagl W;sxLagl W;xLagl | IC1 1C2 1C3
estimate  0.159 0 0 0 0

0 3.723  3.7123  3.723
t-stat 10.279 0 0 0 0
estimate  0.129 0.172 0 0.400 0

1 3.496  3.529  3.519
t-stat 8.145 1.730 0 2.695 0
estimate  0.031 0 0 0.177 0 )

2 3.442  3.508" 3.487
t-stat 1.965 0 0 1.137 0
estimate  0.033 0 0 0.233 0

3 34171 3516 3.484T
t-stat 2.070 0 0 1.572 0
estimate 0 0 0 0 0

6 3433 3.632  3.568
t-stat 0 0 0 0 0

Table [[ reports estimation results once endogenous interaction and dynamic interaction

is added. Government spending and investments shares in particular remain highly sig-

nificant. However there is also evidence to suggest that there are significant endogenous

spillovers, especially between high income and low income countries. The results indicate

that amongst these two groups of countries, growth rates are interrelated with a positive

spillover. In addition, there is evidence to suggest the presence of dynamic spillovers, these

being positive, between lower-middle income countries.

6 Conclusion

To conclude, this paper considers the estimation of a model of cross-section interaction,

whose salient features are a potentially increasing number of weights matrices and a factor

structure in the error term. A penalised quasi-maximum likelihood estimator is proposed,

in order to perform inference on network spillovers of various kinds, and its asymptotic

properties are studied. A small Monte Carlo study reports good finite sample performance,

and an empirical application studying the determinants of economic growth finds positive
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spillovers between the growth rates of high income and low income countries.

This work could be extended in several directions. For instance, one might consider pos-
sible endogeneity of the weights matrices as in|Shi and Led (2018) and [Kuersteiner and Prucha
(2020), or extend the use of weights matrices to the error term. Since they are observed, the
possibility of time varying weights matrices might also be of interest. With some modified
assumptions, the consistency result in Proposition [I] could be extended quite readily to this
case, though additional work would be required to characterise the asymptotic distribution.
Another prospect might be to consider higher dimensional settings, for example, one might
consider an entirely unknown weights matrix, modelled in this framework as a series of
weights matrices containing a single unitary element. However, identification in this setting
would need to be carefully studied since including parameters which increase too quickly
with n, alongside the factor loadings, may present complications. As a final thought, it
might also be natural to allow the number of factors to increase with sample size. When
the number of interacting cross-sectional units increases, and more units in a network are
observed, it might be expected that additional latent structures in the error term would

lead to an increase in the rank of the factor term.

Appendix A. Proofs of Main Results

This appendix provides proofs of the main results before which a series of lemmas are
stated. The proofs of these lemmas are given in the Supplementary Material. The following
facts are used repeatedly (proofs can be found, for instance, in [Moon and Weidner, 2017).
Let A and B be two conformable matrices. Then ||Alls < ||A||r < \/rank(A)||A]l2,
IAll2 < VAT ANl and |AB|lr < [|Al[£|lBll2 < [|Alls||Bllr. Let the i-th row of
an n x m matrix B be denoted (B);., and the j-th column be denoted (B).;. Then
(Z;“:lHB]H%)% = (X?:1||BZ||%)% = ||B||p. Finally, under Assumption [T}, ||e|l2 =
Op(y/min{n, T}) (see Latald, 2005).

Estimated factors and loadings: The maximiser of Q(6, A) with respect to A is not
unique, since for any A* = AH, with H being an R x R invertible matrix, M a = M p~.
In order to achieve uniqueness of the estimators of A and F, the normalisations that
%A’A = Ii and F'F is a diagonal matrix are adopted, see for example Bai (2009)

191t is straightforward to see that such matrices exist. For example, by the singular value decomposition,
decompose AF' = USV'. Let A be the R columns of /nU associated with the nonzero singular values
and F' be the corresponding R rows of SV’/y/n. As the columns of U and V are orthogonal, and S is
diagonal, it follows that A’A/n = I'r, F'F is diagonal and AF' = AF’'.
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Under these normalisations, define
1 & 1 1 <
AB) = argmin { — > e/Mpe;p = argmax { —tr [ A'—=> eejA| . (A1)
AN A=Ig nT ; ALAA=IR (P nT ;

It can be shown that the columns of A(6) are equal to R orthonormal eigenvectors of the
matrix nLT Zg;l eje; associated with the R largest eigenvalues. With F'F being diagonal,
A(60) will be unique, up to a permutation of its rows and a column-wise change of sign,
provided the diagonal entries of F'F are distinct. Hereafter A = A(D).

