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Abstract

In this paper, we propose the time-series average of spatial HAC estimators for the variance
of the estimated common factors under the approximate factor structure. Based on this, we
provide the confidence interval for the conditional mean of the diffusion-index forecasting
model with cross-sectional heteroskedasticity and dependence of the idiosyncratic errors. We
establish the asymptotics under very mild conditions, and no prior information about the
dependence structure is needed to implement our procedure. We employ a bootstrap to
select the bandwidth parameter. Simulation studies show that our procedure performs well
in finite samples. We apply the proposed confidence interval to the problem of forecasting the
unemployment rate using data by Ludvigson and Ng (2010).
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1 Introduction

Since Stock and Watson (2002), factor model based forecasting has become widely used in macro-
economic time series and empirical finance. See, for example, Stock and Watson (2005), Ludvig-
son and Ng (2007, 2009), Christiansen, Eriksen, and Mgller (2014), Jurado, Ludvigson, and Ng
(2015), and Giglio, Kelly, and Pruitt (2016). This approach summarizes the information from
a large number of time-series predictors with a few common factors, and includes the estimated
common factors in a regression to forecast the object of interest.
Let
Yern = &' Fy + B'Wy + ey, (1)

where h is the forecasting horizon and W} is an a-vector of observed regressors. Fj is a p-vector of
latent common factors that capture the co-movement of n candidate predictors { X, = 1,- -+ ,n}.

We model X;; with the factor structure
Xit:)\;Ft“‘eita t=1,...,n t=1,..T, (2)

where )\; is a vector of loadings and e;; is an idiosyncratic error. In this paper, p is assumed to
be known. Stock and Watson (2002) refer to this factor-augmented regression as the diffusion-
index forecasting model. Since Fy} is latent, the forecast of y;1p based on (1) employs a two-stage
approach. In the first stage, we estimate F}, denoted by Fj, using the principal component
method based on (2). We normalize F = (F’l, - FT>/ such that F’F/T = I, so it consists of the
product ofy/T and the eigenvectors that correspond to the p largest eigenvalues of X X’/ (nT) in
decreasing order, where X = (X1, ..., X7)" and X; = (X14, ..., Xpt). A= (A1, ..., \p)’ is estimated
by the least squares .

A=X'F(FF) =XF/T. (3)

~ /
In the second stage, we regress y;i+j, on 2; = (F{,W{) ,t =1,...,T — h, to obtain the LS

coefficients
4 T—h L
0= ( ) > = <Z 5’t£’£) > Arin (4)
t=1 t=1

Let z = (F/,W/)". Based on the estimated common factors and LS coefficients, we estimate the

conditional mean of yryp,

Yrinr = E (yrenler, 2r-1,...) = ' Fp 4+ 'Wr := 02, (5)
with
Jrynr = & Fp+ B Wr = 827, (6)

As is well known, ypp is the optimal forecast of yr, in terms of the mean squared forecast

error if Fr is observed and E (epyp|2r, 27-1,...) = 0.



When e;; are cross-sectionally correlated, (2) has an approximate factor structure as in Cham-
berlain and Rothschild (1983) and Connor and Korajczyk (1986, 1993). One of the challenges of
this approach under the approximate factor structure is to obtain a valid confidence interval for
Y74n7- Since the limiting distribution of g7y involves the estimation uncertainty in Fr, we
have to estimate not only the variance of the regression coefficients but also that of Fr in or-
der to construct the confidence interval. However, it is difficult to correctly estimate the latter
when there exists cross-sectional dependence of the idiosyncratic errors. To address this problem,
Bai and Ng (2006) provide the cross-sectional heteroskedasticity and autocorrelation consistent
(CS-HAC) variance estimator, and Gongalves and Perron (2020) propose the cross-sectional de-
pendence (CSD) bootstrap method. Assuming that the covariance structure of {e;}; ; is time
invariant, these two methods utilize the fact that cross-section units are repeatedly observed over
time.

As an alternative to the CS-HAC estimation method of Bai and Ng, in the paper we con-
sider the time-series average of the spatial HAC estimators, which we refer to as the AV-SHAC
estimator, to estimate the variance of Fp. The spatial HAC estimator was first proposed by
Conley (1999) and has been studied further in the linear regression and GMM contexts. See,
for example, Pinkse, Slade, and Brett (2002), Conley and Molinari (2007), Kelejian and Prucha
(2007), and Kim and Sun (2011). We extend the spatial HAC estimation approach to the factor
model by using the time-series average. We follow Kelejian and Prucha (2007) by modeling the
cross-sectional dependence using a linear representation in which the coefficients of iid innova-
tions are not assumed to be known and are not parameterized. The advantage of this approach is
that we need not rely on a mixing-type condition to establish the asymptotics, which, according
to Bai and Ng (2006), is difficult to justify in the cross-sectional dimension. The extension of
spatial HAC estimation to the factor model is empirically relevant in that approximate factor
model applications have become very popular in macroeconomics and empirical finance. The
extension is technically nontrivial as well. We have to examine the effect of estimation errors in
the factor model on the asymptotics, and there are several issues to be addressed in regard to its
implementation as discussed in this paper.

To examine the asymptotics, we decompose the difference of our AV-SHAC estimator from
the true variance as a sum of three terms. The first term is due to estimation errors in the
factor model, and the second and third terms represent the bias and variation of the infeasible
estimator in which model parameter values are assumed to be known. We find that the variation
of the infeasible estimator decreases faster than the effect of the estimation errors, which implies
that the optimal rate of convergence is achieved by balancing the bias and the effect of the
estimation errors. This is in sharp contrast to the asymptotics of the usual HAC estimators (e.g.,
Andrews, 1991; Kim and Sun, 2011) in which the trade-off is between the bias and the variation

of the infeasible estimator. The practical implication of this result is that an explicit formula



for the asymptotic MSE is not available for the AV-SHAC estimator, so we cannot establish
the bandwidth selection procedure based on it. We address this practical issue by proposing a
bandwidth selection procedure based on the cluster wild bootstrap. In this approach, each cluster
contains all the units in one time period in order to replicate cross-sectional dependence of the
original data. We select the bandwidth that maximizes the bootstrap version of the AV-SHAC
estimator under the constraint of the rate condition for consistency. Simulation studies show that
the proposed bandwidth selection procedure performs well in finite samples.

Since our estimator is constructed based on the spatial HAC estimator, we need a distance
measure that characterizes the dependence structure of the data. That is, the covariance of two
potential predictors is assumed to be a decreasing function of the distance between them. A
typical approach in this regard is to find a relevant auxiliary variable that captures the decaying
pattern of dependence and use that variable as the distance measure. The choice of the auxiliary
variable tends to depend on the type of application, for example, the transportation cost (Conley
and Ligon, 2002), the geographic distance (Pinkse, Slade, and Brett, 2002), or the similarity of the
input and output structures (Chen and Conley, 2001; Conley and Dupor, 2003). An alternative
approach is to define the distance in such a way that it reflects the dependence structure directly.
For example, we define a distance dg- = [1/Corr (ei, ej)| — 1 in our simulation and empirical
application which by definition reflects the degree of dependence very well. Using the assumption
that the covariance structure is time invariant, we can approximate this quantity using time-
series observations. A crucial advantage of this approach is that we need no prior information
for its implementation. Constructing the distance based on the correlation coefficient has been
considered in spatial panel data models. See, for example, Mantegna (1998), Fernandez (2011),
and Cui, Sarafidis, and Yamagata (2020).

While this paper uses our AV-SHAC estimator for the estimation of Var (QTHL‘T), we note
that it is possible to use it in different contexts. For example, Ludvigson and Ng (2010) and
Gongalves and Perron (2014) study the asymptotic bias in the factor augmented model when
VT /n — ¢ # 0, and they show that the bias is a function of the asymptotic variance of F. It
would be a natural extension of this paper to employ the AV-SHAC estimator to correct this bias
under the approximate factor structure.

The rest of the paper is organized as follows. Section 2 introduces the proposed variance
estimator and associated confidence interval for diffusion-index forecasts. We study their asymp-
totic properties in Section 3. In Section 4, we discuss our bootstrap based bandwidth selection
procedure. Section 5 presents simulation results and an empirical illustration in which we apply
the proposed confidence interval to the problem of forecasting the unemployment rate using data
by Ludvigson and Ng (2010). The last section concludes. The appendix consists of two parts. In
the first part, we introduce a diagnostic test for the existence of cross-sectional dependence by

comparing the spatial HAC estimator with Bai’s (2003) heteroskedasticity robust (HR) variance



estimator. The second part provides the proofs of our theoretical results.

2 Variance estimator and confidence interval

In this section, we review the asymptotics of factor models, and introduce the AV-SHAC estimator
and associated confidence interval for yp ;. We follow Bai (2003) and Bai and Ng (2006) by

making the following assumptions.

Assumption F1 (i) E|F|*
positive definite. (i) E|| ;||*

positive definite.

M and T ZtT F,F] —P X, where Xp is nonrandom and

<
< M and n~! Z?:l NN, —P X\, where ¥z is nonrandom and

Assumption F2 (i) Fe;; = 0 and EeS, < M for all i and t. (ii) Let oijis = Eleiejs) such
that |oijs| < 645 for allt and s and |oijs| < T4 for all i and j. For all T and n, and for every
t <T and every i < m, 370,05 < M, ST e < M, and (nT)™'Y) loijes| < M. (iii)

1:7j’t78
E ’n—1/2 S leisei — E(eiseit)]}4 <M for allt and s.

Assumption F3 For alln and T the following hold: )
(i) For each t, E H(nT)_l/2 Yoy Zthl F, ejreis — E (eiteis)]H < M.
2
(i6) B ||(nT) 2 S0y SOy FiXea|| < M.
(iii) For eacht, n=2 3" | Ney —¢ N(0,T), where
‘ 1 n . 1 n n /
Iy = nlin;o Var % Z Aieir | = nhﬂnolo - Z Z E(/\i)\jeitejt)
i=1

i=1 j=1

Assumption F4 The variables {\;} ,{F;}, and {e;} are mutually independent.

Assumption F5 (i) E||z]|* < M, E (eeenlyes 2, Ye—1, 2-1,.-.) = 0 for every h > 0, and z
and € are independent of e;s for all i and s. (ii) T—! Z?zl 2z —P X, and X, is positive
definite. (iii) T-1/2 ZZZI zigeen, —¢ N (0, Yize), where 8y, = plim T} 2?21 5?+hztz£ and

Y.2 ¢ 18 positive definite.
Assumption F6 n,T — oo, VT /n — 0, and /n/T — 0.

Assumption F1 provides moment conditions for the factors and loadings. Assumption F2
states the moment conditions, and the serial and cross-sectional heteroskedasticity and weak
dependence of the idiosyncratic errors. Assumption F3(iii) is a central limit theorem for the
moment process, which is satisfied under various conditions. The independence condition in
Assumption F4 is standard in the literature. Assumption F5(iii) states that zie.yp, is serially

uncorrelated, which is true when yr 47 is defined as the conditional mean given past information.
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Gongalves, Perron, and Djogbenou (2015) consider the case where serial correlation is present in
zierrn- Assumption F6 provides the rate condition for establishing the asymptotics of § and Ft.

Let H = V! (F’F/T) (A’A/n), where V is the (p x p) diagonal matrix containing the p
largest eigenvalues of X X'/ (nT) in decreasing order. It is well known that F' and A are not
separately identifiable, and that F, and )\; are the estimators of HF, and H™ 1)\, respectively.
We define V = plimV, Hy = plim H, and Q = plim F'F/T = H;'. Bai and Ng (2006) show

that, under the assumptions,

UT+hT — YT+RT g
—

N (0,1), (7)
Var (§rinr)

where

1 5 1 .
Var (@T+h‘T) = Té’TAvar <5> Zr + ﬁd’Avar (FT> Q, (8)
Avar (5) = Y1219, 22! and Avar (FT) —VvlQr Qv

with T = diag (V'QX\,L,) and § = (O/H_l,ﬁ/),. The variance of gpp 7 in (8) consists
of two terms. The first is associated with the variance of the regression coefficients, and the
second is associated with the variance of the preliminary common factor estimator. Thus we
need to estimate these two quantities in order to construct the confidence interval based on (7).
Estimating Avar (5) is straightforward under Assumption F5, since it is consistently estimated

with the sample counterpart

- | T=h -1 | T=h | Db -1
Avar (5) = (T tz_; mg) - ; &2, 5,4 (T ; zgzg) .

In contrast, it is challenging to estimate Avar (FT) under the approximate factor structure.

To formulate the estimation problem, let’s define FtH = HyF;, )\fl = Hy L)\; and 7751 = )\fl €it.

Since Q = Ho_l, we can write

Avar (F) =V HG T (Hy ) V!
=vIrfvt

where

T/ = lim T/ and T = %Z S EGE (). (9)

n—oo
i=1 j=1

In the absence of cross-sectional correlation, I'/? is consistently estimated with the HR variance

estimator given by

- 1o
N o meép (10)
i=1



where 7;; = S\iéit, €it = Xt — 5\21*:'15, and 5\1 is the vector of estimated factor loadings from (3).
In the presence of cross-sectional dependence, ff{ R is evidently inconsistent, so the associated
confidence interval is invalid. This problem would be more serious when T'/n is large, because,
as implied in (8), the variance of 7 is mainly determined by the variance of Fpr in this case.

To address the issue, Bai and Ng (2006) propose the CS-HAC estimator, which allows for

cross-sectional dependence. That estimator is defined as

1 Nsub Msub 1 T
BN z : RV ~ o~
r = 777, E )\i/\jf E €it€jt,
sub 377 v =1

where 4,/ min [n, T] — 0. They show that T'®V is consistent under Assumption H1 below.

Assumption H1 E (ejej) = o4 for all i, j,t.

This assumption states that the covariance structure of {e;;} remains invariant over time,

which results in

T
1
T =TH for all t, where T = lim T, with T2, = T Z an. (11)
t=1

n,T'—o0

Relying on the same assumption, we propose the AV-SHAC estimator, which is the time-series

average of the spatial HAC estimators. Our estimator is defined as
1 & 1o (i
F=_) T, with[;, =~ K =2 ) fuert; 12

where K (-) is a real-valued kernel function and d,, is the bandwidth parameter. d;; is a distance

between units i and j that reflects the strength of the covariance between n/f and nﬁ such that

‘COU (ng , nﬁ )
establish the asymptotics.

is a decreasing function of d;;. We make the following assumption about d;; to

Assumption H2 (i) d;; >0, dj; =0, and d;; = dj;; (ii) d;; is time invariant.

The assumption indicates that the AV-SHAC estimator does not require d;; to satisfy the
triangle inequality, d;; < d; + dj;, while the other properties of distance are assumed to hold.
This is in sharp contrast to the standard spatial HAC estimation literature (e.g., Conley, 1999;
Kim and Sun, 2011), which relies on this inequality to establish the asymptotics. Assumption
H2(ii) is implied by Assumption HI.

A typical approach for the construction of d;; in the literature is to find a relevant auxiliary
variable that characterizes the decaying pattern of dependence in the data and use that variable

as the distance. The variable tends to be different for different applications, for example, the



transportation cost (Conley and Ligon, 2000), the geographic distance (Pinkse, Slade, and Brett,
2002), or the similarity of the input and output structures (Chen and Conley, 2001; Conley and
Dupor, 2003). A problem with this approach in our setting is that the diffusion-index forecasts
often employ macroeconomic and financial data as candidate predictors, and such variables are
unlikely to be available in practice. For example, Stock and Watson’s (2002) dataset contains 215
macroeconomic time series in 8 different categories, including real output and income, exchange
rates, interest rates, price index, etc. It would be almost impossible to find a variable that can be
used for the distance between, for instance, the USD-JPY exchange rate and the CPI in service
goods.

An alternative approach is to define the distance in such a way that it reflects the dependence
structure directly. For example, in Section 5 we define d;; = |1/Corr (e;t, €j:)|—1 in the simulation
and empirical illustration, which by definition captures the degree of dependence very well. This
approach gives us a valid distance under Assumption H2 that does not require d;; to satisfy the
triangle inequality. Corr (e;, ej¢) is unobserved, but it is easy to approximate using time-series
observations under Assumptions H1 and H2(ii). A crucial advantage of this approach is that no
prior information is required for its implementation.

It is important to note that nontrivial information about the dependence structure is needed
for the use of I'BN. Researchers should be able to select ng,;, observations (ngup/ min [n, T] — 0)
which replicate the overall cross-sectional dependence structure so that 77! Zstl Var (ns_ulb/ 2 Yoeub ng )
becomes a good copy of I'. Our simulation studies show that the performance of TPV depends
strongly on this selection. To the best of our knowledge, however, there is no practical guidance
in this regard in the literature.

Using T, we estimate Avar (FN’t> with
Avar (Ft) — Vvl (13)
We propose the confidence interval for yr 7 at the 100 (1 — ) % level with

CI (yrinr) = {:‘)T+h|T + day21/ Var (I14hi7) s 97407 + Q1-ay2/ Var (QT—&-hT)} ; (14)

where g, denotes the o quantile of the standard normal distribution and
— 1 — " 1 o _
Var (QT+h\T) = Té’TAvar (5) Zr + —a Avar (FT> Q. (15)
n

If we assume that ¢, ~ N (0, 0'62), we can also construct the forecasting interval for yryj as

FI (yrin) = [@T+hT +da/2 \/Vm’ (G74n1) + 02, 97407 + G1—0)2 \/Vm“ (9rnr) + &3] :
where

A2 . A N
=7 Errn With Etvn = Ytin — Ypgn|r-



3 Asymptotic properties

In this section, we examine the asymptotics of T’ and associated confidence interval for YT 41T

We first employ the following linear-array process to model 775 . Let

i = Rite, (16)
where O (1)
Tiex T2 o TinTp
Riy = : DT : (17)
(» .(p) ()
Tiex Tie2 - TitnTp
is a p x nT'p nonstochastic matrix and € = (eq, ..., €, ... ,enTp)' is a vector of iid innovations. The

elements of R;; are not assumed to be known and are not parameterized. The linear-array process
includes widely used spatial /spatiotemporal parametric models as special cases, and is commonly
used to characterize spatial dependence in the literature. See, for example, Kelejian and Prucha
(2007), Kim and Sun (2011, 2013), Robinson (2011), and Pesaran and Tosetti (2011). A crucial
advantage of using a linear array is that we do not need to introduce a mixing-type condition
to establish the asymptotics, which, according to Bai and Ng (2006), is difficult to justify in the
cross-sectional dimension.