Additional notation: For a matrix (and implicitly also for a vector) B, B = O p(an1)
means that ||B||a = Op(a,r). Similarly B = op(a,r) means that ||B||s = op(anr). The
elements of the matrices X', Xy, Z,, €, A and F are respectively denoted x7;;, Trit, Zpit,
git, Air and fy.. For any other n x m matrix B, the (i, j)-th element is denoted (B);;.

Finally, the I-th raw moment of some random variable s is denoted M.
Lemma A.1. For any n X n diagonalisable positive definite matrix B, det(B)% < %tr(B),
with equality if and only if B = cI,, for some ¢ > 0.
Lemma A.2. Under Assumptions [IH2]

() S(p)S™" =T+ 351 (0] — Pa)Gos

(ii) [1Zpll2 < ||ZpllF = Op(VnT) for p=1,..., P;

(i) [[A°[]2 < [[A°[[F = Op(v), [|[F°||2 < [|F°|lr = Op(VT);

(iv) (o 1Z5113)2, (02, 1124l13)% = Op(VPnT);

(v) E[X,-, tr(%,8(p)S™"e)?] = O(PnT);

(vi) |lellr = Op(v/nT);

(vii) (S0 [1Xe8°013)2 = Op (VD)

(viii) [|S(p)S™! = Ll = Op(vVQ6° - 6]]2).

Lemma A.3. Under Assumptions [IH4],
(i) (i Xim1 112:(6° = 0)[[3)% = O (|16° - 6]]2);

(i) 672(6,A) = Op(1).
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Lemma A.4. Under Assumptions [IHG]

~ 1 1
D\/ nT(G(l) — 0(()1)) = U_gﬁ /(1) (MFO ® MAO)VGC(E)

tr (( TE)/MAOEMFO)
1 .

1 :
+ -
O’g vV nT tI" <(G220€)/MAOEMFO)

+ Op(l),

Oxox1
where the matriz D is defined in equation (I6) and the matrices G,q=1,... ,Q°, are

those associated with nonzero coefficients.

Lemma A.5. Under Assumptions [IHG]
) 1D =D [l = 0r(@)*P)6° 6112+ O (L2 )
(i) E [zfjl (tr((Ge) P pve) — othr(PAoG;)ﬂ — 0(Q"T);
(iii) E [Zquol (tr((G;E)/PAUEPFU) — O’%Rotr(PAoG;))Q} = O(QO);

(i) E[L&, (0((Gje)ePro) — o3 RO(G;))*| = 0(Qn);

v) L tr ((Z1 — Z1)'(Ppoe + M poeP o)) b2
S : = | Og=o + 1),
7 VT o A R
tr ((ZPU *ZPO)/(PAOE«“FMAUEPFU))

where the matrices G, ¢ =1,... ,Q°, and the variables 2 — Zp, p=1,...,P% are those
associated with nonzero coefficients.
1
Lemma A.6. Under Assumptions [IHIT], \/%0—12 (SM+V)S') 2Se 4 N(0px1,1I), where
0
c = Z’(l)vec(s) + (tr(e'Gie), . .., tr(€'G€), 015 ic0)', the matrices S,D and V are defined
in Assumptions [7.1] and [7.2, and the matrices Gy, q = 1,...,QY those associated with

nonzero coefficients.

Proof of Proposition Il Here only a sketch of the proof is provided. A more detailed
version can be found in Appendix D of the Supplementary Material.
Consistency of the QMLE ]

First, consider the average concentrated quasi-likelihood

£O) = sup {llog(det(S(p)))—%log(62(0,A))}. (A2)

AcRnxE (T
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Evaluated at 6°, a lower bound, denoted Q(GO), can be established by substituting in the
true DGP, and using Assumptions [[.T] and [[.2],

£(6°) = %log(det(S)) - %log (US +0p <m>>

- %log(det(S’)) - %log (o5 + Op(aZy)) < L£(6°). (A.3)

Second, using Lemmas |A.2(1)} [A.2(iv)} [A.2(v)} |A.3(i)| and Assumption 4.2] an upper bound
for £(6), denoted L£(8), can also be established,

£(6) < loa(det(S(p))) — 3 los (cme“ — 6|l + 0 (ﬁ)

+ Bur(S(0)SYS()S ) + Or (ﬁ) 1 16° — 6]],0p ( %) )

- %mg(det(sm))) - élog (1116 = 6°113 + Op (anr)|[8 — 61> + Op(aZ)
02
+ Lx((S(p)S ) S(p)S )