Define the infeasible version of T' as

T n o n
~ 1 ~ . ~ 1 d ] H H /
0= L win =SS () 0t ) (18)
t=1 i=1 j=1 n

which is obtained by substituting nfl for 7j;; in I'. Using I'°, we decompose T’ — FfT as a sum of
three terms:

[-rH - (f - fO) + (fo - Ef°> + (Efo - rij) . (19)
The first term represents the effect of the estimation errors in the factor model, and the second
and third terms are due to the variance and bias of T 0 respectively. We make Assumptions
H1-H7 to characterize the variance and bias of T'?, and to control the effect of the estimation

errors based on Assumptions F1-F4 and F6.
Assumption H3 e ~ (0,L,7,), with E (e?) <M, l=1,..,nTp, for some constant M > 0.

Assumption H3 provides the moment condition for ¢;. Under this assumption, FfT in (11)
can be rewritten as

n n T
U= o oD Ry

i=1 j=1 t=1



Assumption H4 For all ¢ = 1,--- ,p, (i) limp 100 N1 Sf ‘rz(tC)l’ < M for allt and l; (ii)

limy, 700 Z"Tp z(t)l < M for all i and t.

This assumption states the summability conditions for the coefficients of the linear process,
which is related to the weak dependence of 77# Note that T( ) , represents the amount of change
in the cth element of n!I as the result of a one-unit increase in ¢,. Thus Assumption H4(i) and
H4(ii) state that the aggregate absolute response of {nlt } to a single innovation ¢; and the sum of
the absolute responses of nit to innovations €, ..., €,7), are finite. We introduce these conditions
to control the variance of T°. An alternative approach would be to introduce some mixing and
stationarity assumptions to obtain the fourth-order cumulant condition as in the time-series case
(e.g., Andrews, 1991).

Let . Lo

= 1{d;; <d,} and ¢, = — Lin. 20

n ; { 1] > n} n n ; n ( )

lin is the number of unit i’s pseudo-neighbors whose distance from 4 is within the bandwidth,
and £, is the average number of pseudo-neighbors. It is obvious from (20) that ¢;, and ¢,, are

increasing functions of d,,.
Assumption H5 ¢;, < cil,, for all i =1,...,n with some constant cy.

Assumption H5 allows units to have different numbers of pseudo-neighbors to a certain degree,
but it excludes cases where only a few units have many correlated units while others have none
or very few.

Let g be the Parzen characteristic exponent of K (x). That is, ¢ is the largest value of gg for

which
1-K (x)

K = lim E

0 xz—0 |.CL'

is finite. The following assumption is made to characterize the weak dependence of ng with

respect to d;;.

Assumption H6 There exists a finite constant M such that

lim ZZZHE[?M 77]15 ]qu <M, (21)

n,T—oco N1’ =1
where | Al| denotes the Fuclidean norm of matriz A.

Assumption H6 provides the key condition that d;; should satisfy, as it implies that d;;
captures the decaying pattern of the dependence structure, so that the covariance between nﬁ

and nﬁ decreases to zero quickly as d;; grows. This assumption practically enables us to control



the bias of T caused by truncation and downweighting with the kernel function. That is, when

dij is large, K (d;j/dy) assigns a weight of zero or close to zero to 77, in (12), but it does not

!/
cause much bias under this assumption, because F [nﬁ (nﬁ ) ] is also close to zero.

The results in this paper can be generalized to the case where d;; is error contaminated.
Following Kim and Sun (2011), we can show that our asymptotic results are still valid under
the following conditions: (i) the measurement error is independent of {¢}; (ii) it is of order
o(d,) as d, increases; and (iii) the summability condition in Assumption H6 holds with the
error-contaminated distance measure. For simplicity, however, in this paper we do not consider
measurement errors.

The asymptotic results for [ in Theorem 1 are based on the following assumption on the

kernel function.

Assumption H7 The kernel K : R — [—1,1] satisfies K (0) =1, K (x) = K(—z),K (z) =0
for |z| > 1.

Assumption H7 is standard and is satisfied by kernels that are commonly used for the HAC
estimator, including the Bartlett, Gaussian, Tukey—Hanning and Parzen kernels.

Theorem 1 states the consistency and convergence rate of I based on the decomposition in
(19).

Theorem 1 Suppose that Assumptions F1-F/4, F6 and HI-H7 hold, and that dy,¢,,n,T — oo
such that €y /n, €, /T — 0.

— 1 = = Ly Ry by by
(i) ET°-THZ. =0 (Clq) , (i) T'—ET° = Op ( T) , (i11) T-T° = Op ( T) +O0p <n> :

n n
(iv) Let cg € [0,00) and 71,72, 73 € (0,00). Then

. 2q
oo _ [ 0r (Vi) 0 E—nand B

nT JTE 4
Op (=)  ifL o, —?” — 1o and da’;" — T3

The proofs are given in Appendix B. The first part of the Theorem indicates that the bias of
I converges to zero as d, — oo. This is because the degree of truncation and downweighting with
the kernel function decreases as d,, grows. The convergence of the variation of T is provided
in Theorem 1(ii). Since our estimator is based on the time-series average of the spatial HAC
estimators, the amount of smoothing is determined by T'n/¢,, and the variation decreases to zero
as nT'/l, — oo. Theorem 1(iii) implies that the difference between I and I'°, which is caused
by estimation errors in {7;;}, vanishes as ¢,,/n,¢,/T — 0. The optimal rate of convergence is

summarized in Theorem 1(iv).
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As /¢, is an increasing function of d,, the Theorem implies that both the variance and the
effect of the estimation errors increase as d,, — oo. Comparing the rates in (ii) and (iii) shows
that the variation of I'? is of smaller order, so the optimal rate of convergence for [ is achieved
with the sequence of d,, that balances the bias of T° and T' — I'°. This result is in sharp contrast
to Andrews (1991) and Kim and Sun (2011, 2013), where the effect of the estimation errors is
dominated by the variance of the infeasible estimator. The difference is due to the fact that
(1) I" improves the rate for the variance by employing the time-series average of Ty, and (2) the
estimation errors in 7 involve Ft and 5\1', which do not achieve vV/nT convergence differently from
the standard GMM /LS estimators in panel models.

Note that the Theorem establishes the consistency and the convergence rate but does not
establish the asymptotic MSE. Alternatively, we may follow Kim and Sun (2011), who make
a set of more restrictive assumptions in order to derive the asymptotic bias and variance of
the infeasible estimator in the cross-sectional setting. They introduce a certain version of the
stationarity condition in the cross-sectional dimension (Assumption 6) and assume that the effect
of units in the boundary is asymptotically negligible. They also require the distance measure to
satisfy the triangle inequality. However, these conditions may not be suitable in the diffusion-
index forecast model, where macroeconomic and financial data are often employed as candidate
predictors. By showing the validity of T’ without such restrictive assumptions, our procedure
becomes applicable to a variety of factor model applications. The practical usefulness of having
explicit formulas for the bias and variance is to establish the MSE optimal bandwidth selection
based on them (see Andrews (1991) and Kim and Sun (2011, 2013)). However, this does not
apply to our model, because, as discussed above, the variance of I'? is dominated by the effect of
the estimation errors in 7 so the asymptotic MSE of T’ does not consist of the bias and variance
of T'0.

As emphasized in the literature since Newey and West (1987), positive semi-definiteness of
I is highly desirable. In the time-series context, the HAC estimator is a weighted average of
periodogram, and we can obtain a psd estimator by choosing a kernel for which the Fourier
transform is nonnegative. However, this is not the case for T, which is the average of the spatial
HAC estimators. In this regard, Kelejian and Prucha (2007) introduce a class of kernels that

generate a psd spatial HAC estimator. An example is

1—2)", 0<z<1
Kv(:p):{é ) x>1

This class of kernels ensures that T is psd if v > (p+ 1) /2 and the Euclidean distance is employed.
Another solution to this problem is to modify I to render a psd estimator. This method is
suggested by Politis (2011). Consider the eigen-decomposition of T, that is, [ = WEW’, where

= = diag (p1, ..., itp) is a diagonal matrix containing the eigenvalues of I' and ¥ is the matrix of

11



orthonormal eigenvectors. We can define the modified psd estimator as
It =v=ty, (22)

where 2 = diag (uf, ... ;) , g7 = max (i, ¢,) , and ¢, is a small nonnegative number. It is
easy to show that I't has the same convergence rate as I. We use this method (with ¢, =1079)
in the simulation and empirical illustration.

Corollary 1 below follows directly from Theorem 1.

Corollary 1 Under the conditions in Theorem 1 and Assumptions F5 and F6, we have

YT 1T — YT+h|T

S -4 N(0,1).
Var (QT+h|T)

4 Bandwidth selection procedure

An important issue in implementing the AV-SHAC estimator is to select the bandwidth parameter
properly. While the inference based on Corollary 1 is valid in the asymptotic sense, the theory
does not provide practical guidance on the choice of d,, which the finite sample performance
depends strongly on. This is a particularly challenging problem in this setting, because, as
discussed in the previous section, the conventional MSE optimal bandwidth parameter is not
available.

To address this, we consider a bandwidth selection procedure based on the cluster wild boot-
strap. Let D,, = {dg), . d%M)} be the set of reasonable d,, for a given sample size. The procedure

involves the following steps.

Step 1 For ¢t = 1,...,T, let & = (€, ...y €ny)’ denote the n-vector of residuals in time period t.
B
Generate B bootstrap samples {X;;t, t=1, ...,T}k ) based on
X*t = AFt + e?t.

-

nx1

/
The vector of bootstrap errors ez’t = (e’,;’lt,...,e’,;m) is generated from the following
process:

~ iid
el:,t = etgk,t, where fk,t ~ (0,1).

Step 2 Using the principal component method, estimate the bootstrap factors and bootstrap load-

~ T n
ings in order to obtain {F o t} . and { 3 1} . , and construct the bootstrap version of the
=
AV-SHAC estimator with d%l) :

n n T
1
F (d(1)> nT K ( ) un it (nk,]t)/v
i=1 j=1 t=1

12



~ ~ .
~ % kS ~% _ * * *
where Mieit = Ak,iek,it and Chit = Xhit — <)‘lm) Fyy.

Step 3 Compute

1 - ~
T (d;”) ==Y (d,gl)) , where T} (dn1)> = &V (ng) Vla.
k=1
Step 4 Repeat Steps 1 and 3 for each d,, € D,,. Let ¢, (d,,) denote the value of ¢,, with bandwidth
dp, m€ (0,1), and ¢ > 0. Our bandwidth selection d}; solves
dl = arg max T (dp) 8.t Ll (dn) < cxmin{n, T}". (23)
ne n
As we can see in Step 1, we use the cluster wild bootstrap to generate bootstrap samples
{X Zt} Each cluster contains all the units in one time period, and the external random variable
&g+ is common to all units in ¢, which enables replication of the cross-sectional dependence of the

original samples. Thus T (d&m)) is expected to be a good approximation to &' V-ITV 14 with

d, = dgm). We employ the Rademacher random variable for §; in our simulation and empirical
application.

Recall that the proposed confidence interval for yp i at the 100 (1 — ) % level is

CI (Yrinr) = [§T+h|T + a2/ Var (Ir4hm)s Urshir + G1—ay2/ Var (@T+h|T)] :

where
Var (§ronr) = %2}@ (5) B+ %a’A/UE« (FT) & and Avar (Ft) — iyl

Our bootstrap criterion function in (23) is designed to choose a d}, that improves the coverage of
CcI (yTHL‘T) , because the coverage rates can be much lower than its confidence level under the
approximate factor structure. The constraint that £, (dy,) < ¢y min{n,T}" with = € (0,1) and
cr > 0 is given to impose the rate condition for consistency in Theorem 1. In our simulation and

empirical illustration in Section 5, we set ¢; = 1 and © = 2/3.
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Figure 1: Bandwidth selection for different degrees of cross-sectional dependence

Figure 1 illustrates the relationship between the bootstrap bandwidth selection and cross-
sectional dependence. The data in our simulation were generated based on DGP1, where ~ is
the parameter that determines the degree of cross-sectional dependence. The DGP is explained
in detail in Section 5.1. The figure shows that when the degree of dependence increases, our
procedure tends to yield a larger bandwidth, which reduces the bias of I'. We can also see that
given =, the procedure tends to choose a smaller bandwidth if n decreases, and this enables I to
control its variance.

Different bootstrap methods could be used in Step 1 as long as they replicate the cross-
sectional dependence. For example, we could use the CSD bootstrap by Gongalves and Perron
(2020) that employs the thresholding technique. In the current setting, our cluster wild bootstrap
seems to be easier to use than the CSD bootstrap, because the latter requires selecting the
thresholding parameter. If information about the location of each unit is available, we could also
consider a parametric bootstrap based on the Cliff-Ord type spatial regression or the parametric
spatial covariance model (e.g., the Matérn function). However, it is unlikely that such information
is available with macroeconomic and financial data that the factor model usually employs in the
diffusion-index forecasting context. This paper does not examine the theoretical properties of

our cluster wild bootstrap, and we leave that for future research.
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5 Simulation and empirical illustration
5.1 Simulation

In this section, we report the results of simulation studies that we conducted to investigate the
finite sample properties of the proposed inference procedure. For comparative purposes, we also
f‘g R BN The following simulation design is

consider existing methods which are based on and

employed.

Yerh = Bo + a1Fip + aaFoy + €4n; €r4n ~ N (0,1)
Xit = N Fy + ear,

i~ (0,1),

Fji = 0;Fji—1 + /1= 0ujp, 0, =03, j =1,2;
ujy ~" N (0,02 (4)), 02 (j) = U [.5,1.5].

u

We set By = a1 = as = 1 and h = 4. The number of common factors, p, is 2, and is assumed to
be known. The number of replications is 3000. We consider two DGPs to generate cross-sectional

dependence in idiosyncratic errors.
The first DGP follows Bai and Ng (2013) and Gongalves and Perron (2020).

DGP1
€t = Q (7)1/2 Ut, €t = (elta --~7€nt)/a UVt = (Ulta "'avnt),a
vt ~4 N (0,02 (i), o2 (i) =U[.5,1.5],

v

where v;; is independent of uj¢. Q (7)1/ 2 is the Choleski decomposition of n x n Toeplitz matrix
in which the (th main diagonal is «* if © < 10 and zero otherwise. Thus we can generate cross-
sectional dependence by choosing a nonzero +.

The second DGP generates cross-sectionally dependent data using a popular spatio-temporal
parametric model. The design is based on an L,, X L,, square integer lattice (L,, = 10, 12), where

unit ¢ is located at a lattice point (i1, 142) .

DGP2
et = 0.3ei-1 + (I + oM) vy, €0 = (0, ..., 0),
Uy = (Ulta ...,Unt)l, Vit N”d N (O, 1),

where v is independent of uj;. M = [mij]?jzl is an n X n spatial weight matrix such that for

1 ifdy =1
M0 ifdy £1 0

units 1, j,

where d;; = \/(11 —j1)2 + (i2 —jg)z. Thus units 7 and j are dependent on each other if the

distance d;; is 1.
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To construct I', we employ two different distance measures. The first one, denoted by d;g-, is

the true distance, that is, dz-Tj = |i — j| for DGP1 and dl-Tj = \/(11 — j1)2 + (ig — j2)2 for DGP2.

The second distance measure, denoted by de, is defined as
1
dy = — —1,
|pij]
where p;; = Corr (e, e;r). By definition, this reflects the degree of dependence between ¢ and

D
ij
inequality. However, as discussed in Section 2, the triangle inequality is not required for our

j very well. Strictly speaking, d:. is not a valid distance, since it does not satisfy the triangle

method. Though d?j is unknown in practice, we can approximate it under Assumptions H1 and

H2(ii) by utilizing information obtained from the time dimension:

1
dgzmm{NJm}—L
|pij]

where p;; = Zthl €it€jt/ \/ Zthl A Zthl éjzt. An important advantage of using dB is that no prior
information about the dependence structure is needed for its construction. For the selection of
d,, we use the bootstrap based selection procedure proposed in Section 4. The Parzen kernel is
employed.

BN is constructed in two different ways. The first one, denoted by CS-HACr, supposes that
the true covariance structure is known. For DGP1, we randomly select ng,p (: min {\/ﬁ, VT })
consecutive units g times to obtain f‘ggv , ...,fgj)v and then take their average. For DGP2, we
randomly select g blocks of units. The block sizes are 3x 3 units (n5,, = 9) when min {\/ﬁ, VT } =

10, and 3 x 4 units (ng,, = 12) when min {\/ﬁ, \/T} = 12. The second approach, denoted by CS-
HACR, selects ngy,, units randomly, so the selected observations do not maintain the dependence
of the data at all. We set g = [min (\/ﬁ, VT )J , where |z | represents the largest integer that
does not exceed .

Table 1 presents the empirical coverage probabilities (ECPs) of the 95% confidence interval
for yr pr and the forecasting interval for yr,p, under DGP1. A few patterns emerge. First,
while the ECP of HR for y7.j is generally close to the nominal coverage probability regardless
of the existence and strength of cross-sectional dependence, its ECP for yp 7 tends to be very
sensitive to cross-sectional dependence. For example, when v = 0.4, n = 100, and 7" = 50, the
ECPs of HR for yrip and yrypr are 0.931 and 0.873, respectively. When v = 0.7, n = 100,
and T" = 50, the ECP for yp,p decreases to 0.774, which implies that the distortion of the
ECPs becomes more serious as the strength of the dependence increases. We also find that
the performance of HR in the presence of cross-sectional dependence becomes worse when 7'/n
is large. See, for example, that the ECP for yp,,r decreases further to 0.664 when v = 0.7,
n = 100, and 7' = 200. This is well expected from (8), which shows that the variance of {751
is mainly determined by Avar (FT> when T'/n is large.
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Second, our method improves upon coverage rates regardless of whether the true distance
d}; or the data-driven distance JB is employed. The former tends to perform slightly better in
general. For example, when v = 0.7, n = 150, and T' = 200, the ECPs of AV-SHAC with diTj
and JZ for ypipr are 0.907 and 0.886, respectively, which are comparable to the ECP of CS-
HACTt (= 0.902) and are substantially superior to the ones based on HR (= 0.701) and CS-HACg
(= 0.688). In the absence of cross-sectional dependence, that is, v = 0, AV-SHAC performs as
well as HR, which is constructed under the zero covariance assumption.