= (). (A4)

Now, since 6 is a global maximiser, £(6°) < £(0) and therefore £(8°) < £(8). Using the
expressions for these bounds derived in (A.3) and (A4]) gives
% log(det(S)) — %log (0(2] + Op(a%T))
< Tlog(det(S(7))) — 3 log (e1]16 — 0% + Op ()16 — 0°lls + Op(ay)
“Dir((S(7)57)S(7)57)). (45)

Multiplying both sides of (A.5) by —2, exponentiating, and then noticing that, by Lemma
2
A1) 02det((S(5)S~ )8 (p)S)n < Ltr((S(5)S 1Y S(5)S ™), results in
0> 1|0 — 6°|[3 + Op(ant)||0 — 6°||2 + Op(air). (A.6)
Completing the square, 0 > (,/c1] 16 —60°||2+ Op(anr))? + Op(a2;), whereby it follows that
16 — 6°ll2 = Op(anr).

Consistency of the PQMLE 8
Since § is the maximiser of the penalised quasi-likelihood function, Q(6°) < Q(@). Thus,

Q K
Q(8%) = £(6°) — (% > " walpll + 7 waﬂg)
k=1

q:l —
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< 0(6)
Q K
=L(6) — [ 1Y walpgl + 78D worklBrl
q=1 k=1
< L(6). (A7)

Consider the penalty term. Under Assumption [3.1]

Q K ot 1\ ¢
p —
%quwSinwww&s@maxm,w}zﬂo(9—5) 61, (AB)
q=1 k=1 p

where p = argmin;<,<p. 9040 |9};|. Since the initial estimate @7 satisfies ||@T — 8°|, =
Op(rnr) = op(1), it follows that |9;,/92 -1 < |9—10‘||(9Jr —0°||5 = op(1) which implies 9;,/

p/Yp o P
6?2 = Op(1). Hence,

Q K
Yo 3 welodl + 98 > work|BY| = max{y,,15}0p(P’) = Op(a2y), (A.9)
q=1 k=1

under AssumptionB.2l Next, using (A.9), and applying the lower and upper bounds derived
in (A.3) and (A.4)) to (A7) gives
—log(det(S)) — Slog(og + Op(anr)) + Op(anr) < —log(det(S(p)))

1 A ~ ol ey N
— 5 10g (1116 = %113 + Op (aut)||6 — 6°l12 + Or(a2y) + Lex(S(5)S1VS(P)S ).

(A.10)

After rearranging and simplifying this becomes

log (o3det((S(p)S ™'Y S(p)S ™) + Op(adr)) + Op(aZy)
2
> log (c1/|8 — 6°I3 + Op(anr)[10 — 6°|ls + O (a2y) + 22tx(S(p)S ™'V S(5)S 7).

Exponentiating, using Lemma [AJ], and the fact that by Assumption B4 Op(a2;) = op(1)

gives the result
0> 1]/ - 6°|3 + Op(ant)||6 — 6°[]2 + Op(anr), (A.12)

whereby completing the square yields ||§ — 0°||y = Op(anr). O
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Proof of Proposition 2. Since the PQMLE 8 is consistent for ° by Proposition [, and

by Assumption 211 6° is in the interior of ©, @ must also be in the interior of © w.p.a.1 as

n,T — oo. Thus, w.p.a.1, @ must solve the first order condition

0Q(6,A) OL(6,A)  00(6,7,¢)

= = Al
o6 90 00 Opx1, ( 3)
where
—+tr(G1(p)) + m% S (Wiy,) Ma(S(p)y, — X.8)
0L(6,A) _ | —+tr(Go(p) + sray mr Lot (Wou) MA(S(p)y, — X18) (A14
06 a2(é7A) % Zthl z, MA(S(p)y, — X:B)
&Q(é,A) o Y T MA(S(p)y, — X18)

In the following it is shown that, as n,T" — oo, this first order condition cannot hold unless
the estimators of those ¢, which have a true value of zero also take a value of exactly zero
w.p.a.l. To reach a contradiction, suppose that there is some p, call this p*, for which 90 =0
yet Pr(d, = 0) does not go to 1 as n, T — co. It is first shown that Mb 6= Op( )

i.e., the first order condition evaluated at 6 is not explosive in probability. Since 6,+ could

be some p, or B, both cases are examined in turn. Consider first the case Where 0+ is some

pq- Substituting in the true data generating process, the element of aﬁ

\0 ¢ relating to

pq is equal to

t=1
1 1 ZT 0y 5)S1TA0£0 4 1 1 ZT
+ fn_T (GthB )MAS(p)S A ft — n_T G Xtﬁ MAS( )S Et
2(6,A) P 2(6,A =1
T T
11 ~ 11
t > (GA N MAZ(0° - 0) + ———— = (G A f)) MAS(p)S A" £)
&Q(G,A)nthl( g AT ) MAZ( ) &Q(G,A)nthl( oA f7) MAS(P) Ii
T T
11 11 ~
+ > (G A FYY MAS(p)S ey + o > (Gyet) MpZy(6° - 6)
o0, )T 62(0,A)nT ="