The finding that AV-SHAC performs well with dNZ gives us an important implication from an
empirical point of view. A typical approach for the construction of d;; is to find a relevant aux-
iliary variable that characterizes the dependence structure of the data. However, such a variable
is unlikely to be available in the diffusion-index forecast which often uses macroeconomic and
financial data as candidate predictors. Our simulation studies show that even without observing
such a variable, we can still use our method with J?j, which is directly obtained from time-series
observations.

Third, the performance of CS-HAC depends strongly on how the ng,, observations are se-
lected. CS-HACT, in which T'BY is constructed with consecutive units, improves the accuracy
of the confidence intervals for yr, i substantially. For example, when v = 0.7, n = 150, and
T = 200, its ECP is 0.902, while the ECP of HR is only 0.701. However, the results are remark-
ably different if BN is constructed with randomly selected observations that do not maintain
the dependence of the data. When v = 0.7, n = 150, and T = 200, CS-HACg has an ECP of
0.688, so its performance is similar to HR.

We also compare the performance based on the mean absolute error to examine the precision
of each estimator. The results of comparison are similar to the ones based on the ECP, and we
omit the table to save the space.

Table 2 reports the ECPs when the data are generated from DGP2. The results are similar to
those presented in Table 1. All the estimators yield accurate confidence intervals in the absence
of cross-sectional dependence. However, when ¢ = 0.2,0.4, HR and CS-HACR are substantially
inferior to AV-SHAC and CS-HAC~.

We conduct additional simulations to examine the sensitivity of the finite sample performance
to the choices of kernel function and ¢,, which is a threshold parameter for the modified psd

variance estimator in (22). We find that our procedure is robust to those choices.

5.2 Empirical Illustration

In this section, we report the results of applying the proposed confidence interval to the problem
of forecasting the unemployment rate. Our forecasting exercise is based on the dataset used by
Ludvigson and Ng (2010), which contains 131 monthly macroeconomic time series for 1964:1—

2007:12. The dataset is available at Ludvigson’s webpage (https://www.sydneyludvigson.com/).
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We consider one-period ahead (h = 1) forecasts of the monthly growth in the unemployment rate

using the following model:
AUER11 = o + S1LAUER; + a1 F1p + aoFo s + €441, (24)

where AUER; 11 = log (UER;+1/UER,) and UER; is the unemployment rate in time period ¢.
Thus the model employs two common factors and uses AU ER; as the observed predictor.

The forecasting exercise begins by estimating factors with the data from 1964:1 to 1988:12 (300
months). We then estimate the coefficients in (24) by regressing AUER;+1 on (1, AUER;, FLt’ Fg,t),
for ¢ = 1964:1 to 1988:11 and obtain the estimate of the conditional mean of AU FE Rj9g9.1 given
by

AUERygs0:1 = Bo + F1AUERygss.12 + a1 F1 1088:12 + G2 Fy 1088:12-

Finally, we construct the 95% confidence interval for the conditional mean of AUFE Ryggg.1. This
is constructed in two different ways. The first is the one that we propose, in which we employ r
with dB and use the bootstrap based bandwidth selection method. The second approach is based
on f‘¥ R which does not account for cross-sectional dependence. Using the same procedure, we
obtain A/[JEngggzg and the associated confidence intervals based on data from 1964:2 to 1989:1.
The procedure is repeated until the forecast is made for AU E Rogo7.12.

The result is summarized in the table below.

95% Confidence intervals for the conditional mean of AUFERy 1
HR AV-SHAC (dD)
Average (1989:1-2007:12) [—0.0495, 0.0586] [—0.0546, 0.0636]

The table reports the averages of the confidence intervals for the conditional mean of AUFE Ry 1
over the period 1989:1-2007:12. By taking cross-sectional dependence of the data into account,
our procedure produces confidence intervals which are about 9.3% wider, on average, than the
conventional confidence intervals based on f¥ R

Figure 2 presents the diffusion-index forecast of AUFRr11 and the associated confidence
intervals in each time period between 2006:1 and 2007:12. Differences of two confidence intervals
show how important it is to account for cross-sectional dependence. We can see that our procedure

produces wider confidence intervals in most of the time periods.
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Figure 2: Diffusion-index forecast and confidence interval for the growth rate of unemployment

rate.

6 Conclusion

In this paper, we propose the time-series average of the spatial HAC estimators for the variance
of the estimated common factors under the approximate factor structure. We then provide the
confidence interval for the conditional mean of the diffusion-index forecasts, which is robust to
the cross-sectional heteroskedasticity and dependence of unknown forms in idiosyncratic errors.
We establish the asymptotics under very mild conditions. Since the performance of our procedure
depends strongly on the choice of bandwidth, we provide a bandwidth selection procedure using
the cluster wild bootstrap. A crucial advantage of our procedure is that no prior information

about the dependence structure is required for its implementation.
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Table 1: Empirical coverage probabilities of 95% confidence intervals

using different variance estimators: DGP1

Method ~ AV-SHAC (df;) AV-SHAC (dY)  CS-HACT CS-HACR HR
n T Yriwr  Yr+h Yriwr  Yr+h  Yrewr  Yr+h YTinr  Yr+h YrewT  UT+h
v=0.0

100 50 0935 0923 0935 0923 0932 0923 0932 0923 0936 0.923
100 100 0944 0944 0944 0944 0933 0943 0934 0944 0942 0.943
100 200 0936 0946 0936 0946 0930 0.945 0927 0945 0.936 0.946
150 50 0940 0931 0940 0931 0938 0931 0939 0931 0943 0.931
150 100 0941 0941 0941 0941 0942 0938 0941 0938 0941 0.943
150 200 0942 0948 0942 0948 0935 0948 0935 0948 0942 0.948

v=0.4
100 50 0.905 0934 0.882 0931 0904 0934 0.867 0931 0.873 0.931
100 100 0915 0942 0.888 0.941 0.909 0.942 0.848 0.938 0.857 0.939
100 200 0.921 0948 0.898  0.947 0918 0.947 0.838 0.946 0.846 0.947
150 50  0.922 0938 0.898 0.936 0.923 0.939 0.888 0.935 0.889 0.935
150 100 0.931 0943 0905 0.942 0.929 0.943 0875 0.940 0.880 0.941
150 200 0.935 0947 0913 0.947  0.927 0.947 0.854 0.944 0.863 0.945

v=0.7
100 50 0.862 0935 0.837 0.934 0.869 0.936 0.771 0.929 0.774 0.929
100 100 0.874 0945 0.838 0.944 0.873 0.945 0.706 0.940 0.712 0.940
100 200 0.859 0.950 0.837 0.949 0.861 0.950 0.653 0.943 0.664 0.944
150 50 0.863 0.933 0.851 0.932 0.875 0934 0.788 0.930 0.792 0.930
150 100 0.899 0.947 0874 0.946 0.901 0.947 0.757 0.941 0.762 0.941
150 200 0.907 0.954 0.886 0.953 0.902 0.954 0.688 0.947 0.701 0.948
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Table 2: Empirical coverage probabilities of 95% confidence intervals

using different variance estimators: DGP2

Method ~ AV-SHAC (df;) AV-SHAC (dY)  CS-HACT CS-HACR HR
n T Yriwr  Yr+h Yriwr  Yr+h  Yrewr  Yr+h YTinr  Yr+h YrewT  UT+h
0=0.0

100 100 0935 0948 0935 0948 0920 0.948 0926 0948 0.938 0.948
100 150 0939 0948 0939 0948 0923 0948 0928 0948 0.937 0.948
100 200 0946 0948 0946 0948 0927 0947 0935 0948 0945 0.948
144 100 0935 0942 0935 0942 0925 0942 0931 0942 0935 0.942
144 150 0945 0937 0945 0937 0938 0937 0939 0937 0942 0.938
144 200 0950 0948 0950 0948 0940 0948 0940 0948 0.948 0.949

0=0.2
100 100 0.901 0945 0.869 0944 0887 0.945 0.821 0943 0.835 0.943
100 150 0.891 0952 0.864 0951 0870 0.951 0.796 0.948 0.809 0.949
100 200 0.899 0951 0879 0950 0.881 0.949 0.801 0.945 0.817 0.945
144 100 0913 0941 0875 0941 0889 0.941 0.834 0.939 0.840 0.940
144 150 0.907 0.951 0.879 0.950 0.901 0.951 0.818 0.948 0.830 0.948
144 200 0910 0949 0.890 0.948 0908 0.949 0.817 0.947 0.829 0.947

0=104
100 100 0.870 0944 0.836 0943 0.849 0.944 0.737 0939 0.749 0.940
100 150 0.861 0960 0.835 0959 0.831 0.959 0.704 0.954 0.717 0.955
100 200 0.859 0953 0.840 0953 0.832 0.952 0.900 0.947 0.713 0.947
144 100 0.893 0945 0.863 0942 0.867 0.943 0.765 0939 0.774 0.939
144 150 0.887 0.956 0.865 0.954 0.880 0.955 0.738 0.948 0.749 0.948
144 200 0.883 0.957 0.865 0.956  0.874 0.957 0.722 0.952 0.729 0.952
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Appendix A: Testing cross-sectional dependence

In this appendix, we consider a diagnostic test for the existence of cross-sectional dependence in
case where each candidate predictor can be mapped onto an integer lattice. This test is useful
for choosing an appropriate estimator of F¥ when researchers use spatial variables as candidate
predictors.