T T
1 1 1 1
+— G,e)) MAS(P)S A0 4 —— G.et)MAS(p)S~ e
&Q(H,A)nT§ (Gyet) MAS(P) fi 62(9,A)nT§( 1) MAS(p) t
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=81+ ...+ S10- (A15)

Since Gy4(p) is UB, terms ss,...,s1o are Op(1) by the same arguments as for their coun-
terparts in the proof of Lemma (terms lg,...,ls; see Supplementary Material),
and using the result in that lemma (whereby 1/6%2(,A) = Op(1)). Since the rank of
G,(p) can be no greater than n, using |tr(B)| < rank(B)||B||2 for some square matrix B
(Moon and Weidner, 2017, Lemma S.4.1(v)), and that S~!(p) and W, are UB, one has

|s1] = %\tr(Gq(ﬁ))! < [1Gq(B)ll2 < [[S7H(D)|2[|Wqll2 = Op(1). (A.16)

Using Lemmas |[A.2(vii)} |A.3(i)] and [A.3(i1)} as well as Proposition [I], yields

1 1 - 0)12 ’
|82 < ﬁmHGqHZHMA\b (;HX#‘} Hz) < ZHZt H2>
= \/%Op(\/n_T)Op(anT) = Op(l). (A.l?)

The remaining terms, ss and s4, can be shown to be Op(1) similarly, using Lemmas [A.2(iii)|

[A.2(vi)||A.2(vii) and [A.3(ii)} Next consider the case where 6+ is some ;. The element of
81:(0 A)

] g—p corresponding to By is

~

1
52(6,A)nT Z o MA(S(5)S (X8 + A'F) + &) — X,B)
1
d.A

6. A) T Z:cktMAZt(G —-0)+

T
1 1 / A\ @—1 A0 £0
_— MAS(P)S™ A
62(07A)nT;xkt AS(p) fi
L1
52(8, A)nT
=: p1 + p2 + p3.

Z x, MAS(p)S e,

Using Lemmas [A.2(ii)] [A.2(iii)}, |A.2(vi)| [A.3(1)| and [A.3(ii)}, one has

NI

L b
Pl < 7y VAl (Zuwktuz) (Zuzt Hz)

t=1
1 1 1 :
ZﬁWHMﬂb | Xkl F <—T§||Zt ||2)
= \/%OP(\/W)OP(%T) = Op(1), (A.18)
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1 1 T 3T 3
< ——||M S(5)S 15]|A° 2|12 02
2] nT&Q(e,A)II All2]|S(P)S ™2 |I2<;|| kt||2> <;||ft||2
1 1
= ||M S(P)S L [IA|5]|X F°
nT&Q(&A)H All2[1S(B)S™ |2 |[A”|2]| X k|| F || F”|| 7
1
= n—Top(\/ﬁ)op(ﬁ)op(\/nT) = 0p(1), (A.19)
and
1 1
P3| < —————— | Mall2l| S ()87 an 2) ETszH? 2
p3_nT&2(é, ) All2 2 kt||2 e tll2
1 1
= ||M S(p)S~5|lx €
nT&Q(e,A)H AllIS(B)S L2l 2al 1]l
= n—TOp(\/nT)Op(\/nT) = 0p(1). (A.20)

AL(0,A)

Combining the previous results gives W! 9—6 = Op(1). Turning now to the derivative

of the penalty term, evaluated at 0,

D>

89(0,7’ C) _ _7* 1 p*
90, lo=6 1051 10+ |”

(A.21)

where v* € {7,,73} denotes the penalty parameter associated with 6,-. By Assumption [
min{fyp,’yg}w;* - b~ = 0 and so ]0;*\ = ]0;2*

|07 — 8°||y = op(1) by Assumption B3l As such, as n,T — oo, the first order condition
8,6 9 A)

cannot be satisfied since |9 = Op(1) and yet the derivative of the penalty term

diverges. This contradicts 7 belng a maximiser of the objective function. Therefore, instead,
it must be that 6, = 0 w.p.a.l as n,T — oo for the first order condition (AI3) to be

satisfied. O Proof of Theorem [II Starting with the expression obtained in Lemma

[Ad

DVnT (6 — 67y)) = Z(y(M po © M po)vec(e)

ow| =

\/—_
tr (( >{E)/]\onE]\fFo)