If there is no cross-sectional dependence, it may be preferable to use IN‘?R, since that is
generally more efficient. Otherwise, an estimator that is robust under the approximate factor

structure should be employed. We consider the following null and alternative hypotheses:
Hp : d'f/_lngf/_ld is consistent for o/ Avar (FT> Q,
Hy : éz'f/*lfQHR‘fold underestimates o/ Avar (FT) Q.

Define L
&V-irv-ta
&V-ITHRY 16
Note that 7; is based on I'; with ffIR and does not employ the AV-SHAC estimator. We de-

rive the asymptotically equivalent distribution of 7; using the theory of fixed-b asymptotics in

(A.1)

t =

which /£, /n is assumed to be fixed with the sample size. Under this asymptotics, the numerator
&'V W14 becomes asymptotically equal in distribution to a random variable that is pro-
portional to a’ Avar (Ft> o, while the denominator, &V 'THEV 14, is consistent only in the
absence of cross-sectional dependence.

To establish the fixed-b asymptotics of 7;, we follow Conley (1999) and Bester, Conley, Hansen,
and Vogelsang (2016) in assuming that each unit is mapped onto a two-dimensional integer lattice.
The extension of this to a higher-dimensional lattice is straightforward. In a lattice setting, a
variable is indexed based on location, and we let (i1,i2) € [1,2,..., L,] ® [1,2, ..., M},] denote the
location of unit ¢. Let

= - ni, if a unit is present at (iy,i2)
iy iz)t = 0, otherwise.

d;j is now a distance between two locations, (i1,72) and (ja, j2).
Assumption A1l (,/n — b° € (0,1], and £,/T =o(1).

Under Assumption Al, the bias of I, vanishes, but the variation does not disappear even
as n,T — oo, so I'; converges in distribution to a random matrix. The second part of this
assumption is made to control the effect of the estimation errors in the factor model.

We follow Kim and Sun (2013) in making Assumptions A2 and A3, which present conditions

on the distance measure and the kernel functions.
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Assumption A2 Let dq
and (jo2,j2) . Then

i1i2),(jr,ja) denote the distance between the two units located at (i1, i2)

Uirsi) Gd2) _ 4 (10 =51 Jiz = Ja
d, dy, = dp

and d (-,-) is continuously differentiable.

Assumption A2 implies that dij = d(;, i), (j,.j») 1 @ function of |iy — ji| and |iz — j2| and
homogeneous, and p-norm distances satisfy this condition. Let b = (b1, b2) with b; = d,,/L,, and
by = dy /M, and let

i1 12 J1 J2 i1 12 J J2
K I g2 Je =K A2
b<<Ln,Mn>’<Ln’Mn>> <(ban’b2Mn>’<b1Ln’b2Mn>> ( )
Ay i), (j1.52)
:K 1,2 ),\J1,72 .
("

Based on (A.2), we can rewrite the spatial HAC estimator as

z”: ZK KON N AT U T R
*\\Z,' M, ) '\ L b1, ) ) "0 sz

74]1 lig,j2=1

Assumption A3 (i) Assumption H7 holds. (ii) For all x1,x2 € R, there is a constant cx < 0o
such that |K (x1) — K (z2)| < cx |21 — @2 . (117) Ky ((v1,v2) , (w1, w3)) is continuous and contin-

wously differentiable almost everywhere on [0,1] x [0,1]%.

Assumption A3 accommodates all kernels commonly used in HAC estimation, but it excludes

the rectangular kernel. Under this assumption, we have the Fourier series representation
Ko ((v1,v2) , (w1, w2)) = lim Z Kt (V1,02) Yy, (W1, w2) (A.3)

where {15, (v1,v2) ¥, (w1, w2)} is a sequence of continuously differentiable functions on L2 ([O, 1]
By default, we set ¢ 1 (-, ) to be a constant function. The convergence in (A.3) is absolute and

uniform in (vy,vs) € [0,1]% and (wy, ws) € [0,1]*. We state the high level assumptions below.

Assumption A4 Let & ~¥4 N (0,1,). For a given t, the following holds:

( \Fii¢bb<. >77(1122)] <cfo7‘L:1,2,...,£>

as n — oo for every fived L, where ¢ € RP, b € (0,1] x (0,1], and J; is the matriz square root of
A that is, J;J| =

11=112=1
L’VL n 7:
2
([ 35 50 (2 | <eor =12 rort
11 1io=1 n
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Assumption A4 implies that n~1/2 le 1 Zm 1 Vb, < Ln’ Mﬂ) nfl .| is asymptotically equiv-

(i1,i2)
alent in distribution to a normal random variable with mean zero and variance I'/. We make this

assumption to approximate the distribution of 7; under the fixed-b asymptotics. This condition
is satisfied if a CLT holds jointly over + = 1, ..., £. Primitive conditions for Assumption A4 are
provided in Sun and Kim (2015).

Assumption A5 Let Syu = H 'S\H ™. For all (r1,72) € [0,1)%,

ran] [7‘2Mn

/
_ p
Z Z (41,i2) ( 11722)) - rlT?ZAH'

i1=1 1i9=1
Assumption A6 For eacht, E H(nT)fl/2 Yo 23:1 (Ffeiseit - F (Ffeiseit)) H < M.

Proposition Al provides the asymptotically equivalent distribution of ['; under the fixed-b

asymptotics.
Proposition A1 Suppose that Assumptions F1-F4, F6 and A1-A6 hold. For a given t, we have
Ty ~ J, T

and

with € = n~ 1Y " &. ¢~ denotes asymptotic equivalence in distribution as n,T — oco.
=1

=

The proof is in the supplementary appendix. This proposition states that, under the fixed-b
asymptotics, Ty is asymptotically equivalent in distribution to a random matrix which is propor-
tional to Fl{{ in the matrix sense. We develop our cross-sectional dependence test based on this
result.

As @& and V are consistent for a and V, Proposition Al implies that & VT,V 1 is asymp-
totically equivalent to o/V~1J,['*J/V~'a. Note that o/V~1J, & =4 \/ & Avar (ﬁ’t) a(; with

1xp px1
¢ ~% N (0,1). Thus, we have

oV TV = ZK(d> @V (&~ 8) (VNI (g - §)
=1 j=1 n
= O/AW( Vel SR (B 6-096-9. o
=1 j=1
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If & VITHEV 14 is consistent for o/ Avar (Ft> a, we have

SIS K () (60 (G- 0 = (A5)

=1 j=1

We summarize the result in the theorem below.
Theorem A1l Let Assumptions F1-F/, F6 and A1-A6 hold. Then, for a given t, if&'ffflf{{Rf/*Id
1s consistent for o/ Avar (Ft) o we have
P(T;<c¢)—P(Yp, <c)=0(1) asn, T — o0
for fized b.

The proof is omitted, because it is directly implied by Proposition Al and the consistency of
T/7E in the absence of cross-sectional dependence. This theorem enables us to use 77 as the test
statistic and the (1 — a) quantile of Wy, as the critical value for the cross-sectional dependence
test at the significance level a. If &’ f/_lf‘zlf Ry —14 underestimates o’ Avar (FT) a, the rejection
probability exceeds the nominal level «. The distribution of Wy, is easy to simulate based on

(A.5). Some simulation results are provided in the supplementary appendix.

Appendix B: Proofs

Lemma B1 Let §,7 = min {\/ﬁ, ﬁ} . Under Assumption F1-F/, we have the following:
(1) i = X =T YL Flleis + Op (0,7)

(i) T~ 1Zt 1ezt(Ft )—Op((S )

(iit) T~ 30, || Fy — FtHH = Op (6,7)

(i) TS (B - F) o= 0p (5,2)

The proofs of all four parts of this lemma are given in Bai (2003).

Proof of Theorem 1 Since ' —T' = (Ef‘o — P) + (fo — Efo) + (f — fo) , we can establish
the asymptotics of T’ by examining each term on the right-hand side. Note that the equation
- =op (1) holds if and only if aTa—a'Ta for any a € RP. Therefore, without loss of generality,
we assume that T is a scalar, that is, p = 1.
(i) BT —TH. =0 (,%)

We have

d;j
o 11 [ () -
ET —PnT:d*%n* ZE(% 77]t )d-' —/aNT

T £ 4 K diz\
=1 j=1t=1 d,

or (r(‘ﬂKq + o(l)) =0 <dl%>
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asn,T,d, — oo.