+ +OP(1)

1 :
ot v tr ((Gioe) M poeM o )

Ogox1
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tr (( TE),(PAOE + M poeP o))

1 1 1 1 :
TRVl VT | ((Gooe) (Proe + M poeP o))
Okox1
tr ((Z1 — Z1)' (P poe + M poe P o))
- Uig\/% ) : +op(1),
tr ((Zpo — Zpo) (P po€ + MAosPFo))
(A.22)

where ¢ 1= Z{,,vec(e) + (tr(e'Gie), . .., tr(€'Goe), 01 ko), recalling the definition of Z)
given just prior to the statement of Assumption [ By expanding the second term on the
right-hand side of (A.22]) and applying Lemmas [A.5(ii)| [A.5(iii)} [A.5(iv)] and also applying
Lemma |A.5(v)| to the third term, one obtains

A 1 1
Rearranging and premultiplying by (S(D + V)S’)_% gives
_1 - 1.1 1
-1 0
VnT(S(D+V)S') 2SD(0;) — D™ 'b — 01y) = (S(D+V)s) 2S\/n_TU_30 +op(1).
(A.24)

1
Finally, using Lemma and Assumption 72, (S(D + V)§')” 28 iT O_%C N N(Opx1,11),
0

which yields the result. U

ﬁ

Proof of Proposition Bl In order to prove the result, it suffices to show that ||[D~'b —
ﬁ_llf)||2 = op(1). Observe that

_ Al _ P _ «
ID™'b~D bl <|[D7" =D |l2|b]|2 + [[D~"[]2[[b — bl (A.25)

It is straightforward to establish that ||[D~! — ﬁingHlf)Hg = op(1) using Lemma |[A.5(i)]
and the fact that, under Assumptions 18, ||§ — 6°||, = Op <\ / n%), which follows from
(F.17) in the proof of Lemma [A.4] in the Supplementary Material. For the second term in

((&25), |[b —b||s = op (1) can be shown using Lemmas [A.5(i)HA.5(v)] and the following

two results. To simplify notation, assume that P = P°, Q = Q" and ¢! is nonzero. First,
* X (A -~ 1 1 ~
1G5~ Gy(D) ]2 = 11Gy — Galp) — +x(Gy) Lo + - tr(Gy(5)) Tl
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<Gy = Go(P)ll2 + — \tr(Gq(ﬁ) -Gyl
a(
(

<2Gy -G )Ilz
=2[|Gy(p)(S(P)S™ — L)ll2
< 2/G(p)]1211S(p)S ™! — Inll2

— 0p(v/@116° — 01]5). (4.26)
using Lemma [A.2(viii)| Second,

Q Q
1A= A(p, D)o = IS S0+ Y 001 W) = ST () (D1 Tn + D dr1Wo)lla

q=1 q=1

Q Q
< ISTHA L + Y S aWo) = STHB)A T+ ) b1 Wy)ll2

q=1 q=1

Q Q
+ 18T BT+ Y g W) = ST D) (1Ln + ) dgr1Wo)ll2

q=1 q=1

Q
< 1Sl l|(Ln = SSTHAN (@ + ) 891 Wo)ll2

q=1
Q
+ 1IS7HD)l2]l(¢) — Z 21— Par) Wo)lla

< NS7Hl2llTn — S57H(p )||2||5||2||A||2

+ 1S (D) l2(1¢) — 61 +Z\¢q+1 g1l Wy 2)
< [|1S7 2|l L, — S5~ (p)HszHzHAHz +[1S71(p)I]2110 — 6|2
—1/ 4 A _ o0
+ 1157 @)]1ll6 = 617/ mave |[W
= 0p(\/Q16 - 6°|]2), (A.27)

where [|I, — SS71(p)|l2 = [|SS™H(p)S(p)S™" — SSTH ()|l < [ISSTH(p)I2IIS(B)S™" —
I.|l2 = Op(/Q||0 — 6°||2) using Lemma [A2(viii)| and Assumption 23l The result then
follows. O

Proof of Proposition Ml  The proof largely follows the same structure as the proof of
Theorem 3.5 in|Lu and Su (2016). Details can be found in Appendix D in the Supplementary
Material. O
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