5\ 790 0 _ ln

(ii) I — ET Op( nT)
We note that

E (I —Ef0)2
1 & — d dap
=5 2. D2 D K <] K (d‘;> [E (nif njingsnis) — E (nfnft) B (niingt)]

d
K <b> 8 Critmyinastes) = B (it ngt) B ()

—E (ni{nss) E (nims) — E (nifmgt) E (nasnji) } + E (nif1a5) B (nji55)
+E (nf{nis) E (nisnif) ]
= Al —|— A2 + AS'

For Aj, we use the linear representation of nfl in (16) to obtain

E (nf{nfininil) — E (nfinl}) E (nlinl) — E (nfinfl) E (nfinfl) — E (nfinil) E (nfinf})
nTp

= Z Tit Tt as Tbst (Eely — 3) -
=1

Thus under Assumption H4,

T nTp
da
nT | A < — Z Z Z K( ) (db) Z |Tit AT jt 1T as 1 Tbs 1] ‘Eﬁglt - 3|

zg lab=1t,5=1 =1

(-3 ETZP (ET:Z !sz> (Z W) (ET:Z yras,z!> (f:\rb&zl)

t=1 i=1 j=1 s=1 a=1 b=1
A\
—_——
<M <M <M <M

—0(1). (B.6)

For As,

.35 30 3 DD DI SRR AT )

t=1 t=1 i=1 a=1 je{ds;<dn} b€{dap<dn}

ZZ > (iw) (Zi\ras,l\> (éu) (gwrbs,k|)

t 1 =1 ]e{dm<dn} s=1a=1
(1). (B.7)

| A

Q

Using the same argument, we can show that

2Lyl =0(1). (B.3)
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. ~ N2
Combining (B.6) through (B.8), we have E (FO - EI‘O) =0(-7)+0 (%) , which implies

1
n
that
N N 14
- Er'=o0 —
P ( nT
as lp,n, T — oo such that ¢, /nT — 0.

(iif) [~ 0 = Op (\/5) +0p (&)

We can write

HTZZi(dJ) (3 — AT ey

i=1 j=1 t=1

Z Z ZT: <dj> (Eiséje — eiveje)

+$;;;K ST =) (3= ) 2 (3 - 1) o]
< {F (A= M) + (B = BN B (3 = A7) + (B - B g
:= B11 + Bi2 + Bis. (B.9)

For By1,

SR (%) () (e

i=1 j=1 t=1

ZZZK(;) (3= A*) A e

i=1 j=1 t=1

2
=By + BYY
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For Bﬁ), it is easy to show that % ’Bﬁ)’ =Op(1). For Bg),

=1 s=1 i=1
. . 9~ 1/2
[l Jooe
=0p (1)
Therefore,
B =0p ( ?j) . (B.10)

2 L (i [+ - 2

By =——% ZZZK <d:> |:(>\z - )\fq) ()\j - )\JH) ekl
— (A= M) (A = M) et (B = F) =2 (% = M) M eaFy (3 = AT
=2 (A = XT) MlTeqy (B — FIT) AT

1 2 3 4
=Y + B + B® 4+ BY.

For Bg),
T3/2 "
n 4\ 1/4 n 4\ 1/4
1 1 o 1 1 ~
< - i - i
2(’02( TZFS ezs) ) (TLZ(TZeltFt) )
i=1 s=1 i=1 t=1
T 2\ 2 1/2
~ 1 zn: 1 3 K dig\ (L ZFH +op (1)
n n d, T T 6T op
i=1 7=1 =1
=O0p (1), (B.11)
because
LY = 23 e (R 1) 4 0p (-
- eirky = eit (Fr — F," ) +Op <>
T t=1 t=1 vT
and
Ly F—F") = 0p(— B.12
T;%t(t— t>_ P g (B.12)
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by Lemma B1(ii). Similarly, we can show that

T T T

L 15~ L |afy| - Z || - 0 1)
Thus we have 0

Bis = Op <1’j> : (B.13)
For B3,
1 At di; N \2 [~ \2 =0 ~ 7\2 [~ H\ \H 72
= 5 (2) (0 () 2 )
i=1 j=1t=

w2 (3= 2 (3, -\ IR (- B w4 (A= N) () B (B — )
(R MY A (3 = ) (B £ 2 (= ) N O (B )

1 2 3
= B§3) + Bg:a) + B§3)

T3/2
n

For B%), it is easy to show that = (1) =0Op(1). For Bg),

9 1/2
1N (1 1 & 1 9
it L FH> L (H)
(”2 (é" je{dizj:sfin} <ﬁ; ] ) (g” je{dzzj:Sdn} ’ ))

where

;ZT:}@—EH):;Z(E Ft> ZFt ( ) OP<521>

by Lemmas B1(iii) and (iv).
Similarly, we can show that KTT ‘Bg)‘ = Op (1). Thus we have

by
B3 =0Op <T> ) (B.14)
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which, together with (B.10) and (B.13), implies that

by
We can write By as follows:

pa= LSS () [ (- ) (- ) — e

i=1 j=1 t=1
n n

- SN () () (v et

i=1 j=1 t=1
~2eit (N Fr = NTFIT) |
:= Ba1 + Bag,

where

By = % ZZET: (‘hj) NI (NiFy = MR (B = AT

T
3 (i‘é]) NI e (\Fy = AR .

3

By1 can be rewritten as
n n

By = anzziK (f;) M [(3 = M) By 2 (£ - 7]

i=1 j=1 t=1
X [(S\j — Af) Fy + Af] (Ft - FtHﬂ
RS R () [6) ()
i=1 j=1 t=1 "
+9 (S\i - )\Z.H> NF, (Ft — FtH) + AN (Ft - Fﬁ)z}
By 4 B+ 5,
We can show that
r

1
‘€n Bél) =

52
Bg)‘ =0Op (1) and ELT

Cn,
BQl = OP <52>
nT
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[

Bﬁ)‘ =0p(1).

Thus



For Bss, we have

n n T

Br=—m > Y YK

i=1 j=1 t=1

1 2
= Béz) + B§2)-

For Béé) ,

(52 ) Mreant! [(3 = adr) Fue ! (7 1),

<2
= t=1
1 « 1 <« d 7\ 2
x | = K <”> )\iHeZ-t> +op(1)
(n j=1 (‘/Fn i=1 n
=0p(1).
We also have
A IRe)
it || = op (1)
and
o (f5)+ (i) o)

This completes the proof.
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Supplementary Appendix
Simulation for the cross-sectional dependence test

We conduct simulation studies to examine the finite sample properties of our cross-sectional
dependence test. DGP1 and DGP2 in Section 5.1 are employed to generate the data. Since this
test is based on the spatial HAC estimator I'r and does not employ AV-SHAC, we consider the
MSE criterion and parametric plug-in method proposed by Kim and Sun (2011) to select the
bandwidth. We first approximate the MSE of o/V~T'7V 1o with

1 2 Ay = _ _
AMSE = - K (a’v—lrgﬁ’)v—la) + 2Ky (VTR Y )?, (S.1)

!/
where I‘g,?) = limyo £ 30, Y B [nﬁ (nﬁﬂ) ] dgj. To avoid the effect of an unduly small

value of d,,, our bandwidth selection is based on the following modified MSE criterion,
dy, = max{argnginAMSE,d} , (S5.2)

where d is the prespecified minimum value of the bandwidth.
For the plug-in method, we employ the SAR(1) model

Ufz'T = %ann + wir, (S.3)

where 1. is the ath component of nf. and w;r ~%d (0,1), and we estimate ¢, by the QML
method, which is given by

¢a = arg ngX log L ('F]a,iT|¢a) (84)

with
- n - - ~ -
log L (fla,i|¢a) = —5 log (o — $aWilait) (Tlair — daWilair) — 1og I, — ¢ W| + const.

W is a contiguity matrix in which we treat units ¢ and j as neighbors if d;; < 1. For this matrix,
row standardization is applied and all the diagonal elements are zero. See Kim and Sun (2011)
for details of this plug-in method.

Table S1 below reports the empirical rejection probabilities (ERPs) of our cross-sectional
dependence test. The table shows that the test works very well. The empirical sizes of 71 are
always close to the nominal level & = 0.05. In the presence of cross-sectional dependence, the
ERP becomes larger than o and grows as the strength of the dependence and/or n,T increase.
We set d = 20 for DGP1, and d = 4 for DGP2. Additional simulations (not reported here to save

space) show that the test tends to lose power when d becomes larger.
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Table S1: Empirical rejection probabilities of the cross-sectional dependence test (o = 0.05)

DGP1 DGDP2
n T ~ ERP n T o ERP
0.0 0.045 0.0 0.065
100 50 0.3 0.303 100 50 0.1 0.308
0.5 0.656 0.3 0.690
0.7 0.925 0.5 0.790
0.0 0.050 0.0 0.058
100 100 0.3 0.328 100 100 0.1 0.323
0.5 0.686 0.3 0.710
0.7 0.939 0.5 0.800
0.0 0.060 0.0 0.060
100 200 0.3 0.331 100 200 0.1 0.333
0.5 0.682 0.3 0.718
0.7 0.944 0.5 0.817
0.0 0.044 0.0 0.060
150 50 0.3 0.406 144 50 0.1 0.396
0.5 0.821 0.3 0.783
0.7 0.986 0.5 0.869
0.0 0.050 0.0 0.057
150 100 0.3 0.413 144 100 0.1 0.421
0.5 0.827 0.3 0.798
0.7 0.990 0.5 0.890
0.0 0.050 0.0 0.049
150 200 0.3 0.427 144 200 0.1 0.445
0.5 0.845 0.3 0.813
0.7 0.993 0.5 0.894

Proof of Proposition Al

Lemma S2 Under Assumption T5,
1A (i s\ \n PR N i g
~>. D <L7 M> i ia) (Aul,m) i DD DL <Lv M> Xpi-
i1=11d2=1 " " i1=1142=1 noamn

The proof of this lemma is included in the proof of Lemma 1 in Kim and Sun (2013).
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/
Proof of Proposition A1 Let I'? = 135", Y K (%ﬁ) A\ ()\]H) eitejr denote the infeasi-
ble spatial HAC estimator in time period t. Then

. 1 ¢ Z” dij\ [+ 5 - -
Ft — F? = E Z K <d;> [)\Z-Ajeitejt - )\ZH)\feitejt}
i=1 j=1

1 n n d,L . o o
n Z ZK (dj) [()‘i/\j - )‘{{)\JH) Enje + M (Einje — eineje)
i=1 j=1 n

where

Cr= 2 SOY (2) (A - A e

=1 j=1 dn
C :1221( iy AN (814850 — exejy)
2 n dn i N itCjt it€jt) -
i=1 j=1

+1ZZK<3> (=) (3 = M) +2 (3 - 2) 7]

< {F (A= M) + (B = B AT B (3 = AT) + (B - B g
= C11 4+ Cro + Ci3.

For Cq1,
Cii = 1211:2”:1((2) (%= M) (A = AT eanese
=1 j=1 "
+iij§n}f<(f¢;) ()\ —)\H> Meies:
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For Cg),
o = 2305w () (3= 2 e
1 n dn 1tCgt
i=1 j=1
2 - — T d.
niT ZZZK <dj) Ffeiseitnﬁ +op (1)
i=1 j=1 s=1 n
and
1 & d.:
i L 2K () e
i=1 j=1 s=1
\/ETL S 1 " <dz]) H
F 156 E(F i5€i - K22 ;
nT ;;( €isCit ( e et))\/fnjzl N Mt
Vi o
+ nT ;;E(F €is€it \/—ZK< )n]t
=C + C2
For ¢,
|Cl| — e n i F €is€it — (F €Z361t)) 5up 1 iK(%
nT = 3 Vo = d,

under Assumption T6.

35

X
Q R
3|~
-
V/—\
=
<
m
=
207
&
o~
o
ﬂ‘“
3
gl
&>
G
D
3
N——
o
N— —
P
| —
o
N— —
N—
=
o
+
(o)
h]
=




For ¢z,

< \/?zzn;i;!E(FsHﬂ |E (eiseit)] \/Z—n]zn;f{ (i:) i
<JTF"A§2i\FZK<dJ)mt
ofF)

Thus we have
Cii=op(1), (5.6)

as £, /T — 0 and dy,, by, n, T — 0.

(19 can be rewritten as

Cu=-2 33w () [(3-a) (8- ) euf

=1 j=1

+()\i—)\f]> (Aj—Aj)enA ( Ft) 2(&—A{I>A§Ieﬁﬁt(}j—ﬁ)
42 ()\ Y ) (A2 e (Ft - FtH)}

1 2 3 4
= 6{2) + C§2) + sz) + C§2)-

For Cg),
1 n 1 T 4 1/ 1 n 1/4
1) n 4 L , 4
‘C12 ‘ < 2‘Ft‘ \/T (TL £ (\/T;Fsezs> ) (n;%t)
T 9\ 2 1/2
X 12”: ! Z ( L ZF@ ) +op(1)
— — —— T7€51 P
"3 g”je{dij<dn} \/Trzl
=op(1). (S.7)
For Cg),
@) ¢ I~ 1 & N i
n _ H 1 i H 1 4
el <2tz v ()| (A3 (3] ) (230e)
1A (1 1 & A\ (1 v
2
G2 s (g ) (2 2 o))
=1 jG{diden} =1 jE{dz‘den}
=op (1 (S.8)



i=1 \ " je{ds;<dn} =1 " je{di<dn}
=op(1). (5.9)
For Cg),
¢ 11 & N 1< v
@ - n 5 H o H il 4
9] <t |va (s F)(z(ﬁzF )) (1x4)
2y 1/2
1 — 2
55 ol D SENCI R ) e
i=1 je{dij<dn}
—op(1). (S.10)

From (S.7), (S.8), (S.9), and (S.10), we have
Ci2 = op (1),

as Uy /T, lp,/VnT — 0 and dy,, by, n, T — 0.

For Cis,
Cis = ZE;;K (dﬂ) [(Xi ) (=) 2 (- Y (5 — ) Aﬂ
" 25 (£~ R 'nl 'nl K (ff) {(xi ) (= X)X 2 (3 - ) (Agﬂ
g

3
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s=1
1~ (1 1 & A\ (1 "
2
% EZ o2 (TZFTIH%‘T) - > (Af)))
=1 je{di;<dn} T=1 J€{di;<dn}
=op (1)

Based on similar procedures, it is easy to show that
Cf:a) = 0(3) =op(1).

Thus we have

Ci=o0p(1). (S.11)
For Cs,
I (52 ) M0 [ (3= o) (X = o) = eues]
i=1 j=1
- iz} ; () g (N = B (N~ N = 2 (- AR
i= Ca1 + Coa,
where
Ca=1Y ZK () gt (uFa = NTEE) (3B B
Cog = *% Zzn;jzn;K ( ) )‘H)‘Hezt ()\ F, — )\HFtH> )
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(51 can be rewritten as

I dij HN\H | (X H\ r H ( f H
= 3 ST () (=) e (7 )

i=1 j=1

< [(3 =) Foe s (A )]

B (4 () () £
+2 (A = MOV NI (B = FIT) + AN (F, - Fﬁ)g}

1 2 3
= 51) + 051) + Cél)'

X
-
S|
1=
/-~
=

<
m
=
g
a
o
N
ﬂ —
3
107~
&|
T
D
3
~__—
[\o]
~_
~
3 —
<.
m
=
M
&
S~
—
Qy
NG
[\
~
~_
=
[\v)
+
QS
~
=

as ln/vVnT — 0.
For Cé?l’),

g

9 n 1/2 n 2
ey (o) (2 (5 wr))

1/2
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For 022,

Ca— -2 Sy K <f/) Ml [(3, = XT) B+ X (B - 1)

=1 j=1
1 2
= Céz) + 052)-

ForC%),
1
cfy
2 1 & 4 2\
N 1
< 2 AR =S (0 H)? FHe,,
S Vil t(nu(” (V2w
2\ 1/2
1< 1 & dij
x | = K ”)nZH +op (1
(nzl (‘/T”jl <d” t v
20 1 a1 & 0
< n 3 — )\H4 - - FH o
- nT t’ <nz:1( )> (n;<ﬁ; mY
2y 1/2
1 & 1 «— di;
x | — K U> ZH +op (1
n;(mjl <d” t) ) W
:OP(I)a
as lp/vVnT — 0.
ForCég),
2
o
20, Nl =g 1< d; H\2
< SV (F - B | o o ey K<d) ()
i=1 "oj=1 n
< 2| m (B - mH)| |2 = L= g (e ) (a2
< S Ve (B | 5 3o M) o - 3 ( G2 ) ()
1= J=

Under the rate condition ¢,,/n — b° with ¢,/T = 0(1), we have

Ty =194+ + ) +op(1).
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Using matrix notation, we have

> (5 ) ol )

21le< ))\H )\H)( —FtH> (Ft—FtH>/)\f()\f)/,
=—;2K( ) [t (B = ) N OO 40 8 (B B) ]

By the Fourier series representation, I'; can be written as

ZZK( )[ng_xﬁ () (B = FT)| [t = 2 (Y (B - FH)}'+0P(1)

=1 j=1
n Mn . ;o
A et
i1 12 /
Ln  Mp . ;o
X f Zl leb < ) |:n(1.-71'17j2)7t N Agldé) <)\gl,j2)> (Ft N FtH>] +op (1)
Ji=172
Sl ] ! F'FH LR
B Z RL\/> Z Z v ( Zn’ n> (nglﬂé)at N )‘glﬂé) ()\51,@)) Ve ( ) Z Z Naz,az), t)
i1=1149=1 a1=1az=1
/
o / F'FH Ln
Zl leb (Jl 2 ) (ngl,jz),t N )\gl,jz) </\gl7j2)> Ve ( ) Zl Zln a1,a2), t)
Jl J2 a1 a2
+op (1) (S.12)

According to Lemma 1, we have

Ln - Mn /
f Z Z b < 2 ) glﬂé) (Aglh)) v (

Ln My,
) Z Z nah@)t

1= 112 1 a1= 1a2 1
n Z Z v ( » > (Sps +or )V ( > Z Z Y
“ 122 1 a1 1az=1
f Z Z Uy < g > Z Z Miresise)t + 0P (1) (S.13)
i1=1149=1 i1=114o=1
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where we use X unV ! (F’FH/T> —P I,. Substituting this result in (S.12), we have

- szz”sz ) (e 1530

11=112=1 a1 1laz=1
n n ’I’L ’I’L !
J1 g2

523 () (= £ 35 S ) o)

j1=1j2=1 a1 las=1
1 n
a3y () (- ) ( ESt) +ort

i=1 j=1 a=1

LT = ZZK( > (&—8) (& -8 T +op(1), (S.14)

i=1 j=1

where the asymptotic equivalence is a direct application of Proposition 2 in Kim and Sun (2013).

This completes the proof.
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